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YeHHA LK YYT/INBICTb 3POCTAE, NPUYOMY NpPU L,\.=17,23 MIH (3anexHicTb 1) uytam-
BiCTb 36i/blUYETbCA B N'ATb pa3iB A0 39,2 M'u/mlH. Lle niaTBepaKyYE, WO BEANYN-

HOK KOMMNEHCYYOi iIHAYKTUBHOCTI LK MOXHa YNpPaBAATU YYT/IUBICTIO BUMIpPLO-

Ba/ZIbHOIO reHepaTtopa B meXXax BUKOHaHHA YMOBU Ll - LK > 0. Po3paxyHKoBa
3anexHictb (11) aocntb A0bpe Yy3roAKyeTbCA 3 EKCNEPUMEHTANbHUMWN AaHUMMN,
BiAMIHHICTb He nepeBuLLYE 5%.

BucHoBKWU. B pe3ynbTati npoBeAeHOro AOCNiAXKEHHA BCTAaHOB/AEHE HacCTy-
nHe:
— CMHTE3 Ha OCHOBI NiHiINHOI KOMbBiHOBaHOI onepaLinHOi cxemu A03BONMB CTBO-
PUTK BUMIPIOBA/IbHUIM NPUCTPIN Y BUTNALI F-meTpa, Yy AKOro, Ha BigMiHy Big, Tpa-
AVLINHOro MmeToAy, HEMA€E NPUHLNNOBOro 0O6MeXKeHHA YyTAMBOCTI A0 BUMIptO-
BAHOro napameTpy, NPUYOMY, YYT/IMBICTIO MOXKHA KEpPYyBaTH LAAXOM 3MiHWN Koe-
dilieHTa NOMHOXEHHA Ta BEZIMYMHMN KOMMEHCYHYOi iHAYKTUBHOCTI;
— y3aranbHeHa moAenb nepeTBoptoBaviB imnegaHcy y surnaai JIKOC moxxe Bu-
KOPUCTOBYBATUCA B AKOCTI 6a30BOI CXeMU AN CUHTE3Y FapPMOHIMHUX NepeTBo-
proBayiB iHAYKTMBHOIO imneaaHcy;
— CMHTEe30BaHa Ha OCHOBI NepeTBOPIOBAYIB iIMNeJaHCy cxema F-meTpa 3aBAAKM
BMCOKIN YyTAMBOCTI € NePCNEKTUBHOIK ANA NobyaoBM NPUCTPOIB KOHTPOJIIO AKO-
CTi 3ani30pyAHOI CUPOBUHU, 0OCOBNMBO 3 Ma/IMM BMiCTOM MarHeTuTy.
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Abstract. The mathematical model proposed in this paper describes oscillations of a
weightless frame with a point mass and simultaneous action of vertical and horizontal har-
monic disturbing forces. The model is based on the method of forces, which establishes the
relationship between the movement of the frame and the forces acting on it. Together with
the model, dependences were obtained for calculating resonant frequencies of the oscillating
system. The completed developments allow to determine dynamic characteristics of the os-
cillation process and to calculate frames for strength and rigidity. The methodology for this
calculation is implemented in the Mathcad 15 environment and has been successfully tested
on a number of learning tasks. The results of the work may be useful to students and teachers
of technical universities, as well as practitioners who perform power calculations.

Keywords: plane frame, forced oscillation, mathematical model, resonant frequency,
power calculation.
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1

AHoOTauia. MaTemaTMyHa moAenb, WO 3anpornoHOBaHa B poboTi, ONMUCYE KO/IMBAHHA He-
BAroMoi pamu 3 TOYKOBOK MaCOH0 NPU OAHOYACHIN Aii HA HUX BEPTUKANbHOI 1 TOPU3OHTANBbHOT
rapMoHiHNX 30yprotounx cua. Y OCHOBY MoAeni NoKNafdeHUn MeToa CUA, WO BCTAHOB/IOE
3B’I30K NepeMmillleHb pamn 3 cMAamm, sSiKi Ha Hel AitloTb. Pasom 3 mogennto oTpumaHi 3anexK-
HOCTi AN 06YMCNeHHA Pe30HAHCHUX YAaCTOT KOAMBANbHOI cucTtemMun. BUKoHaHi po3pobku go-
3BOJIAIOTb BU3HAYaATM AMHAMIYHI XapPaKTEPUCTUKN KOJIMBA/IbHOIO Npouecy i po3paxoByBaTu
pPaMM Ha MILHICTb i *OPCTKiCTb. MeToAMKa TAaKOro po3paxyHKy peanisoBaHa y cepenoBULL
Mathcad15. Pe3ynbtatv pob0oTn MOXKYTb BYTU KOPUCHUMMK CTYAEHTaM i BUK/aZadyam TeXHiu-
HMX BH3, Takox daxiBuaM - NPaKTUKaM, LLLO BUKOHYIOTb CMJIOBI PO3PaxyHKMU.

Knrouessbie cnoea: NaAoCKi pamu, BUMYWEHI KOAUBAHHA, MOMEMAMuU4YHa Mo0esb, Pe30HAH-
CHi yacmomu, cus08i po3pPaxyHKU.

Introduction. Scientific and technological progress requires designers to
apply increasingly sophisticated calculation methods relating to the strength and
power requirements for the created products. The most relevant are the require-
ments for the structures exposed to the variables of time and external loads.

Beams and flat frames are well-known core structures in engineering and
construction, which operate under conditions of forced oscillations, arising as a
result of the so-called perturbing forces. The most common source of such forces
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is functioning of various equipment installed on these constructions — such as
pumps, presses, pile drivers, etc. Perturbing forces arise as a result of the move-
ment of the center of masses of such equipment and they are of periodic, often
harmonious, nature. In structures under conditions of forced oscillations there
are additional (dynamic) forces and stresses, which in some cases reach danger-
ous values. Hence the importance of their adequate consideration for power cal-
culations of the named structures.

Typically, the teaching and methodological literature on the resistance of
materials highlights forced oscillations of a weightless beam with a point mass
fixed to it [1-3]. Such a model of oscillatory system, despite its simplicity, usually
provides an acceptable accuracy of power calculations for practical use. In addi-
tion, cases of forced oscillations of beams with distributed or multiple discrete
masses are also analyzed in university courses of resistance of materials and con-
struction mechanics [4-6]. However, the proposed methods of calculation for a
broad practical application are quite complex, since they require in-depth math-
ematical training, which goes beyond the curricula of conventional engineering
universities.

Similar (refined) calculation methods relating to forced fluctuations of flat
frames are usually given consideration by university courses of structural me-
chanics [7-9]. They are also quite complicated and therefore less suitable for
widespread use in engineering and other industries. To do this, we need more
simple calculation methods, which do not require special mathematical training,
but at the same time provide acceptable accuracy for practical use.

Formulation of the problem. The purpose of this work is to develop a sim-
plified two-dimensional mathematical model of forced fluctuations of flat
frames, followed by implementation of this model into power calculations.

Solution of the problem. To realize this goal we take the simplest L-shaped
frame (Fig. 1) and analyze its deformation.

Let the forces P; and P,, which cause the displacements A; and A, (see
Fig. 1), influence on an oscillating mass m at any given time:

Ay =P -85 +P, -0y, (1)

Ay =Py -0y +P1 -8y, (2)
where 611, 612, 822, 621 are the displacements of the oscillating mass under the
action of unit forces P; =1 and P, = 1, which are determined by means of the
diagrams of bending moments from these forces - M, and M, [4].
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Figure 1 — Frame Scheme

Fluctuations of the mass occur relative to the position of static equilibrium
(point 0 in Fig. 1). In this position:

P =mg, (3)
P,'=0. (4)

According to (1) and (2) there is:
A =P8, =mg- 5,4, (5)
A3 =P8y =mg-3y; . (6)

During oscillations (see Fig. 1):

A=A +y=mg-8,,+vy, (7)
A,=AS+z2=mg-8,, +z. (8)

Substituting expressions (7) and (8) in formulas (1) and (2) we obtain:
mMg-0yy +Y =P -0y +P, -8y,
By solving the system of equations (9), we obtain the dependencies P; and
P, on the current coordinates of the oscillatory mass:
Y05, —2:0y; Oy
2
01 82105814 O
Y0, —2-0
P, =f,(y,2) =52 i, (11)
21 =902, 014
Taking into consideration that P; and P, are the forces deforming the
frame, so the corresponding response of the frame equals to the following
forces:

P, =f(y,z2)=mg+ , (10)

R, =P, =1i(y,2), (12)
R, =P, =f,(y,2). (13)
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Let’s specify the problem. For an oscillatory mass we accept, as the au-
thors of a number of works [1, 10 and 11] do, an electric motor with statically
unbalanced rotor. Its angular velocity is w, and the disturbing force module is H.

Let's apply to the specified mass the force of gravity mg, the frame reac-

tions R, and R,, disturbing force H, forces of inertia @, and @, and the forces
of resistance of the medium F, and F, (Fig. 2).

@ -

m

Y

Figure 2 — Scheme of oscillating mass load

Under the action of these forces, the mass m is in the position of kinetic
and static equilibrium:
mg+R, +R, +H+®, +®, +F +F =0. (14)
By imposing the vector equation projection (14) on the axes y and z, we
obtain:

(y):mg+R} +H-coswt+ D) +F = (15)
=mg-—f,(y,z)+H-cosot—-m-y—pn-y=0,

(2):R5 +H-sinwt+ @5 +F =—f,(y,z) +H-sinot—m-Z—p-2=0. (16)

After transformations (15) and (16) we obtain the final form of the differ-
ential equations of motion of the mass m:

m-y+u-y+f(y,z)=mg+H-cosot, (17)

m-Z+u-z+f,(y,z)=H-sinot, (18)

where y and Z are projections of the oscillating mass acceleration on the axis of

coordinates;
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y and z are projections of the velocity of this mass on the axis of coordi-
nates;

W is the resistance coefficient of the medium;

tis time from the beginning of the movement (the output of mass m from
the position of static equilibrium).

It should be noted that equations (17) and (18) are universal ones, not de-
pending directly on geometric parameters of the frame: these parameters are
related only to the values 811, 622, 612 = 621. For the frame represented in Figure
1 it is easy to calculate their values using Vereshchagin's rule by "multiplying"
the diagrams M, and M, (Figs 3, 4):

_ 1 1 2 1 1 ;3 2
011 =My XMy =—— (=, Uy = by + 0y Uy ly))=—— (= L5+, 15)
) (2 27f273 2T 2) £l (3 A )
8, = <, = Lop g 2 -0 (20)
22 =MW =T s g T g
_ 1 1 030
81y =8, =M, xM, =—— -0, 4 .= f, =L 2 21
12 =021 =M M2 =ET A1ty = ey (21)

where Ely is stiffness of the sections of rods of the frame.

For another frame shape, the formulas for calculating the above men-
tioned values are different, but the procedure for their determination remains
unchanged.

The found values of the displacements 611, 622 and 61, also allow to deter-
mine resonant frequencies of the system fluctuations.

The basis for this definition is the formula for calculating resonant fre-
guencies of oscillations of a frame with two point masses m; and m; fixed to it,
each of which can move in one direction [12]. This formula is as follows:

.
2
| "
Il
y—

fl ]1

]2 i’l

Figure 3 — Diagram I\_/I1 Figure 4 — Diagram I\_/I2
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V2

Wy, =
\/(ml +8y1 +m, -822)i\/(m1 819 +mM, '522)2 —4-my-m, (81, -6, _852)
In our case, one mass m is fixed to the frame, but it moves in two directions

— vertical and horizontal. To take this circumstance into account, we introduce
into the formula (22) m; =m, =m.

" (22)

Then, after simple transformations, formula (22) takes the form:

V2

1,2 —
@1y +830) £ m (3, 485507 —4-(3yy -5 ~ 31
In order to assess the adequacy of the proposed model, a comparison of
the results has been done, obtained by means of the proposed model with those
published in [13], where, based on the implementation of the classical model of
forced oscillations of a system with one degree of freedom, the parameters of
vertical vibrations of a weightless cantilever beam (I-beam 20, /=3 m) with in-

Q)

(23)

stalled motor (m = 1000 kg, n = 1000 rpm) with statically unbalanced rotor cre-
ating a disturbing force H=0,3mg. In this paper, the circular frequency of the
system's own oscillations is k = 20.220 sec?, and the maximum normal tension
in the beam is omax = 171 MPa. An alternative calculation according to the pro-
posed method was performed by Mathcad 15 [14, 15] in relation to the frame
diagram presented in Fig. 1, but with its maximum approximation in shape and
size to the foregoing beam: 7, =0.1m, ¢, =3m. Other system parameters are

the same as in [13]. The calculation results are presented in Fig. 5.
Breakout of results in omax (in spots of frame and beam jamming):

A, )= 167416 =171 160 — _5.096 %,
171
by the resonant frequency (w; and k):
Awy) = 122872022 0 46499 .
20.22

As one can see, the results of both calculations are close enough to each
other.

For further verification of the proposed method, a series of similar calcu-
lations for an L-shaped frame (see Fig. 1) with /; =3 m, ¢, =2 m and variation of

values w in the range from 3 sec? to 300 sec! was carried out. Based on the
results of these calculations, the graphs of the dependencies of Max and omax ON
w were constructed, which experimentally confirm the presence of two resonant
peaks in each of them (Fig. 6). In order to clarify the coordinates of their highest
points, detailed graphs of these dependencies were additionally constructed
near the resonant frequencies w; and w; (Figs 7, 8). The trace of these graphs
determines the experimental values of the resonant frequencies:
o] =13.115sec?,

08 Contemporary Innovation Technique of the Engineering Personnel Training for the Mining
and Transport Industry 2019



-1 '
Mechanical Engineering and Engineering Science  “' CITEPTMTI'2019

o), =39.168sec™.
Calculated values of the resonant frequencies: w; = 13.154 sec?,
w; =39.175 sec™.
Comparison of experimental and calculated values of resonant frequen-

cies shows their practically complete identity:
-/ 13.154 —13.115

Aw,) =2 100 = -100 = 0.296 %
o, 13.154

Mw,)= @27 100 39.175 - 39.168 00 _ 0 o1z 0 .
, 39.175

This result indicates the acceptability of the proposed calculation method
for practical purposes, since it not only accurately determines the values of w;
and wy, but also provides robust power results confirming this accuracy.

In conclusion it should be noted that the capabilities of the developed
methodology are not limited to the specified types of calculation tasks. For its
development further research is needed.

Conclusions. A new, simplified method of power calculation of flat frames
under conditions of forced oscillations is proposed, which allows to calculate the
values of maximum normal stresses occurring in frames and to determine their
resonant frequencies.

The method is implemented in Mathcad 15 and has successfully passed a
large-scale testing.

The completed development may be useful for students and teachers of
technical universities, as well as for practitioners who perform power calcula-
tions.

Further research in the direction of elaboration of the development will
contribute to the deepening of existing theoretical concepts and to the creation
of more advanced methods of power calculations and calculation tools.
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