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Considered an efficient algorithm for solving boundary problems of non-stationary heat
conduction equations for complex areas of non-canonical form, which can be used for determining
of temperature fields in the mountain ranges with the workings. Studied the three-dimensional
problem of stationary heat conduction. Solutions of the respective boundary problems are obtained
on the basis of the methods of the integral (potential) representation of the required quantities.
Represented the results of the numerical implementation of the algorithm.

In mining, when driving various kinds of workings, there is a problem of assessment of the
strength properties of mountain ranges. Stress concentration greatly depends on the shape, number
and location of workings. Thermal stresses arising under the influence of heat flows in the mountain
range have also great influence on the strength of the workings. The ability to find the temperature
field and the stress state of the mountain range with the workings makes it possible to calculate the
optimum shape and location of the workings in the mountain range to ensure its sufficient strength
and efficiency.

The problems represented in this paper, in substance, are the problems of mathematical physics.
Their solution can be obtained by different ways. One of these effective methods is a method of
potentials. Let’s study its application to some problems of three-dimensional and non-stationary
heat conduction, which arise in mining.

Axisymmetric problems of mathematical physics for spatial bodies in fact are two-dimensional,
and therefore they are not computationally more labor intensive than the planar problems. First,
consider the algorithm for calculating the temperature distribution in the axisymmetric body of
revolution, the axial cross-section of which is the stripe with the hole of a complex shape. Let be
given an arbitrary temperature on the contour of the cavity.

Let us obtain Green's function for an axially symmetric heat conduction problem in the following
formulation:
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Assuming representation of the solution in the form of
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By making computation, similar to those in [1,6 ], we obtain the Green's function of the problem
(1) - (3) in the form of:

G(r,z,p,{)= . G, (r,p)sinvzsinvg,

m=1,3,5

where G, (r,p)= {2 ;28;;2((;’; ; 8;;222: - Green's function of the problem (4) and (5), 1,, K, -

cylindrical functions of an imaginary argument.
Fig. la shows the level lines of the dimensionless stationary temperature field in the

axisymmetric layer with a spherical cavity (a =1, Qzl); Fig. 1b - the stationary temperature

field in the axisymmetric layer with a cut, on the boundary of which a dimensionless temperature
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Fig. 1. Level lines of the dimensionless temperature field in the stationary axisymmetric layer

from the point 4 to the point B varies from 1 to 0 as COS(/Z'Z/ ra). The error of satisfaction of the

boundary condition on the contour of the cavity, ranges from 0.5% to 1.5% depending on the shape
of the latter.

Note that there are no fundamental difficulties in considering axially symmetric radial
heterogeneity of the studied layer. This raises an ordinary differential equation, different from (4),
and to obtain its fundamental system it is necessary, in general, the use of a numerical procedure.

Consider three-dimensional stationary heat conduction problem.

Development of effective algorithms for solving three-dimensional mathematical physics
problems meets with considerable computational difficulties. Some methods (e.g., methods of the
theory of functions of complex variable, which represent powerful apparatus for solving two-
dimensional boundary problems) do not allow the extension to the case of three independent
variables, and the methods, such as of finite elements, variation approaches lead to cumbersome
large-scale numerical arrays.

Consider the application of the potentials method to solving spatial boundary problems of the
stationary heat conduction for the layer with a finite number of cylindrical cavities §;. Formulate

for such a multiply connected region D (Fig.2.), the following boundary problem:
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Fig. 2. Layer with a finite number cylindrical cavities
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Au(x,y,z)=F(x,y,z), (6)

ou
ul_,=—| =0, (7)
= dx x=0
Gl — ®)
dy y=0;00
Bj”L_ = Qj (x,y,2). )

Suppose, in addition, the following conditions of symmetry with respect to the variable Z to be
satisfied:

ou

— =0 (10)

z=0;n

Under this assumption we can write the following natural expansions:

u(x,y,z)= Zun (x,y)cosﬁ, F(x,y,z)= ZFn (x,y)cosg,
n=0 c n=0 C

nrz

0, (x.,2)=2.,0,,(x,y)cos o
n=0

Therefore, we obtain for the coefficients u, (x, y) the following boundary problem:

2 Gun aun
(A_V )un(x,y)an(x,y), ”n|x:0: Oox x:azo’ oy =0: =0
y=0;0
Bu, L =0 (x,y), v= ek (L is the directrix of the cavity S ).

Thus, the matter is reduced to a sequence of independent problems, for which the algorithm of
solution has been described above.

Fig. 3 shows the dimensionless stationary temperature field in the layer with an elliptic cavity,
obtained at the following initial data:

_ _ 3 TZ _ _
F=0, Q; =cos vk c=3, B;=1.

Fig. 3. Stationary temperature field in the layer with an elliptic cavity
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The accuracy of satisfaction of the boundary condition (9) is in the range 97-99% (depending on
the number and shape of the cavities).

A lot of engineering, including mining problems, are reduced to the non-stationary heat
conduction problems for the regions of the non-canonical form.

Two-dimensional non-stationary heat conduction boundary problems for the bodies of complex
geometry represent very complicated three-dimensional problems of mathematical physics (the
third independent variable here is the time).

The advantages of potential methods in solving boundary problems of the shell theory [2 - 4],
theory of elasticity [5] and stationary heat conduction [6, 7] are well-known. First, the problem
reduces to the integral equations, and this affects the accuracy of the approximate solutions.
Secondly, the dimension of the problem is reduced.

In this connection, it is expedient to use the heat potentials to obtain a similar effect in the non-
stationary boundary problems of heat conduction. Moreover, in this paper, such attempt is carried
out for the regions which boundaries do not fully coincide with the coordinate lines of the original
system (non-classical regions) that allows showing more saliently the advantage of the method.

First, consider the simplest problem of finding the temperature field u:u(x, y,Fo)in a

rectangular plate Q(O <x<0;0<y< b) with a cut or hole of a complex contours L
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Here, F, is the Fourier criterion (dimensionless time); B - operator of the boundary conditions
of the first, second or third kind; Q -continuous and smooth function on the domain L.
Expand functions u# and y in series

xy,FO z u, )cF0 cosvy,

n=1,3,5
*© niw
v(x,y)= Y w,(x)cosvy, v=—"ro. (16)
n=13,5 2b

Then for the functions u,, (x, Fb) we obtain the following boundary problem:
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_ =0, (18)

w0 =V (19)

The solution of the last we find, using the method of separation of variables

kzzx
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Kz? n’n? 5
+0°.

where 4, = +—
T4t ap?
Having satisfied the initial conditions (19), we obtain

kﬂx
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k=13,5

It follows from the last representation and formulae Fourier that

——Il//n cos d§

Then u, (x, Fy) :Jz > e cos gcos@y/n (&)dé.
L Ak=135 2a a

Considering the second of the expansions (16), we have

2
=— , cos—d
§)=> {l//(f 17)cos = ~dn.
Substituting v, (5) in the expression for u,, (x,FO) ,and u, (x,FO) in the first of the expansions
(16), we get
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Therefore, when F,>0 the Green's function can be represented as follows:

4 S~ 1F nx  kné  nmy  nxn
X, ¥, ,F =— e "m0 cos Cos COos cos .
Gleyémfo)=ry k§3,§3 2a 0 2a 2k 2b

The solution of the initial problem when B=1, (x, y) =0 we get as follows:

Fy
u(xayaF()):.[.[G(xayaé:,n;FO_T)/u(é:’nﬂz-)drdg,ﬂL’
L0

where ,u(ﬁ, n, 2’) is determined from the equation of the form

Q(x v, F IIG x, v, &, F )y(f,n,r)drdmL.

Fig. 4a and 4b shows the level hnes of non-dimensional temperature field in a rectangular plate
with a circular hole at £, =0.02 and F, = 0.1, respectively.
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Fig. 4. Level lines of non-dimensional temperature field in a rectangular plate with a circular hole.
Here =0, Q(Fo)zl—exp(—IOOOFoz); a=b=1/2; o=0.
It is apparent, for example, that at the value of the Fourier criterion F, =0.02 a field as if «does

not have time to feel» the impact of the external border of the plate, i.e., for small values of the
Fourier criterion in the problem (11) - (15) we can neglect the influence of the outer contour, and
treat it as to external with respect to the hole L. Whereas if F, = 0.1, isotherms, starting with 0.5,

reveal this effect (they are gradually straightened on approaching the outer contour).
Let us now consider non-stationary heat conductivity problem for a strip with the holes of a
complex shape, periodically located along its length:

ou 0%u N 0’u u|
aFO ax2 ayz ’ x=0

)
—+au
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Using the expansion (16), for u, (x, Fy ) we obtain the boundary problem

8un azun )
= -V u,,
aFO 8x2

u,| =0, au”+aun
=0 Ox

To solve this problem apply the method of separation of variables

=0, 2 <o,

ay y=0;b

=0.4],_,=v(x.y). ul, =®(x.0.F,).

X=a

:0, un|F0=0=l//n(x), V=—:.

X=a

0, (5.F)= X, ()T, ().
After substituting into the equation, it turns out

L(R) _X.(x) .
T,(F) X,(x) '

n

Hence, X, (x) is the solution of the following boundary problem:
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X, (x)+w;X,(x)=0, X,(0)=0, x, (a)+aX,(a)=0,
where @? = 4, —v?*.
Having resolved the latter, we get
Hyie

Xnk (.X) = Sil’l7x,

where 4, is the solution of the transcendental equation

/unk
tg/unk == s Hpp = Oy A.
aa
Therefore
2 2 2 2
_ Mk 2 _ My X
Ay = StV =t ——.
a a b

The solution 7, (F(’)) of the respective problem will be

It gives
F )= A, e "nho gj
u, (x, 0) =A4e sin @, x.

Through further calculations, similar to the previous ones, for the required Green's function we
obtain the following expression:

G(x,y.&Em,Fy) = 4 > e sin @, xsin @, & cosvy cosva.
ab (5515

Using the calculation scheme similar to the above one can obtain the non-stationary temperature
distribution for an infinite strip with a periodic series of holes of the rather complex shape. The
computational procedure in this case is completely identical to that in the calculation of the fields
shown in Fig. 4.

Thus, the use of two-dimensional heat potentials, according to the described scheme enables to solve
effectively the boundary problems of non-stationary heat conduction for the areas of the complex geometry.
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