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DEVELOPMENT OF COMPUTATIONAL ALGORITMS TO SIMULATE
FRICTIONAL CONTACT OSCILLATING PORCESSES

Jlnist pa3pabOTKK BBIYMCIUTEIEHOTO alTOPUTMAa PEeIIeHHUs JUHAMUYECKUX 3a/1a4 ¢ TPECHHEM HC-
MOJIB3YETCSl BApUAIIMOHHBIN 1MOAX0. JIMCKpeTH3anus BapualluoOHHBIX 3371a49 110 BPEMEHH MTPOU3BO-
JIMJIaCh Ha OCHOBE JIBYX- U TPEXCIOWHBIX Pa3HOCTHBIX cXeM. [locTpoeHbI SKBUBaICHTHBIC BapHaIli-
OHHBIM HEPaBEHCTBaM ¢ HeIu(epeHIPYEMbIMH CIIaracMbIMH 3aJla9d MUHHMHU3AIUH, PEIICHHE
KOTOPBIX MOJTy4CHO B IBHOM BHJIC.

Jnst po3poOKy 00UHCITIOBATIBHOTO AITOPUTMY PO3B'S3aHHS JUHAMIYHUX 33/]a4 3 TEPTSIM BUKOPUCTO-
BYETHCS BapiaiiiHuid migxin. J{uckperusariiss BapiallifHMX 3a7ad 32 4acoOM IMPOBOJMJIACS HA OCHOBI
JIBOX- 1 TPUILIAPOBUX pi3HHLIEBUX cXeM. [100y0BaHO eKBIBaJIEHTHI BapiallifHUM HEPIBHOCTAM 3 HEJU-
(dbepeHITpyeEMUMH CKJIAJJOBUMHU 3aBJJAHHAMH MIHIMI3aIlii, PIICHHS IKHX OTPUMAHO B SIBHOMY BUTJISIIIL

Variational approach is applied to develop computational algorithm for solving dynamic prob-
lems with friction. Temporal discretization of variational problems was performed using duplex
and triplex difference schemes. Minimization problems equivalent to variational inequalities with
nondifferentiable components are developed; their solution is obtained in explicit form.

Introduction. In related transport industries world practice of perspective
brake-building applies current mechanical problem solving for adjusting materials us-
ing composite, metal-ceramic and polymeric-asbestos brake blocks[1, 2, 3, 4]. How-
ever, in this context, developments of adaptive devices structures, tribology and tri-
bomechanics to modify elastic and dissipative characteristics of brake systems load-
ing are not applied [5, 6]. Moreover, oscillation loading of brake to control friction
procedure and to obtain required brake parameters in dynamics is not covered.

Theory hypothesizes that brake gear is a mechanism with rigid segments. Mine
rail haulage also ignores control of brake frictional behaviour efficiency. That is ide-
alized dynamic brake model is used; however, inertia as well as elastic and damping
properties of segments and contact are neglected leading to a contradiction between
resulting in haulage equipment implementation and mine train brake.

The work objective is to simulate frictional micro-oscillations using computa-
tional experiment to control friction while operating in terms of value and slipping
velocity function at the expense of regulating elastic and dissipative characteristics of
brake system loading.

Original material presentation. Basic oscillating system with two degrees of
freedom is specified as analytical model of brake (Fig. 1). The system consists of a
shoe with m mass sliding over a wheel with R radius rotating with uniform angular
velocity @, and elastic and damping Voigt element which hardness and viscosity we
call ¢ and b respectively. Surface curvature of shoe and wheel is neglected. Constant
external force Q is exerted on a shoe pressing it to a wheel. Nominal area of shoe and
wheel contact is of square shape with 2a and elegs. Actual interaction contact region
is discrete consisting of contact patches group. Roughness of contact surfaces results
in discreteness.

Dynamic behaviour of the system meets following inequality
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(mi + (bx + cx) B, — (by +cy) B, )ai — X) + @F, (x, )i —U| =[x = U|) +
+(my + (by +cy) By, —(bx+cx) B — F,(x, )+ Q)v—3)20, V{u,v}. (1)
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Fig. 1. Design Diagram of Braking Gear Dynamic Model

Perform discretization of variational problem (1). Divide time axis into equiva-
lent segments [¢"",t"], (n=1,2,...). Length of the segments denote by/. Then

{x",y"} will be meant as approximate value {x(z), y(¢)} in time point ¢". Integration

formulas for each method discussed below result from inserting expressions for ve-
locities and accelerations in time points under consideration into quasivariational ine-
qualities (1); it is done through motion corresponding to the time period, and motion,
velocity, and acceleration determined during previous integration steps:

I
Kt = g (Dyn+l 4 Z((xl(l)x+(xl(2)xn_i +(xl(3)jc'”—i); (2)
i=0
st = (Ul = 3V p(2ini —p(sn-i), 3)
i=0
I
phtl = gD yn+l 4 Z((X,(UJ/JFOL,(Z)J'/”‘i +oc,(3)j}”‘i); @
i=0
et =Byt = 5By gy ), )
i=0

where o' and B! are coefficients determined by / value.

Triplex Difference Schemes
Using quasivariational inequality (1) of triplex scheme with balance [7] for
temporal integration we obtain:
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(m 5 + BB e TR Bre( 012" +0,x7 +03x771 ) -
1

yn+1 _2yn + yn—l yn+1 _yn—
+(m 12 + bB g —2h
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n+l _yn—l
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where
N)’} = Fy(Glx”+1 +0,x + 93x”_1, 91y”+1 +0,y" + 93)/”_1);

Qn :91Qn+1+92Qn +93Qn—1;
91 +92 +93 =1;

x0=xl=0; y9=yl=0.
We introduce terms

xn+1 _ xn—l

antl = :
2h
ol yn+1 _yn—l ;
2h
sl X+l _yn .
= p ;
y""‘l _ yn+1 — |
h

Then, scheme (6) is as follows:

(2m(dm! =87 )/ ht BB ed™ + P oo (2h0,d"1 + 027 + (05 + ) )1 )
— bBgge™ — ey (21017 + 057 + (05 + 0y )y )i — a7+ )+
+(2meem =y )/ b B! + By (270, + 0137 + (05 +0) )y )
—BBed"™ + B (2h01d"H + B3 + (03 + 0 )= )~ F 4 07 Jy— e+ )+
+oF i -U| - (prnH\dnH —U\ >0, Viu,vh, n=23,..

where

Fpl = F(2h0,d"+! +0,x7 + (03— 0] )x"=1, 20,1 + 07 + (03 —0; )y ~1).
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To solve quasivariational inequality (15), iterative process (where £ is iteration
index) is applied:

lm(dpgly = 8" )/ h+bBoed il + cecRhOWlEL ) + 067 +(03 +0y Jx )

~bBesefitly )~ cPes (2hele;1,j+11 )40y +(03+0; )] I —drel, ))+

+ (2m(e;1,j+11 =YD e bBseltly )+ s (2hele;1,j+11 ) 0207 +(03+0y )y )-

1 1 -1 . A . 1
~ bBeed il )—cBCC(2h61d;1]j+1 ) #0207 +(03+ 6 )x" )—Fy'{(k 0" Jo—entl, ))+

n C_TT — o Fn n+l  _717> _ _
+ QPN i —U|=F el —U >0, Yfuv}, n=23,,k=12,., (I7)

where

Fly=Fy (2h91d;1k+} +02x" +(03 — 01 )1, 24011} +0, " + (03~ )y ) 18)

It is easy to verify that if iterative process (17) converges then limit of sequence
{ dfg)lefg)l }1s a solution for quasivariational inequality (15). Results of paper [8]

show that iterative process (17) converges at any initial approximation, and peak lim-
iting to friction value.
It is reasonable to use the following as initial approximation in iterative process

(17)
dit =d; (19)
e;fg)l =e". (20)

Inequality (17) is variational inequality. Using results of paper [7], we can
demonstrate that within each iteration a solution of variational inequality (17) is a so-
lution of a problem of minimization of the two variables following function:

Ji(d,e)= ;alldz +a12de+;a22e2 -g1d —g2e+g0\d —ul, (21)
where

iy =" b + 26 chh; 22)
a1y = Pes(b+2chBy ); (23)
ayy = 2;7+st$ +2¢Bh0q; (24)
ar| =ajp; (25)

g1 =2md" / h— B (023" +(05+0 1 )+
+Bes (027 +(05 +0, )y (26)

g2 =2my" / h—cfy (05 + (05 +0y )y )+
+ B (0037 + (0340 Jxn 1)+ Fr O 27)
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gOZ(Pﬁ;Z(k)- (28)
Function J,(d,e) minimization can be expressed in an explicit form.
If (g1a20 — g2a12 — 8oaz2 )/ a > U , then
d=(g1ay —gra12 —&oaxn)/a, (29)
e=(gra1] —g1az1 + goaz1)/ a, (30)

If (g1a22 —£72a1> +g0a22)/a <U , then

d =(gaxy —garayp +goaxn )/ a, (31)
e=(goaj1 — 1421 — go421)/ a, (32)
Otherwise
d=U, (33)
e=(gy—ayU)/ay, (34)

Duplex Difference Schemes
While using duplex schemes for timely integration of quasivariational inequal-
ity (1) we obtain:

pn+1 —p"
m P P B (0197 + (1201 )" b B 01+ (1-0 )7 )-

—bBes (B1g7 1 +(1-01 )g" )— cBeg (B +(1-0y )y ) (s — p+1 )+
M ( n+l _ n) n+l _ ny_
+|m h +sts 91‘] +(1 91)‘] +CBss(91y +(1 GI)J/)
—bB, (0, +(1=0)p" ) By (05" +(A=0)x" )= FI* + 0" )(w—gq"" )+
+@F;+9\s—u\—@F;+9\pn+l—U\zo, Vis,wt, n=23,., (35)

xn+1 —xn

=00 (16 )pr, (36)
n+l _ yn
T =00 (120 g, (37)

where { p'*,q" }={x",y" } are velocity components within ¢” time moment;
FJ0 = F, (0x7 1 + (1= )x", 01 + (1= )y ), (38)
O"0 = (0,0 +(1-6,)0" ). 39)

(35)—(37) ratios are a system of quasivariational inequality and two algebraic
equations. Initial conditions for (35) — (37) system will be selected as follows

x0=p0=0; (40)
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y0=4%=0. (41)

Assume (36) — (37) equations as

X = x4 (0 pn L 4 (1-0, )ph ). (42)
Y= 1k h(Byg™ 4 (1-6, )g" ) (43)

and substitute (42)—(43) for (35). As a result, we obtain following quasivariational
inequality

pn+1 _pn
m T + eIBccpn-H (b + e2017)"‘ Bee " ((1 —01)b+01(1-0, )Ch)+ PBeex" -

- elﬁcsan (b + BZCh)_ Bcsqn ((1 - 91 )b + 91(1 - 92 )Ch)_ CBcsyn S — pn+1 )+
n+l _ ,n
+ (m(]h(] + eIBssan (b + e2017)"' Bssq” ((1 —01)b+061(1-06; )Ch)+ Py —

—01Bes "B +05ch) = Beg P ((1-01 )b+ 01(1=05 Jch)— cf ogx™ —
_F)1}1+6 + Qn+6xw_qn+1)+

+QFHOls Ul =@l pnt1 —U 20, Vis,w}, n=23.., (44)
where
FpO=F, (xn +0,0, p" L+ 0,(1=0, ) p"h, y" +0,0,¢" h+0;(1-0, )q”h)- (45)

Iterative process (where k is iteration index) is applied to solve the quasivaria-
tional inequality:

n+l

P e+l p"

(-|_})l+el[3ccp(k+1)(b +92Ch)+[3ccp ((1—91)b+91(1—92 )ch)+chcx” -

—01B sty (b+05h)—Begq” (1=0y Jb+01(1=05 Jeh)—cBug ™ fs = pritl, )+
Pes9g11) 2 cs4q 1 1 2 csy p(k+1)
q?l;l-l) q"

+01Bsgq 1) (0+02¢h)+Bysq ((1-61 )b +01(1- 62 Jch)+ Py y" ~

— 01y Py (b +02¢h) =B p((1-01 )b+ 0y (1-0; Jeh)—cB ogx" -

_Fn+6 + Qn+9xw q;a];ril))

1
+(pF”(k)‘s U|- (pF”(k)pﬁ"H) U=>0,
Vi{isswl,n=23,.. k=12,..., (46)

Frid =F, (xn +0,0 P4 )h +0;(1-6, )p"h, y" + Glezq;?,j)lh +0;(1-6, )q”h). (47)
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It is understood that if iterative process (46) converges then limit of se-

quence { p('lkﬁl,q(”kﬁl} is the solution for quasivariational inequality (44). Results of pa-

per [9] demonstrate that iterative process (46) converges at any initial approximation
and peak limiting on friction coefficient.
Following value is taken as initial approximation in iterative process (46)

ply) =pr" (48)
aril=q". (49)

" ¢" "\ using iterative process (46), values

{x"*', y™1 are calculated with the help of (42) — (43) formulas.

Inequality (46) is variational inequality. Results of paper [7] demonstrate that
each iteration of variational inequality (46) solution factors into solving the problem
of two variables minimization following function:

On determining values {p

1 1
Ji(p.q)= 2a11p2 +a12pq+2azzq2 ~g1p—-22q9+8o0lp—ul, (50)
where
m
ar :;+91Bcc(b+920h)a (51)
ajp = _GIBcs (b + 92Ch) ) (52)
m
an) :;+91Bss(b+920h)a (53)
a1 =ay, (54)
g1 =m/h—PBep" (101 )b +0;(1-05 )ch)—cB x" +
+Besq™((1-07 )b+ 0y (1-05 )ch)+cP ", (55)
g =m/h—PBgp"((1-01)b+0;(1-05 )ch)—cP o y" +
+Besq™ (1=01 )b +01(1-03 Jch)+ cBogx" + FH0 +0nt0, (56)
g0 =9F)R). (57)

(30) — (34) formulas can help solve minimization functionJ,( p,q) problem.
Conclusions. Solving dynamic problem with friction using developed compu-
tational algorithm help to obtain temporal series of a shoe motion{x” tand {y" }.

Research of the temporal series applies:
— Autocorrelation function to determine oscillation period;
— Spectrum analysis of motions, velocities, and accelerations;
— Phase diagrams in “motion-velocity” variables;

88



— Dependences of motion, velocity, and acceleration amplitudes on parameters
of changes in dynamic system being considered; they are obtained using a method of
parameter continuation.

The dynamic system is dissipative as it involves elastic and damping element.
Hence in time the system motion becomes stable and periodic. Autocorrelation func-
tion determining for the temporal series makes it possible to define both its periodic-
ity and its period duration if so.

The dynamic system is described with the help of non-linear dissipative non-
autonomous system of ordinary differential equation. It is reasonable to divide mo-
tions of dissipative systems into the two classes: transient, nonstationary motions cor-
responding to a process of relaxation from initial two-boundary system of states, and
a class of stable stationary motions which face trajectories completely belong to
boundary systems.

It is determined that application of triplex differential schemes needs following
values of balance coefficients:

6,=6,=025, 0,=10-6,-6,=05.

If differential schemes are duplex, it is reasonable to choose 6 = 0,5 balance co-
efficient.

References

1. bormanoBuy I1.H. Ouenka TpuOOTEXHUYECKUX XAPAaKTEPUCTHUK KOMIO3UIHOHHBIX MaTepHaliOB
I TOPMO3HBIX KOJIOJOK Npu Maibix ckopocTsax aswxenus / I1.H. bornanosuy, 2.U. Nanait //
Bectunk BHUMXKTa. — M., 2005. — Ne2. — C. 54 — 59.

2. Bauer H. Die Reibungsmaterialien fur die Bremsen / H. Bauer // Glasers Annal en. — 1999. —
Ne 11/12. - S. 472 — 475.

3. I'ypun B.A. Yrnepon — yriaepoiHbie KOMIIO3UITMOHHBIC MaTepHaIbl (PPUKITHOHHOTO HA3HAYCHUS
/ B.A. TI'ypun, U.B. I'ypun, C.I'. ®ypcos // Bicu. Juinponerp. yu-ty. Cep. PakeTHo-kocMiuHa
texHika. — 2000. — Beimn. 4 — C. 25 - 31.

4. Crapuenko B.H. Tpubonoruueckue coiictBa GpukunoHHBIX C-C KOMIIO3UTOB JJIs1 TOPMO3HBIX
ycTpoiicTB noaBmkHOTO coctaBa / B.H. Crapuenko // Bica. CxigHoykpain. Ham. yH-TY. — 2007, —
Ne6 (112). — C. 48 —52.

5. HApoBHukoB A.Il. AnanTuBHBIE CTPYKTYpbl MeXxaHU3MOB U MaiiuH / A.Il. JlpoBHuKOB. — PocTOB:
W3n-Bo Pocros. yu-ta, 1984. — 128 c.

6. Konrosenr A.H. Crpykrypa TOpMO3HOU mepeaauu MmaxTHbIX JokomMoTuBoB / A.H. Konroser,
A.B. [enumenko, N.A. Tapan // Yrons Yikpaunsl. — 1997. — Ne 4. — C. 39.

7. I'moBuncku P. UucnenHnoe wmccienoBaHue BapualMOHHBIX HepaBeHCTB / P. 'moBunHckm, XK.-JI.
JInonc, P. Tpemonnep. — M.: Mup, 1979. — 574 c.

8. KpaBuyk A.C. BapuanuonHsle M KBa3UBapHallMOHHbIE HEPABEHCTBA B MeXaHUKe /
A.C. KpaBuyk. — M.: MI'AIIN, 1997. — 340 c.

9. Lions J.-L. Surface problems: Methods of variational and quasivariational inequalities / J.-L. Li-
ons // Lect. Notes in Math. Syst. — 1975. — No 461. — P. 129 — 148.

Pexomenoosarno oo nybaixayii 0.m.n. Camycero B.1
Haoitiwno oo peoaxyii 26.05.2014

89



