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Introduction 
 
Highly-qualified specialist training for various fields of science and 

manufacturing is the most important goal of the modern technical research university.  
Good command of foreign languages is one of the main factors of successful 
scientific and practical activity of a modern specialist. Studying English is one of the 
main ways to integrate students, as future specialists, into the international system of 
production, technology and economics. In this regard, it is necessary to enhance the 
system of students’ teaching in foreign languages, English in particular, and thus, 
integrate them into the international educational environment.  

Therefore, teaching English requires developing some methodological 
recommendations. This is especially important in the process of learning mathematics 
because studying any of the technical disciplines is impossible without mathematics 
background. The purpose of this textbook is to improve the quality and forecast study 
results of foreign students as well as the students delivered the course of Higher 
Mathematics in English. Also, this textbook is designed to increase the effectiveness 
of learners’self-study. 

The content of the textbook "An Uncertain Integral" covers the general course 
of Higher Mathematics for technical specialties. A fairly complete and concise 
presentation of the theoretical information is introduced at the beginning of each 
section. Then, detailed solutions of typical examples arranged in the order of 
increased complexity are given and proved.  A number of typical tasks are thourougly 
analyzed in this textbook empowering students’ opportunity to solve independently 
individual tasks presented at the end of each section. 

Studying the material of this textbook allows a student to learn how to work 
independently and obtain sufficient practical skills required not only for studying 
other sections of Higher Mathematics but other  special disciplines as well. 

The textbook is intended for students of the first and second courses of all 
specialties of technical higher education institutions of full-time, correspondent and 
distant forms of study. 
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§1. Primitive Function and Indefinite Integral 
 
1.1. The Primitive Function. The function F(x) is a primitive function of 

( )f x  in some interval X if the following holds true:  

( ) ( )F x f x¢ = ,    "x Î X.           (1) 
Obviously, the definition (1) makes sense only when the function F(x) is 

differentiable in the interval X.  
Example 1.  
a) Let f(x) = 2х. The primitive function is ( ) 2F x x=  in Х = (–¥, ¥). We can 

easily verify the result by differentiating: ( ) ( ) ( )2 2F x x x f x
¢

¢ = = =     "x Î X;  

b) Let ( ) xxf 3sin= . It is easy to find a function F(x), satisfying equality (1): 

 ( ) 1 cos3
3

F x x= - , x Î X = (–¥, ¥). 

Indeed, ( )F x¢ = ( ) ( )1 1cos3 3sin3 sin3
3 3

x x x f x
¢æ ö- = - - = =ç ÷

è ø
,   "x Î X.  

Remember that the derivative of a constant term is zero (C¢= 0). Hence, if a 
constant term is added to the function F(x), the function obtained will also have the 
same derivative. Therefore, we can put: [F(x) + C]¢ = F ¢(x) = ( )xf .  

Let ( )xf  = 2х. Then the primitive functions will be F(x) = x2 and F1(x) = x2 + 
1 and F2(x) = x 2 – 3, etc. It obviously follows that there is not just one solution but 
many others which differ only by constants: F(x) + C. 

The primitive of a function ( )xf  without any additional conditions is always 
uncertain. If the function ( )xf  in the interval X has the primitive function F(x) then it 
also has an infinite set of primitive functions F(x)+C, where C = const.  

1.2. Indefinite Integral. The set of all primitive functions of a function ( )xf  in 
the interval X is called the indefinite integral of the function ( )xf .  

This is written as: 
   ( ) ( )f x dx F x C= +ò .                      (2) 

Here ( )xf  – integrand; ( )xf dx – an element of integration; x – variable of 

integration; C – arbitrary constant; ò – the integral sign.  

For example, 22хdx х C= +ò .  

Equality у = F(x) + С determines some curve with a fixed С.  
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When C is changing, the integral curve shifts along the Oy axis. Thus, all 
primitive functions differ from each other by a constant which can be determined 
from specified boundary conditions (fig. 1). 

 

  y = F(x) + C1

  y = F(x)

  y = F(x) + C2

  y

  x  O

 
 

Fig. 1 
 
1.3. Indefinite integral properties. 
 1. Derivative of indefinite integral is the integrand, and the differential of 

indefinite integral is the element of integration: 

   ( )( ) ( )f x dx f x¢=ò ,  ( ) ( )d f x dx f x dx=ò .           (3) 
 

 2. Indefinite integral of the differential of a function is the sum of this 
function and an arbitrary constant: 

 

( ) ( )dF x F x C= +ò .                         (4) 
 

3. If A is a constant and А ¹ 0, then 
( ) ( )A f x dx A f x dx=ò ò .                                 (5) 

 

 4. The integral of the sum of two or more functions is equal to the sum of 
the integrals of the individual functions: 

 

 ( ) ( ) ( ) ( )f x g x dx f x dx g x dx± = ±é ùë ûò ò ò .                      (6) 
 

 
1.4. Table of Fundamental Standard Integrals. The Table of standard 

integrals contains some elementary functions and their integrals. It is easy to verify 
the results by differentiation according to (3).  
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Table1. Fundamental Standard Integrals 
 

1.   du u C= +ò   8.   ln sinctgu du u C= +ò  

2.  
1

, 1
1

uu du C
a

a a
a

+

= + ¹ -
+ò   9.   2

2 sec
cos

du u du tgu C
u

= = +ò ò  

2а. ò += Cu
u

du 2  10.  2
2 cosec ctg

sin
du u du u C

u
= = - +ò ò  

2б. ò +-= C
uu

du 1
2  11.  ln

sin 2
du utg C

u
= +ò  

3.   lndu u C
u

= +ò  12.  ln tg
cos 2 4
du u C

u
pæ ö= + +ç ÷

è øò   

4.   
ln

u
u aa du C

a
= +ò  13.  2 2

1 arctgdu u C
a au a

= +
+ò  

4а. Cеduе uu +=ò  14.  2 2
1 ln

2
du u a C

a u au a
-

= +
+-ò  

5.   sin cosu du u C= - +ò  15.  
2 2

arcsindu u C
aa u

= +
-

ò  

6.  cos sinu du u C= +ò  

 
16.  2 2

2 2
lndu u u a C

u a
= + ± +

±
ò  

7.  tg ln cosu du u C= - +ò  17.  u dv u v vdu= -ò ò  

 
 
§ 2. Techniques of Integration 
 
2.1. Direct and substitution integration. Some integrands after algebraic or 

trigonometric transformations could be integrated just using the table of standard 
integrals.  

Example 1. 
5 4

4 7
3 6(2 5 )x x dx
x x

+ - -ò . 

According to the properties (4) and (3) this integral can be represented in such 
a way:  

52 x dxò + 43 dx
xò – 45 xdxò –

7
6

dx
xò = 52 x dxò + 43 x dx-ò -

1
45 x dxò –

1
76 x dx

-

ò .  
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Then using formula (2) one can obtain:  
65

6 3 74
2 3 5 65 66 3

4 7

x x x x C
-

× + × - × - × +
-

=
656
74

3
1 4 7

3
x x x C

x
- - × - × +  

Example 2. 
( )97 3cos 5 .xx x e dx- +ò  

According to the properties (4) and (3) this integral can be represented in such 
a way:  

97 x dxò  3 cos xdx- ò  + 5 xe dxò .  

Then using formulas (2), (6) and (4а) obtain: 
10

7
10
x

×  3sin x-  + 5 xe C+ .  

Example 3. 

2 2sin cos
dx
x xò  . 

We can transform the integrand using fundamental trigonometric formulas: 

                           
2 2

2 2 2 2
1 sin cos

sin cos sin cos
x x

x x x x
+

= = 2 2
1 1

cos sinx x
+ ,  

therefore, 1 22 2cos sin
dx dxI I I

x x
= + = +ò ò . Integrals I1 and I2 should be found by 

formulas 9 and 10 of standard integrals table. So, I = tgx - ctgx + C.  
 
In general, the integral ( ) ( )I x f x dx= ò  may not belong to the tabular type, 

but it can be transformed using substitution: ( ) ( ) ( )f x dx f x u x u du¢= =é ùë û ( )u duf , 

and then it could be integrated by the table: ( ) ( ) ( )1I x u du I uf= =ò . 

 In particular, if   u = ax + b, where a and b are constants, the following 
holds are true:  

 

  ( ) ( ) ( )f ax b d ax b F ax b C+ + = + +ò        (7) 

or  
 

        ( ) ( )a f ax b dx F ax b C+ = + +ò . 
 

Therefore 

   ( ) ( )1f ax b dx F ax b C
a

+ = + +ò .                  (8) 
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Following example demonstrates the formula (8) usage: 

а) ( ) ( )1sin cos sin 3 1 cos 3 1
3

x dx x C x dx x C= - + Þ + = - + +ò ò ; 

б)  2 21
2

x x x xe dx e C e dx e C- -= + Þ = - +ò ò . 

Try following examples as well. 
Example 4. 

2
7 .

25 4
dx

x
æ ö
ç ÷+è øò

   
 

Let us use the formula (8) and  formula (13)  from Table 1:   

2 2
7 1 2

10 55 (2 )
xdx arctg C

x
æ ö

= +ç ÷
+è ø

ò . 

Example 5. 

2
7 12 4 .

5 sin (3 1)5 3
x dx

xx
æ ö

+ + -ç ÷
--è ø

ò  

According to the properties (4) and (3) this integral can be represented in such 
a way:  

2
7 12 4

5 sin (3 1)5 3
x dx

xx
æ ö

+ + -ç ÷
--è ø

ò =7
5 3
dx

x-ò + 2 4
5
x dx+ò –

2sin (3 1)
dx

x -ò  .  

Now let us use the formula (8) and formulas (2) and (10) from Table 1:   

7 2 5 3
3

x× × -
-

 + 
322 5 4

3 5
xæ ö× × × +ç ÷

è ø
1 (3 1)
3

ctg x C+ - +  = 

= 14 5 3
3

x- × -  + 
320 4

3 5
xæ ö× +ç ÷

è ø
1 (3 1)
3

ctg x C+ - + . 

Example 6. 

Let us return to integral 2 2sin cos
dx
x xò  (example 3).  

We can apply another method for this example. As you know, 

sin 2 2sin cosx x x=  then  2 2 2
1 4

sin cos sin 2x x x
= , so, 

24
sin 2

dxI
x

= =ò (using formula (8)) 4 2 2 2
2

ctg x C ctg x C= - + = - + .  
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To verify the results, we should make some transformation  
2 2cos2 cos sin2 2 2 2

sin 2 2sin cos
x x xctg x
x x x

-
- = - = - =

cos sin
sin cos

x x tgx ctgx
x x

- + = - . 

Hence, the results of examples (6) and (3) coincide.  
 

Individual Task 1 
 

Variant 1 
1.         2( 1)x dx+ò  2. ( )2 2cos xx x e dx+ +ò  3.

2( 1)
3
x dx

x
+

ò  

4.
 

22

2 5
cos16

dx
xx

æ ö
+ç ÷ç ÷-è ø

ò  5. 2
7 12

sin
x dx

xx
æ ö+ -ç ÷
è øò  6. 25 5( 1)

3

x
x dx

æ ö
+ -ç ÷

è ø
ò  

7. 3 2 15 2
3

x ctgx dx
x

æ ö+ +ç ÷
è øò  8. 3 2

5 7
5

dx
x x

æ ö+ç ÷+è øò  9.
35sin x dx
x

æ ö-ç ÷
è øò  

10.       cos(5 2 )x dx-ò  11.          
1

3 7
dx

x -ò  12. sin(1 )
8
x dx-ò  

 
Variant 2 

1. 2(2 1)x dx-ò  2. ( )3 3cos 2xx x dx+ +ò  3.
2

2
( 3)

2
x dx

x
-

ò  

4. 2 2

5 3

5
dx

x x

æ ö
-ç ÷ç ÷-è ø

ò  5. 2
3

24

xe dx
x

æ ö
-ç ÷

+è ø
ò  6.

24cos x dx
x

æ ö+ç ÷
è øò  

7. 22

3 1
cos9

dx
xx

æ ö
-ç ÷ç ÷-è ø

ò  8. 24
2 3

cos
x dx

xx
æ ö- +ç ÷
è øò  9.

2

3
24

tgx dx
x

æ ö
-ç ÷ç ÷+è ø

ò  

10. (3 2 )xe dx+ò  11.
1

5 2
dx

x -ò  12. cos(4 )
7
x dx-ò  

 
Variant 3 

1. 2(2 3 )x dx-ò  2. ( )3 2cos 4xx x dx- +ò  3.
23( 5)

2
x dx

x
+

ò  

4.
2

4 3

16
dx

x x

æ ö
-ç ÷ç ÷-è ø

ò  5. 2
1

23

xe dx
x

æ ö
-ç ÷

+è ø
ò  6.

72tgx dx
x

æ ö-ç ÷
è øò  

7. 22

2 4
sin4

dx
xx

æ ö
+ç ÷ç ÷+è ø

ò  8. 24
2 14

2cos
x dx

xx
æ ö- -ç ÷
è øò  9.

2 3 1
2cos

dx
x xx

æ ö- -ç ÷
è øò  

10. 3 26 x dx+ò  11. 2
1

cos (4 6)
dx

x +ò  12. sin( 1)
6
x dx+ò  
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Variant 4 
1. 2(1 3 )x dx+ò  2.

 ( )33 2 3xx ctgx dx+ - +ò  3.
2

3
( 1)

5
x dx

x
+

ò  

4. 2
1 3

6
dx

x x
æ ö-ç ÷-è øò  5. 2

7 5
37

xe dx
x

æ ö
+ç ÷

+è ø
ò  6. 2

2 7cos
5

x dx
x

æ ö-ç ÷
è øò  

7. 24
2 14

2cos
x dx

xx
æ ö- -ç ÷
è øò  8. 2

2 3
cos

dx
x x

æ ö+ç ÷
è øò  9.

2

2 3
sin9

dx
xx

æ ö
+ç ÷ç ÷-è ø

ò  

10. 5(6 11)x dx+ò  11. 2
1

sin (4 3 )
dx

x-ò  12.
1

6
x

e dx
+

ò  

 
Variant 5 

1. 3(2 )x dx+ò  2. 3
43 3 xx tgx e dx
x

æ ö+ - +ç ÷
è øò  3.

24

2
( 2)

2
x dx

x
-

ò  

4. 2
31

6
dx

x
æ ö-ç ÷+è øò  5.

2

1
37

xe dx
x

æ ö
-ç ÷ç ÷+è ø

ò  6.
1 3sin
5

x dx
x

æ ö-ç ÷
è øò  

7. 23
2 13

5sin
dx

xx
æ ö- +ç ÷
è øò  8. 2

3 2
cos

dx
xx x

æ ö-ç ÷
è øò  9.

2

3 2
cos1

dx
xx

æ ö
-ç ÷ç ÷-è ø

ò  

10. 5
1

(3 2)
dx

x -ò  11.
2cos(5 )
7
x dx-ò  12.

8
57
x

dx
+

ò  

 
Variant 6 

1. 3(1 )x dx-ò  
2.

23( 1)
4
x dx

x
+

ò  3.
1 35 sin
2

x dx
x

æ ö- -ç ÷
è øò  

4. 2
3 4tgx dx

x x
æ ö-ç ÷
è øò  5. 2

3

43 3xx ctgx dx
x

æ ö
- + +ç ÷ç ÷

è ø
ò  6. 2

1 41
cos2

dx
xx

æ ö- +ç ÷
è øò  

7. 3
2

54
25

x dx
x

æ ö-ç ÷+è øò  8.
2

1
749

xe dx
x

æ ö
+ç ÷ç ÷+è ø

ò  9.
2

3 cos
79

x dx
x

æ ö
+ç ÷ç ÷-è ø

ò  

10. 3
1

3 2
dx

x -ò  11.
3( 1)
2
xtg dx-ò  12. 2

1
cos (3 )

dx
x-ò  
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Variant 7 
1. 3( 1)x dx+ò  2. 2 83 2cosx x dx

x
æ ö- +ç ÷
è øò  3.

3( 1)
3
x dx

x
+

ò  

4. 6 2
5 5

25
dx

x x
æ ö+ç ÷+è øò  5. 23 7( 1)

3

x
x dx

æ ö
+ -ç ÷

è ø
ò  6. 4

35ctgx dx
x

æ ö-ç ÷
è øò  

7. 2
7 62

sin
x dx

xx x
æ ö- -ç ÷
è øò  8. 22

4 3
cos4

dx
xx

æ ö
-ç ÷ç ÷-è ø

ò  9.
2

2 5
cos9

dx
xx

æ ö
-ç ÷ç ÷+è ø

ò  

10.
1

3 5
dx

x +ò  11.
8cos( 2)
5
x dx-ò  12. ( 9)

3
xctg dx+ò  

 
Variant 8 

1. 2(5 2 )x dx-ò  2. 3 32 2xx dx
x

æ ö- + +ç ÷
è øò  3.

2

2
(2 1)

3
x dx
x
-

ò  

4. 2 2

1 3
5 25

dx
x x

æ ö
+ç ÷ç ÷-è ø

ò  5. 2
4 4

16
xe dx

x
æ ö-ç ÷+è øò  6.

12sin
2

x dx
x

æ ö-ç ÷
è øò  

7. 2 2
4 1

3 2cos
dx

x x
æ ö+ç ÷-è øò  8. 26

2 35
sin

x dx
xx

æ ö- -ç ÷
è øò  9.

2

4 1
2cos9

dx
xx

æ ö
+ç ÷ç ÷-è ø

ò  

10. 2
1

cos (3 5 )
dx

x+ò  11.
3sin( 7)
8
x dx-ò  12.

1
3 5

dx
x-ò  

 
Variant 9 

1. 2(3 )x dx-ò  2.
53 2cosx x dx
x

æ ö- +ç ÷
è øò  3.

23( 1)
5
x dx

x
-

ò  

4.
2

1 31
4 4

dx
x x

æ ö
+ -ç ÷ç ÷-è ø

ò  5. 2
5

55

xe dx
x

æ ö
+ç ÷

+è ø
ò  6.

22 tgx dx
x

æ ö- +ç ÷
è øò  

7. 27
2 17

7cos
x dx

xx
æ ö- -ç ÷
è øò  8. 22

5 7
sin1

dx
xx

æ ö
+ç ÷ç ÷+è ø

ò  9.
2

5 7
sin16

dx
xx

æ ö
+ç ÷ç ÷+è ø

ò  

10. 2
1

cos (5 2 )
dx

x-ò  11.
1

7 3
dx

x -ò  12. sin(5 )
9
x dx-ò  
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Variant 10 
1. 3( 2)x dx+ò  2. 2 21 5

5
xx tgx dxæ ö+ - +ç ÷

è øò  3.
2

2
( 1)

4
x x dx

x
+

ò  

4.
2

1 3

6
dx

x x

æ ö
-ç ÷ç ÷-è ø

ò  5.
2

7 5
37

xe dx
x

æ ö
+ç ÷ç ÷+è ø

ò  6. 2
12cos

2
x x dx

x
æ ö- -ç ÷
è øò  

7. 2
1 7

3 cos
dx

x x
æ ö-ç ÷
è øò  8. 24

2 14
2sin

x dx
xx

æ ö- -ç ÷
è øò  9.

2 14
2sin

dx
xx x

æ ö- -ç ÷
è øò  

10. 3 2xe dx+ò  11.
1

5 2
dx

x-ò  12. cos(7 )
4
x dx-ò  

 
Variant 11 

1. 2(2 3 )x dx-ò  2. ( )33 7 2sin xx x x e dx- - +ò  3.
23( 3)

2
x dx

x
-

ò  

4.
2

1 3

9
dx

x x x

æ ö
-ç ÷ç ÷+è ø

ò  5. 2
2

349

xe dx
x

æ ö
+ç ÷

+è ø
ò  6.

2 1cos
5 5

x dx
x

æ ö- -ç ÷
è øò  

7. 2
1 42
2 cos

dx
x x

æ ö+ +ç ÷
è øò  8. 3

2 4x ctgx dx
x

æ ö- -ç ÷
è øò  9.

1 42
cos2

x dx
xx

æ ö+ +ç ÷
è øò  

10. 4 73 x dx+ò  11. 2
1

cos (4 6 )
dx

x-ò  12.
2sin( 4)
5
x dx+ò  

 
Variant 12 

1. 3(1 2 )x dx-ò  2. 2
65 2 3xx ctgx dx
x

æ ö+ - +ç ÷
è øò  3.

2(3 1)
2
x dx
x
-

ò  

4. 2
36

36
dx

x
æ ö-ç ÷+è øò  5.

2

1 2
39

xe dx
x

æ ö
-ç ÷ç ÷+è ø

ò  6. 3
1 3sin
2

x dx
x

æ ö-ç ÷
è øò  

7. 22
2 1

4cos
dx

xx x
æ ö+ç ÷
è øò  8. 24

1 13
2sin4

dx
xx

æ ö- +ç ÷
è øò  9.

1 1
4 2sin

dx
x x

æ ö+ç ÷
è øò  

10. 6(4 1)x dx+ò  11. 2
1

sin (3 7 )
dx

x-ò  12.
3

2
x

e dx
+

ò  

 
 
 
 

14



Variant 13 
1. 3(2 )x dx+ò  

2. 3
3

12 8 4
4

xx ctgx dx
x

æ ö
- + +ç ÷ç ÷

è ø
ò  3.

33( 1)
4
x dx

x
+

ò  

4. 3
2

54
25

x dx
x

æ ö
-ç ÷ç ÷+è ø

ò  5. 2
1

24

xe dx
x

æ ö
+ç ÷

+è ø
ò  6.

1 37 sin
3

x dx
x

æ ö- +ç ÷
è øò  

7.
5 1

2
tgx dx

x x
æ ö-ç ÷
è øò  8. 2

4
5cos2

x x dx
xx

æ ö- +ç ÷
è øò  9.

49
5cos

x dx
x

æ ö- +ç ÷
è øò  

10. 3
1

(2 1)
dx

x -ò  11.
3cos(2 )
4
x dx-ò  12.

2 8
75
x

dx
+

ò  

 
Variant 14 

1. 3( 1)x dx-ò  2. 3 14 cos
2

x x dx
x

æ ö- +ç ÷
è øò  3.

3( 3)
2

x dx
x
+

ò  

4. 2
1 52

sin2
x dx

xx x
æ ö+ -ç ÷
è øò  5. 23 4(2 1)

3

x
x dx

æ ö
- -ç ÷

è ø
ò  6. 3

22 3ctgx dx
x

æ ö- -ç ÷
è øò  

7. 22

3 3
cos9

dx
xx

æ ö
-ç ÷ç ÷-è ø

ò  8. 6 2
5 5

25
dx

x x
æ ö-ç ÷+è øò  9.

2

3 3
cos9

dx
xx

æ ö
-ç ÷ç ÷+è ø

ò  

10. 4
1

4 5
dx

x -ò  11.
2( 1)
5
xtg dx+ò  12. 2

1
cos (3 7)

dx
x -ò  

 
Variant 15 

1.
3(2 3)x dx

x
-

ò  2. 3 2 82 3 cos
3

x x dx
x

æ ö- - +ç ÷
è øò  3.

3

2
( )

3
x x dx

x
+

ò  

4. 5 2
2 6

cos
x dx

x x
æ ö- +ç ÷
è øò  5. ( )2( 1) 6 xx e dx+ +ò  6. 5

35x tgx dx
x

æ ö+ -ç ÷
è øò  

7. 2 2
5 1

9 2cos
dx

x x
æ ö-ç ÷-è øò  8. 2 2

1 15
5 3

dx
x x

æ ö-ç ÷+è øò  9.
2

5 1
2cos9

dx
xx

æ ö
-ç ÷ç ÷-è ø

ò  

10.
1

4 5
dx

x +ò  11.
2cos( 2)
5
x dx+ò  12.

3( 9)
5
xctg dx+ò  
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Variant 16 
1. 2(2 3 )x x dx-ò  2. 3 43 2 2xx dx

x
æ ö- + +ç ÷
è øò  3.

2(3 2 )
2

x dx
x

-
ò  

4. 2
4 4

4
xe dx

x
æ ö-ç ÷+è øò  5. 2 2

8 9

4
dx

x x

æ ö
+ç ÷ç ÷-è ø

ò  6.
12sin

2
x x dx

x
æ ö- +ç ÷
è øò  

7. 2 2
3 1

4 3cos
dx

x x
æ ö+ç ÷-è øò  8. 23

2 47
sin

x dx
xx

æ ö- +ç ÷
è øò  9.

42 7
sin

x x dx
x

æ ö- +ç ÷
è øò  

10.
1

3 5
dx

x +ò  11.
4sin( 3)
7
x dx-ò  12.

7( 2)
3
xtg dx+ò  

 
Variant 17 

1.
2(1 )

2
x dx
x

-
ò  2.

73 cosx x dx
x

æ ö+ - +ç ÷
è øò  3.

2( 1)
2
x dx

x
-

ò  

4. 2
2 9

cos3
x dx

xx
æ ö- -ç ÷
è øò  5.

2

1 3
4 9

dx
x x

æ ö
-ç ÷ç ÷-è ø

ò  6.
31 2

2
tgx dx

x
æ ö- +ç ÷
è øò  

7. 22

4 3
2sin2

dx
xx

æ ö
+ç ÷ç ÷+è ø

ò  8. 2
2

24

xe dx
x

æ ö
+ç ÷

+è ø
ò  9.

2

4 3
2sin2

dx
xx

æ ö
+ç ÷ç ÷-è ø

ò  

10. 2
1

cos (3 7 )
dx

x-ò  11.
8sin( 4)
3
x dx-ò  12.

1
1 3

dx
x-ò  

 
Variant 18 

1.
3( 2)

5
x dx

x
-

ò  2. 23 24 5
2 5

xx tgx dxæ ö- - +ç ÷
è øò  3.

2 2

2
( 1)

4
x x dx

x
-

ò  

4.
2

8 3

6
dx

x x

æ ö
-ç ÷ç ÷+è ø

ò  5.
2

7
37

xe dx
x

æ ö
+ç ÷ç ÷-è ø

ò  6. 3
82cos

9
x x dx

x
æ ö- -ç ÷
è øò  

7. 3
23

2 24
sin

x dx
xx

æ ö- -ç ÷
è øò  8. 2

7 9
3 cos

dx
x x

æ ö-ç ÷
è øò  9.

97
cos

x dx
x

æ ö- -ç ÷
è øò  

10. 2
1

cos (2 5 )
dx

x-ò  11. 3
1

7 3
dx

x -ò  12.
2sin(4 )
5
x dx-ò  
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Variant 19 
1. 2(3 )x dx  2. 3 14 sin

2
xx x x e dx    

   3.
3( 2)

3
x

dx
x


  

4. 6 2
5 5

25
dx

x x

     5. 24 4(2 1)
3

x

x dx
 

  
 
  6.

2 1cos
5 5

x dx
x

   
   

7. 22

3 3
cos9

dx
xx

 
   

  8.
1 2 4

2
x tgx dx

x x

   
   9.

2

3 3
cos9

dx
xx

 
   

  

10. 2
1

sin (7 3 )
dx

x  11. 5
1

(7 3)
dx

x   12.
7sin(4 )
12

x
dx  

 
Variant 20 

1. 3(1 2 ) 1x dx  
2. 3

2

14 7 3
4

xx ctgx dx
x

 
    

 
  3.

33( 1)
3
x

dx
x


  

4. 2
2

22

xe
dx

x

 
 

 
  5. 3

2

74
49

x dx
x

 
   

  6.
1 48 sin
5

x dx
x

   
   

7.
3 1

2
ctgx dx

x x

  
   8.

3

2
14

5cos2
x

x dx
xx

 
  

 
  9.

2

1 1
5cos2 1

dx
xx

 
   

  

10. 2
1

cos (5 2)
dx

x   11. 2
1

(7 3)
dx

x   12.
2sin(1 )
3
x

dx  

 
 
Let us return to the mentioned above transformation (8) of an integrand using 

new variable u = u(x):  
     f x dx f x u x u du     u du  

 

that leads to the tabular integral type:  
     1I x u du I u  . 

 

In general case new variable u = u(x) should be chosen to simplify the 
expression by substitution of this variable and its differential in the integral. So, if the 
integrand contains factor  xu  then u = u(x) will be a good substitution. A right 
selection of new variable should transform the integral to the tabular form.  

If substitution is successful, the integral I1 could be solved easily. Then we 
need to express the results in terms of original variable x. 
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 Example 7.   

3 21 ln
1 ln

1 3 2

u x
x u

dx u du C
x du dx

x

  
       

  
   32 1 ln

3
x C  . 

  

Example 8.   

   
2

2
2 2 2

11 2 1 11
2 2 21 1 1

d xx dx x dx du
u x

ux x x


      

  
   

21 2 1
2

u C x C      . 
 

Example 9.   
1 cos2sin 2 1 2sin 2

2sin 21 cos2 2 1 cos2
u xxdx x dx

du xdxx x

   
       

   

   1 cos21 1 1 1ln ln 1 cos2
2 1 cos2 2 2 2

d x du
u C x C

x u


          

  . 

   

Example 10.   

 
   

2

4 2 22 2

1 2
23 23 3

x dx xdx u x x dx

x du xdxx x

      
    

    

2

2
1 1 1
2 3 2 3 3 2 3 3

du u x
arctg C arctg C

u
    

 . 

  Integral    I x f x dx   can be transformed to the tabular type using 

such substitution as well: 

     ( )
( )

x tI x f x dx dx t



     1( ) ( ) ( ) ( )f t t dt t dt I t      .   (9) 

 Here t = (x) is a function inverse to х = (t) and I(x) = I1[(x)].  
We can verify the result by differentiation ((t)  0):  

    
x

f х dx f x

  and           

x t

dt
f t t dt f t t dt

dx
   

 
            

  1( ) ( )
/

f t t
dx dt

     1( ) ( ) ( ( )) ( )
( )

f t t f t f x
t

  


   


. 
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Example 11.  

{ } ( )2
2 1 21, 1
21

t t dtxdx x t t x
dx t dt tx

- ×= - = += = =
=+ò ò  

( ) ( ) ( )
3

32 2 22 1 2 2 1 2 1
3 3
tt dt t dt dt t C x x C

æ ö
= - = - = - + = + - + +ç ÷

è ø
ò ò ò . 

 

 Example 12.  

( )223 3

2 2 23 2

1 13, 3
3 1 11

tdx t dtx t t › dt
dx t dt t t›

+ -ì ü= == = = =í ý= + +î þ+
ò ò ò  

3 3
2 2
13 1 3 3 3 3 3

1 1
dtdt dt t arctgt C x arctg x C

t t
æ ö æ ö= - = - = - + = - +ç ÷ ç ÷+ +è ø è øò ò ò  

 
Individual Task 2 

 

Variant 1 

1. 1
(ln 2)

dx
x x +ò  2. sin

(1 cos )
x dx

x+ò  3. sin 2
1 cos2

x dx
x-ò  

4. 
25

x dx
x-

ò  5. 2
2

1 4
arctg x dx

x+ò  6. 1
(2ln 1)

dx
x x +ò  

7. 2sinx x dxò  8. 
/5

/51 2

x

x
e dx

e-ò  9. ( )3
23x x dx-ò  

 
Variant 2 

1. 1
ln 5

dx
x x +ò  2. cos

(7 sin )
x dx

x+ò  3. 
3

2cos
tgx dx

xò  

4. 5 2 4x x dx+ò  5. 
3

21
arctg x dx

x+ò  6. 2
1

(ln 4)
dx

x x +ò  

7. 2xtgx dxò  8. 
21

x

x

e dx
e-

ò  9. 
2

arcsin

1

x dx
x-

ò  

 
Variant 3 

1. ln 3x dx
x

+
ò  2. cos

2 sin
x dx

x-ò  3. 
5

2sin
ctgx dx

xò  

4. 
3 2 2

x dx
x +

ò  5. 21
arctgx dx

x+ò  6. 
2

1

ln 4
dx

x x +
ò  

7. 2xctgx dxò  8. 24

x

x
e dx

e+ò  9. 
5

2

arcsin

1

x dx
x-

ò  
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Variant 4 

1. cos(ln )x dx
xò  2. 

2

cos

1 sin

x dx
x-

ò  3. 2
2
sin

ctgx dx
x

+
ò  

4. 
2

3 3 2

x dx
x +

ò  5. 
3

21
arctg x dx

x+ò  6. 2
1

(ln 4)
dx

x x +ò  

7. 2cosx x dxò  8. 24

x

x
e dx

e-ò  9. 
2

arcsin

1

x dx
x-

ò  

 
Variant 5 

1. 
3 ln 1x dx

x
+

ò  2. 2
sin

(1 cos )
x dx
x+ò  3. sin 2

1 cos2
x dx

x+ò  

4. 
3

45

x dx
x+

ò  5. 
4

2
2

1 4
arctg x dx

x+ò  6. 2
1

(2ln 1)
dx

x x +ò  

7. 2 3sinx x dxò  8. 
1 2

x

x
e dx

e+ò  9. ( )23x x dx+ò  

 
Variant 6 

1. sin(ln )x dx
xò  2. 3cos sinx xdxò  3. 2cos

dx
tgx xò  

4. 3 4 4x x dx+ò  5. 2 3(1 )
dx

x arctg x+ò  6. 
2ln 4x dx

x
+

ò  

7. 2xctgx dxò  8. 
2

416

x

x
e dx

e+ò  9. 
4

2

arcsin

1

x dx
x-

ò  

 
Variant 7 

1. 3(2ln 3)
dx

x x +ò  2. cos3
2 3sin3

x dx
x+ò  3. 

2

2sin
tg x dx

xò  

4. 
3

3 42 1

x dx
x +

ò  5. 2(1 )
dx

x arctgx+ò  6. ln 4x dx
x

+
ò  

7. 2xctgx dxò  8. 3(4 3 )x xe e dx+ò  9. 
2arcsin 1

dx

x x-
ò  
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Variant 8 

1. 
3ln x dx
xò  2. 

2

sin

1 cos

x dx
x+

ò  3. 
2

2
( 1)

sin
ctgx dx

x
+

ò  

4. 3 4cosx x dxò  5. 21
arctgx dx

x+ò  6. 2
1

(ln 4)
dx

x x +ò  

7. 2
1 1sin dx

xxò  8. 
29

x

x

e dx
e-

ò  9. 
2

arcsin

1

x dx
x-

ò  

 
 

Variant 9 

1. 
7ln x dx
xò  2. 2

cos2
(7 3sin 2 )

x dx
x+ò  3. 2

2
cos

tgx
dx

xò  

4. 
2

32 2

x dx
x+

ò  5. 
6

21
arctg x dx

x+ò  6. 
2arcsin 1

dx

x x-
ò  

7. 44
xdx

x+ò  8. 
5 2

x

x

e dx
e+

ò  9. 25
xdx

x-ò  

 
 

Variant 10 

1. 
2(2 5ln )x dx

x
+

ò  2. 7cos sinx xdxò  3. 2
2

cos

tgx
dx

xò  

4. 2sin(2 1)x x dx+ò  5. 2(1 )
dx

x arctgx+ò  6. cosx xe e dxò  

7. 1 cos(ln )x dx
xò  8. 

27

x

x

e dx
e+

ò  9. 
4

2

arcsin

1

x dx
x-

ò  

 
 

Variant 11 

1. 
3(2ln 3)x dx

x
+

ò  2. sincos 5 xx dxò  3. 
2

2sin
ctg x dx

xò  

4. 3 4sin(2 )x x dx-ò  5. 2(1 )

arcctgxe dx
x+ò  6. ln 4x dx

x
+

ò  

7. 4 5x tgx dxò  8. 
2

2
(4 )

sin
ctgx dx

x
+

ò  9. 
3

2

arccos

1

x dx
x-

ò  
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Variant 12 

1. 
5ln x dx
xò  2. sin 2

1 3cos2
x dx

x+ò  3. 2
3 7
sin
ctgx dx

x
+

ò  

4. 3 4x tgx dxò  5. 2
3
1

arctgx
dx

x+ò  6. 
2

1

1 ln
dx

x x-
ò  

7. 2
1 1cos dx

xxò  8. cosx xe e dxò  9. 
arccos

2

5

1

x
dx

x-
ò  

 
 

Variant 13 

1. 
5 ln x dx

xò  2. 3
cos3

(2 sin3 )
x dx
x+ò  3. 2

2
cos

tgx
dx

xò  

4. 
2

3 5
x dx

x -ò  5. 
3

21
arctg x dx

x+ò  6. 
arcsin

2

7

1

x
dx

x-
ò  

7. 
49

xdx

x-
ò  8. 

9

x

x

e dx
e+

ò  9. 225
xdx

x-ò  

 
 

Variant 14 

1. 3
1

ln 2
dx

x x +ò  2. sin 2
(8 cos2 )

x dx
x-ò  3. cos 2sin2 xxe dxò  

4. 
215

x dx
x+

ò  5. 
2

21
arctg x dx

x+ò  6. 2
1

(ln 1)
dx

x x -ò  

7. 2cosx x dxò  8. 24

x

x
e dx

e-ò  9. 2 33x x dx-ò  

 
 

Variant 15 

1. 1
2ln 9

dx
x x +ò  2. 3

cos
(2 sin )

x dx
x-ò  3. 2

5
cos

tgx
dx

xò  

4. 3 2 4x x dx+ò  5. 
3

21
arctg x dx

x+ò  6. 
4ln x dx
xò  

7. 2xctgx dxò  8. 
21 2

x

x

e dx
e+

ò  9. 
5

2

arcsin

1

x dx
x-

ò  
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Variant 16 

1. 2ln 1x dx
x

-
ò  2. cos5

2 sin5
x dx

x+ò  3. 
3

2cos
tgx dx

xò  

4. 
3 25 2

x dx
x +

ò  5. 2
7
1

arctgx
dx

x+ò  6. 
2

1

9 ln
dx

x x-
ò  

7. 2cos(3 2)x x dx-ò  8. 216

x

x
e dx

e+ò  9. 
4

2

arccos

1

x dx
x-

ò  

 
 

Variant 17 

1. 
9ln x dx
xò  2. 

2

cos6

1 sin 6

x dx
x-

ò  3. 
7

2
4 3
sin

ctgx dx
x

+
ò  

4. 
5

6 9

x dx
x +

ò  5. 
5

21
arctg x dx

x+ò  6. 2
1

(ln 9)
dx

x x +ò  

7. 4 5cosx x dxò  8. 23

x

x
e dx
e+ò  9. 

3

2

arcsin

1

x dx
x-

ò  

 
 

Variant 18 

1. 
8 5ln 7x dx

x
+

ò  2. 5
sin

(1 2cos )
x dx

x+ò  3. sin 4
4 cos4

x dx
x+ò  

4. 
2

38 5

x dx
x+

ò  5. 
3

21
arctgx dx

x+ò  6. 2
1

(2ln 1)
dx

x x +ò  

7. 
435xx dxò  8. 

7 2

x

x
e dx

e-ò  9. 2
3

sin

ctgx
dx

xò  

 
 

Variant 19 

1. cos(2 5ln )x dx
x
+

ò  2. 3cos sinx xdxò  3. 2
5

cos

tgx
dx

xò  

4. 
22 1xxe dx+ò  5. 2 4(1 )

dx
x arctg x+ò  6. 2cos

x

x
e dx

eò  

7. 1 sin(ln )x dx
xò  8. 

27

x

x

e dx
e-

ò  9. 
2

arcsin

1

x dx
x-

ò  
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Variant 20 

1. 
3(2 3ln )x dx

x
-

ò  2. sincos 6 xx dxò  3. 
2

2sin
ctg x dx

xò  

4. 3 4sin(5 3 )x x dx-ò  5. 2(1 )

arctgxe dx
x+ò  6. 7ln 4x dx

x
+

ò  

7. 2(2 )xtg x dx+ò  8. 
2

2
(1 )

cos
tgx dx

x
+

ò  9. 
6

2

arccos

1

x dx
x-

ò  

 
 
§ 3. Integration of Quadratic Form in Denominator  
 
Let us consider four types of integrals: 

1
dxI
X

= ò ; 2
dxI
Х

= ò ; 3
А› еI dx

X
+

= ò ; 4
А› еI dx

Х
+

= ò , 

where X = ax2 + bx + c.  
Integrals I1 and I2 are simplified to standard integrals (13-16 from the table of 

fundamental standard integrals) by completing the square. To complete the square, 

we can simply add and subtract term 
2

24
b
a

: 

2 2
2

22 4
b c b c bX a x x a x
a a a a a

é ùæ ö æ ö= + + = + + -ê úç ÷ ç ÷
è ø è øê úë û

. 

Example 1. 

2 2 212 11 12 36 36 11 ( 6) 25

dx dx dxI
x x x x x

= = = =
- + - + - + - -

ò ò ò  

2ln ( 6) ( 6) 25x x C= - + - - +  

For integrals I3, I4 firstly we should create the differential of Х in numerator:  

( )

2

3 2
u ax bx cАx BI dx

X du ax b dx

ì ü= + ++ ï ï= = =í ý
= +ï ïî þ

ò
( )

2

2
2 2
A Abax b B
a a dx

ax bx c

+ + -
=

+ +ò

2 2
2

2 2
A ax b Ab dxdx B
a aax bx c ax bx c

+ æ ö= + - =ç ÷+ + + +è øò ò  

( )2

2 2 2

2

1
2 2

2 4

d ax bx cA Ab dxB
a a aax bx c b c bx

a a a

+ + æ ö= + -ç ÷ æ ö+ + è ø æ ö+ + -ç ÷ç ÷
è ø è ø

ò ò . 

24



The first integral type is du
uò  (integrand is a fraction whose numerator is the 

differential coefficient of the denominator), the second integral simplified to standard 

integrals (13-14) depending on the sign of the expression 
2

24
c b
a a

- . Similarly, integral 

I4 simplified to standard integrals (15-16). 
 
Example 2. 

( )
( )2

2 2

1 128 124 12 1 8 8
8 124 12 1 4 12 1

xu x xxdxI dx
du x dxx x x x

- +ì ü= - +ï ï= = = =í ý
= -ï ï- + - +î þ

ò ò  

  
( )

( )
ò

--

-
+ò=ò

+-
×

+ò
+-

-
=

223

23
4
3

8
1

4
13

22
3

1124

128
8
1

222 x

xd
u

du

xx

dxdx
xx

x  . 

Both integrals are simplified to the tabular form. The first term corresponds to 
the formula (2а) and the second to (16) (substitution u = х - 3/2, а2 = 2), given in the 
table of Fundamental Standard Integrals.  

Therefore,  
21 3 3 32 ln 2

8 4 2 2
I u x x Cæ ö= × + - + - - + =ç ÷

è ø
 

2
21 3 3 34 12 1 ln 2

4 4 2 2
x x x x Cæ ö= - + + - + - - +ç ÷

è ø
. 

 
Individual Task 3 

 
Variant 1 

1. 2 3 5
dx

x x- +ò  2. 
2 3 5

dx

x x- +
ò  3. 

2

(2 1)

3 5

x dx

x x

-

- +
ò  

4. 2
(3 2)

3 5
x dx

x x
+

- +ò  5. 
21 6

dx

x x+ -
ò  6. 23 5

dx
x x- +ò  

7. 2
(3 2)

3 3 5
x dx

x x
+
- +ò  8. 

2

(7 2)

2 3 5

x dx

x x

-

- +
ò  9. 

2 4 5

xdx

x x+ -
ò  
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Variant 2 

1. 2 3 1
dx

x x+ +ò  2. 
2 3 1

dx

x x+ +
ò  3. 

2

(2 7)

3 1

x dx

x x

+

+ +
ò  

4. 2
(5 2)

3 1
x dx

x x
+

+ +ò  5. 
21 4

dx

x x+ -
ò  6. 22 1

dx
x x+ +ò  

7. 2
( 2)

3 3 1
x dx

x x
+
+ +ò  8. 

2

( 2)

2 3 1

x dx

x x

-

+ +
ò  9. 

2

( 3)

12 11

x dx

x x

+

+ +
ò  

 
Variant 3 

1. 2 4 1
dx

x x+ +ò  2. 
2 4 1

dx

x x+ +
ò  3. 

2

(2 5)

4 1

x dx

x x

+

+ +
ò  

4. 2
(5 2)

4 1
x dx

x x
+

+ +ò  5. 
21 4

dx

x x+ -
ò  6. 22 1

dx
x x+ +ò  

7. 2
( 2)

2 4 1
x dx

x x
+
+ +ò  8. 

2

( 2)

2 4 1

x dx

x x

+

+ +
ò  9. 

2

( 3)

6 11

x dx

x x

-

+ +
ò  

 
Variant 4 

1. 2 6 1
dx

x x+ +ò  2. 
2 6 1

dx

x x+ +
ò  3. 

2

(2 1)

6 1

x dx

x x

+

+ +
ò  

4. 2
( 2)

6 1
x dx

x x
+
+ +ò  5. 

21 4

dx

x x+ -
ò  6. 22 1

dx
x x+ +ò  

7. 2
( 1)

2 3 1
x dx

x x
+
+ +ò  8. 

2

( 2)

2 3 1

x dx

x x

+

+ +
ò  9. 

2

( 3)

8 1

x dx

x x

-

+ +
ò  

 
Variant 5 

1. 2 8 1
dx

x x+ +ò  2. 
2 8 1

dx

x x+ +
ò  3. 

2

(2 1)

8 1

x dx

x x

+

+ +
ò  

4. 2 8 1
xdx

x x+ +ò  5. 
22 4

dx

x x+ -
ò  6. 22 2 1

dx
x x+ +ò  

7. 2
( 9)

2 2 1
x dx

x x
+
+ +ò  8. 

2

( 2)

5 3 1

x dx

x x

+

+ -
ò  9. 

2

( 3)

2 1

x dx

x x

+

+ -
ò  
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Variant 6 

1. 2 2 5
dx

x x+ +ò  2. 
2 2 5

dx

x x+ +
ò  3. 

2

(2 1)

2 5

x dx

x x

+

+ +
ò  

4. 2 2 5
xdx

x x+ +ò  5. 
22 4

dx

x x- -
ò  6. 22 2

dx
x x+ +ò  

7. 2
( 1)

2 2
x dx

x x
-
+ +ò  8. 

2

( 2)

3 2

x dx

x x

+

+ -
ò  9. 

2

( 3)

3 2

x dx

x x

+

+ -
ò  

 
 

Variant 7 

1. 2 4 9
dx

x x+ -ò  2. 
2 4 9

dx

x x+ -
ò  3. 

2

(2 1)

4 9

x dx

x x

-

+ -
ò  

4. 2 4 9
xdx

x x+ -ò  5. 
27 2

dx

x x+ -
ò  6. 22 5 1

dx
x x+ -ò  

7. 2
( 1)

2 5 1
x dx

x x
-
+ -ò  8. 

2

( 1)

7 2

x dx

x x

+

+ -
ò  9. 

2

(3 4)

7 2

x dx

x x

+

+ -
ò  

 
Variant 8

 
 

1. 2 2 5
dx

x x- -ò  2. 
2 2 5

dx

x x- -
ò

 
 3. 

2

(2 1)

2 5

x dx

x x

-

- -
ò  

4. 2 2 5
xdx

x x- -ò  5. 
21 2

dx

x x+ -
ò  6. 22 5 1

dx
x x- -ò  

7. 2
( 1)

2 5 1
x dx

x x
-
- -ò  8. 

2

( 1)

3 4

x dx

x x

+

+ +
ò  9. 

2

(3 2)

3 4

x dx

x x

+

+ +
ò  

 
Variant 9 

1. 2 2 1
dx

x x- -ò  2. 
2 2 1

dx

x x- -
ò  3. 

2

(2 1)

2 1

x dx

x x

-

- -
ò  

4. 2 2 1
xdx

x x- -ò  5. 
25 2

dx

x x- -
ò  6. 22 1

dx
x x- -ò  

7. 2
( 1)

2 1
x dx
x x

-
- -ò  8. 

2

( 1)

4

x dx

x x

+

+ +
ò  9. 

2

(3 2)

4

x dx

x x

+

+ +
ò  
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Variant 10 

1. 2 2 4
dx

x x- -ò  2. 
2 2 4

dx

x x- -
ò  3. 

2

(2 1)

2 4

x dx

x x

-

- -
ò  

4. 2 2 4
xdx

x x- -ò  5. 
28 4

dx

x x- -
ò  6. 22 2 7

dx
x x- +ò  

7. 2
( 1)

2 2 7
x dx

x x
-
- +ò  8. 

2

( 1)

9

x dx

x x

+

+ +
ò  9. 

2

(3 2)

9

x dx

x x

+

+ +
ò  

 
 

Variant 11 

1. 2 2 3
dx

x x- -ò  2. 
2 2 3

dx

x x- -
ò  3. 

2

(4 1)

2 3

x dx

x x

-

- -
ò  

4. 2 2 3
xdx

x x- -ò  5. 
21 6

dx

x x- -
ò  6. 24 2 1

dx
x x- +ò  

7. 2
( 1)

4 2 1
x dx

x x
-
- +ò  8. 

2

( 1)

2 2

x dx

x x

+

+ +
ò  9. 

2

( 2)

2 2

x dx

x x

-

+ +
ò  

 
Variant 12 

1. 2 2 5
dx

x x- +ò  2. 
2 2 5

dx

x x- +
ò  3. 

2

(6 1)

2 5

x dx

x x

-

- +
ò  

4. 2 2 5
xdx

x x- +ò  5. 
27 2

dx

x x- -
ò  6. 23 2 1

dx
x x- +ò  

7. 2
( 1)

3 2 1
x dx

x x
-
- +ò  8. 

2

( 1)

4 2

x dx

x x

+

+ +
ò  9. 

2

( 2)

4 2

x dx

x x

-

+ +
ò  

 
Variant 13 

1. 2 2 12
dx

x x- +ò  2. 
2 2 12

dx

x x- +
ò  3. 

2

(6 1)

2 12

x dx

x x

-

- +
ò  

4. 2 2 12
xdx

x x- +ò  5. 
26 2

dx

x x- -
ò  6. 22 4

dx
x x- +ò  

7. 2
( 1)

2 4
x dx

x x
-
- +ò  8. 

2

( 1)

9 2

x dx

x x

+

+ +
ò  9. 

2

( 2)

9 2

x dx

x x

-

+ +
ò  
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Variant 14 

1. 2 2 12
dx

x x+ +ò  2. 
2 2 12

dx

x x+ +
ò  3. 

2

(6 1)

2 12

x dx

x x

-

+ +
ò  

4. 2 2 12
xdx

x x+ +ò  5. 
26 2

dx

x x+ -
ò  6. 22 3 4

dx
x x- -ò  

7. 2
( 1)

2 3 4
x dx

x x
-
- -ò  8. 

2

( 1)

9 2

x dx

x x

+

- +
ò  9. 

2

( 2)

9 2

x dx

x x

-

- +
ò  

 
 

Variant 15 

1. 2 2 11
dx

x x- +ò  2. 
2 2 11

dx

x x- +
ò  3. 

2

(6 1)

2 11

x dx

x x

-

- +
ò  

4. 2 2 11
xdx

x x- +ò  5. 
21 4

dx

x x+ -
ò  6. 22 4

dx
x x- -ò  

7. 2
(3 1)
2 4

x dx
x x

-
- -ò  8. 

2

(5 1)

9 3

x dx

x x

+

- +
ò  9. 

2

( 2)

9 3

x dx

x x

-

- +
ò  

 
Variant 16 

1. 2 2 10
dx

x x- +ò  2. 
2 2 10

dx

x x- +
ò  3. 

2

(6 1)

2 10

x dx

x x

-

- +
ò  

4. 2 2 10
xdx

x x- +ò  5. 
29 2

dx

x x+ -
ò  6. 22 2 3

dx
x x- -ò  

7. 2
(3 1)

2 2 3
x dx

x x
-

- -ò  8. 
2

(5 1)

8

x dx

x x

+

- +
ò  9. 

2

( 2)

8

x dx

x x

-

- +
ò  

 
Variant 17 

1. 2 3 1
dx

x x- +ò  2. 
2 3 1

dx

x x- +
ò  3. 

2

(2 1)

3 1

x dx

x x

-

- +
ò  

4. 2
(3 2)

3 1
x dx

x x
+

- +ò  5. 
21

dx

x x+ -
ò  6. 23 2 5

dx
x x- +ò  

7. 2
(3 2)

3 2 5
x dx

x x
+
- +ò  8. 

2

( 2)

2 3 5

x dx

x x

-

- +
ò  9. 

2 6 5

xdx

x x+ -
ò  
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Variant 18 

1. 2 1
dx

x x- +ò  2. 
2 1

dx

x x- +
ò  3. 

2

(2 1)

1

x dx

x x

-

- +
ò  

4. 2
( 2)

1
x dx

x x
+
- +ò  5. 

25

dx

x x+ -
ò  6. 22 2 5

dx
x x- +ò  

7. 2
(3 2)

2 2 5
x dx

x x
+
- +ò  8. 

2

( 2)

3 5

x dx

x x

-

- +
ò  9. 

24 6 5

xdx

x x+ -
ò  

 
Variant 19 

1. 2 2 3
dx

x x- +ò  2. 
2 2 3

dx

x x- +
ò  3. 

2

(2 1)

2 3

x dx

x x

-

- +
ò  

4. 2
( 2)

2 3
x dx

x x
+
- +ò  5. 

25

dx

x x- -
ò  6. 22 4 1

dx
x x- +ò  

7. 2
(3 2)

2 4 1
x dx

x x
+
- +ò  8. 

2

( 2)

4 3 5

x dx

x x

-

- +
ò  9. 

29 6 5

xdx

x x+ -
ò  

 
Variant 20 

1. 2 6 3
dx

x x- +ò  2. 
2 6 3

dx

x x- +
ò  3. 

2

(2 1)

6 3

x dx

x x

-

- +
ò  

4. 2
( 2)

6 3
x dx

x x
+
- +ò  5. 

21 4

dx

x x+ -
ò  6. 22 8 5

dx
x x- +ò  

7. 2
(3 2)

2 8 5
x dx

x x
+
- +ò  8. 

2

( 2)

16 3 5

x dx

x x

-

- +
ò  9. 

29 6 5

xdx

x x+ +
ò  

 
 
§ 4. Integration of Some Trigonometric Functions 
 
4.1. Let us consider integral of the type:  

sin cosm nx x dxò .                                               (10) 

 a) If at least one of the parameters m or n is odd positive number then 
integration is reduced to search a primitive of power function. 

 Indeed, if  m = 2k + 1,  k Î N,  then  xmsin   can be transformed into a 
product of 1sin sinm x x- × , where (m – 1 = 2k) is an even positive number. The first 
factor ( 1sinm x- ) should be transformed into cos function, using sin2x=1-cos2x. The 
second one will be the part of the differential du while substitution u = cos x: 

30



2 1 2sin cos sin cos sink n k nx xdx x x xdx+ = =ò ò   

2(1 cos ) cos (cos )
nkx xd x= - -ò { } ( )2cos 1

k nu x u u du= = = - -ò . 

 
Now, open the brackets and we get the k+1  terms of standard forms. 
 Example 1.   

5 43 3sin cos sin cos cosx xdx x x xdx= =ò ò  

( ) ( ) { } ( )2 22 1 3 23 sin 1 sin sin sin 1x x d x u x u u du= - = = = - =ò ò  

( )
4 3 10 3 16 3

1 3 7 3 13 32 2
4 3 10 3 16 3
u u uu u u du C= - + = - + + =ò  

3 3 34 10 163 3 3sin sin sin
4 5 16

x x x C= - + + . 

 b) If both powers m and n are even positive numbers (one of which may 
be zero), the integral can be simplified using formulas           

                     

( )

( )

2

2

1sin 1 cos2 ,
2
1cos 1 cos2 ,
2

1sin cos sin 2 .
2

a a

a a

a a a

= -

= +

=                    

        (11) 

 Example  2.        
2 4 2 2 2sin cos sin cos cosI x xdx x x xdx= = =ò ò  

( )2 2 21 1 1 1sin 2 1 cos2 sin 2 sin 2 cos2
4 2 8 8

x x dx xdx x xdx= × + = +ò ò ò . 

 The first integral could be simplified using formulas (11) one more time. 
The second one is the integral of the type a). So, 

( ) ( )2 31 1 1 1 1 1 11 cos4 sin 2 sin 2 sin 4 sin 2 .
8 2 8 2 16 4 48

I x dx xd x x x x Cæ ö= × - + × = - + +ç ÷
è øò ò

 
 4.2. Now, let us consider integral of the type:  

 
secm ntg x xdx×ò ,  cosm nctg x ec xdx×ò .                                 (12) 

 If the index n is an even positive number, then for any value of m we 
could use the trigonometric relations: 

   1 + tg2x = sec2x,       1 + ctg2x = cosec2x,          (13) 
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Let u=tgx or u=ctgx, then xdx
x

dxdu 2
2 sec

cos
==  or 

2
2 cos

sin
dxdu ec xdx

x
= - = - . 

Example 3. 

( ) { }
4 2 2

2sec sec 1secx x tg xdx xdx d tgx u tgx
tgx tgx tgx

+
= = = = =ò ò ò  

2 5 2
3 2 51 22 2

5 2 5
u du udu u du u C tgx tg x C
u u

+
= = + = + + = + +ò ò ò . 

  
4.3. Integrals of the product of sine and cosine functions in the 1st power.   
 

sin cosmx nxdxò ,  sin sinmx nxdxò , cos cosmx nx dxò .              (14) 

 
 Such products could be transformed into sum using formulas: 

             

( ) ( )

( ) ( )

( ) ( )

1sin cos sin sin ,
2
1sin sin cos cos ,
2
1cos cos cos cos .
2

a b a b a b

a b a b a b

a b a b a b

= - + +é ùë û

= - - +é ùë û

= - + +é ùë û

               (15) 

Example 4. 

 ( ) ( )1 1sin7 sin3 cos4 cos10 cos4 4
2 2 4

x xdx x x dx xd x= - = -
×ò ò ò  

( )1 1 1cos10 10 sin 4 sin10
2 10 8 20

x d x х х С- = - +
× ò . 

 
 

Individual Task 4 
 

Variant 1 
1. 2 3sin cosx xdxò  2. 5 4sin cosx xdxò  3. 5 3sin cosx xdxò  

4. 2 2sin cosx xdxò  5. 
4

3
sec x dx
tg xò  6. 

4

2sin
ctg x dx

xò  

7. sin5 sin3x x dxò  8. cos5 sin3x xdxò  9. cos5 cos3x xdxò  
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Variant 2 
1. 3 2sin cosx xdxò  2. 4 5sin cosx xdxò  3. 7 3sin cosx xdxò  

4. 4 2sin cosx xdxò  5. 2cos
tgxdx

xò  6. 
2

4sin
ctg x dx

xò  

7. sin 6 sin3x xdxò  8. cos7 sin3x xdxò  9. cos5 cos2x xdxò  

 
Variant 3 

1. 7 4sin cosx xdxò  2. 6 5sin cosx xdxò  3. 7 13sin cosx x dxò  

4. 2 4sin cosI x xdx= ò  5. 6cos
dx

xò  6. 4sin
ctgx dx

xò  

7. sin3 sin 2x x dxò  8. cos7 sin5x xdxò  9. cos cos7x xdxò  

 
Variant 4 

1. 3 8sin cosx xdxò  2. 6 3sin cosx xdxò  3. 3 3sin cosx xdxò  

4. 2 2sin cosx xdxò  5. 4cos
dx

xò  6. 4sin
ctgx dx

xò  

7. sin 7 sin 2x x dxò  8. cos2 sin5x xdxò  9. cos cos2x xdxò  

 
Variant 5 

1. 6sin cosx xdxò  2. 4 3sin cosx xdxò  3. 5 3sin cosx xdxò  

4. 4sin xdxò  5. 4cos
tgxdx

xò  6. 4sin
dx

ctgx xò  

7. sin sin 2x x dxò  8. cos sin5x x dxò  9. cos4 cos2x x dxò  

 
Variant 6 

1. 7 2sin cosx xdxò  2. 4 5sin cosx xdxò  3. 15 3sin cosx xdxò  

4. 4cos xdxò  5. 2cos
tgxdx

xò  6. 4sin
dx

ctgx xò  

7. sin8 sin 2x x dxò  8. cos5 sin 2x xdxò  9. cos4 cos6x x dxò  
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Variant 7 
1. 3 4sin cosx xdxò  2. 2 7sin cosx xdxò  3. 15sin cosx xdxò  

4. 2cos xdxò  5. 2cos
dx

tgx xò  6. 2sin
dx

ctgx xò  

7. sin 2 sin 2x x dxò  8. cos5 sin3x xdxò  9. cos4 cos2x x dxò  

 
Variant 8 

1. 5 2sin cosx xdxò  2. 4 3sin cosx xdxò  3. 11 3sin cosx xdxò  

4. 2sin xdxò  5. 
2

2cos
tg xdx

xò  6. 
23

2sin
ctg xdx

xò  

7. sin 7 sin 2x x dxò  8. cos5 sinx x dxò  9. cos cos2x xdxò  

 
Variant 9 

1. 7 2sin cosx xdxò  2. 6 3sin cosx xdxò  3. 9 3sin cosx xdxò  

4. 4 2cos sinx xdxò  
5. 

23

4cos
tg xdx

xò  6. 
23

4sin
ctg xdx

xò  

7. sin sin 2x x dxò  8. cos sin 4x xdxò  9. cos7 cos2x x dxò  

 
Variant 10 

1. 3 4sin cosx xdxò  2. 4 3sin cosx xdxò  3. 19 3sin cosx x dxò  

4. 2 4cos sinx xdxò  5. 
4

4cos
tg xdx

xò  6. 
45

4sin
ctg xdx

xò  

7. sin3 sinx xdxò  8. cos7 sin 4x xdxò  9. cos8 cos2x xdxò  

 
Variant 11 

1. 3 2sin cosx xdxò  2. 2 5sin cosx xdxò  3. 3sin cosx xdxò  

4. 6sin xdxò  
5. 

45

4cos
tg xdx

xò  6. 
23

4sin
ctg xdx

xò  

7. sin3 sin3x xdxò  8. cos2 sin 4x xdxò  9. cos3 cos5x xdxò  
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Variant 12 
1. 4 3sin cosx xdxò  2. 5 2sin cosx xdxò  3. 5 7sin cosx xdxò  

4. 4sin xdxò  5. 
4sec x dx

tgxò  6. 
4

4sin
ctg x dx

xò  

7. sin 5 sin13x x dxò  8. cos5 sin 2x xdxò  9. cos5 cos10x xdxò  
 

 
Variant 13 

1. 3 12sin cosx x dxò  2. 14 5sin cosx x dxò  3. 7 31sin cosx xdxò  

4. 6sin xdxò  5. 4cos
tgxdx

xò  6. 4sin
ctgx dx

xò  

7. sin16 sin3x xdxò  8. cos7 sinx xdxò  9. ò dxxx 12cos5cos  

 
Variant 14 

1. 3 14sin cosx x dxò  2. 6 3sin cosx xdxò  3. 3 13sin cosx xdxò  

4. 4cos xdxò  5. 6cos
dx

xò  6. 
25

4sin
ctg x dx

xò  

7. sin3 sin12x xdxò  8. cos sin5x x dxò  9. cos cos4x xdxò  

 
Variant 15 

1. 5 8sin cosx xdxò  2. 6 5sin cosx xdxò  3. 3 13sin cosx xdxò  

4. 2 2sin cosx xdxò  5. 
4

4cos
tg xdx

xò  6. 4 4sin
dx

ctg x xò  

7. sin 7 sin3x xdxò  8. cos2 sin 6x xdxò  9. cos7 cos2x x dxò  

 
Variant 16 

1. 3 8sin cosx xdxò  2. 4 5sin cosx xdxò  3. 5 7sin cosx xdxò  

4. 4cos xdxò  5. 2 4cos
dx

tg x xò  6. 2 4sin
dx

ctg x xò  

7. sin sin12x xdxò  8. cos5 sin5x xdxò  9. cos4 cos8x xdxò  
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Variant 17 
1. 3 4sin cosx xdxò  2. 4sin cosx xdxò  3. 13sin cosx xdxò  

4. 2cos xdxò  5. 4cos
tgxdx

xò  6. 4sin
dx

ctgx xò  

7. sin 4 sin 2x x dxò  8. cos3 sin 2x xdxò  9. cos4 cos2x x dxò  
 
 

Variant 18 
1. 3 8sin cosx xdxò  2. 6 5sin cosx xdxò  3. 15sin cosx xdxò  

4. 2 2cos sinx xdxò  5. 4cos
dx

tgx xò  6. 4sin
dx

ctgx xò  

7. sin 2 sin12x xdxò  8. cos5 sinx xdxò  9. cos4 cos2x xdxò  

 
Variant 19 

1. 5 8sin cosx xdxò  2. 6 3sin cosx xdxò  3. 9 3sin cosx xdxò  

4. 2sin x dxò  5. 
2

4cos
tg xdx

xò  6. 
23

4sin
ctg xdx

xò  

7. sin sin 2x x dxò  8. cos5 sin 4x xdxò  9. cos7 cos2x xdxò  

 
Variant 20 

1. 3 4sin cosx xdxò  2. 8 3sin cosx xdxò  3. 19 3sin cosx x dxò  

4. 4cos xdxò  
5. 

25

4cos
tg xdx

xò  6. 
2

4sin
ctg xdx

xò  

7. sin9 sin 2x xdxò  8. cos5 sin 4x xdxò  9. cos7 cosx xdxò  

 
 
  
§ 5. Integration by Parts: Product of Two Functions 
  
Let u = u(x) and v = v(x) are continuous and differentiable functions. Directly 

from the product rule for differentiation (uv)¢ = u¢v+uv¢  follows: uv¢ = (uv)¢ − u¢v . 
Now we integrate this equation: 

uv dx u v vu dx¢ ¢= -ò ò . 
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As we remember u¢dx = du, v¢dx = dv. Hence the formula of integration by 
parts is 

u dv u v v du= -ò ò .                    (16) 

Example 1.   

cos2 1cos2 cos2 sin 2
2

du dxu x
x xdx

dv xdx v xdx x

=ì ü=ï ï= =í ý= = =ï ïî þ
ò ò

 

1 1sin 2 sin 2 sin 2 cos2
2 2 2 4
x xx x dx x x C= - = + +ò . 

In some cases the formula (8) should be used again several times. 
 
Example 2.       

x е dx u x
dv е dx

du хdx
v е dx е

х
х х х

2
2 2

-
- - -ò ò=

=
=

=
= = -

ì
í
ï

îï

ü
ý
ï

þï
=  

= - + =
=

=

=
= = -

ì
í
ï

îï

ü
ý
ï

þï
=- -

- - -ò òх е xе dx
u x

dv е dx

du dx
v е dx е

х х
х х х

2 2 2 хх е-- +  

( ) ( ) ( )2 22 2 2 2х х х х х ххе е dx х е хе е С х х е С- - - - - -+ - + = - + - - + = - + + +ò  

Integration by Parts formula (16) could be helpful even for cases with no 
simplification. For example:  

Example 3.  

 
2 2 2 22 2

xdu dxu x a x aI x a dx
dv dx v dx x

ì ü=ï ï= + += + = =í ý
=ï ï= =î þ

ò
ò

 

   
( )2 2 22

2 2 2 2 2 2
2 2 2 2

x a axx x a dx x x a dx x x a
x a x a

+ -
= + - = + - = + -

+ +
ò ò  

2 2
2 2 2 2 2 2 2 2

2 2 2 2
lnx a dxdx a x x a x a dx a x x a

x a x a

+
- + = + - + + + +

+ +
ò ò ò  

We can write 2 2 2 2 2lnI x x a I a x x a= + - + + +     or 

2 2 2 2 22 lnI x x a a x x a= + + + + .  

Hence 

 2 2 2 2 2 2 21 ln
2

I x a dx x x a a x x a Cé ù= + = + + + + +ê úë ûò .          (17) 
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Individual Task 5 
 

Variant 1 
1. ( 2)sin 2x x dx+ò  2. arcsin 2xdxò  3. ln xdxò  

4. 2(2 5) xx e dx-ò  5. 2cos
x dx

xò  6. 2cos xxe dxò  

7. 2(2 5)cosx xdx-ò  8. xarctgxdxò  9. 2ln xdxò  

 
Variant 2 

1. (2 )sin3x xdx-ò  2. arccos2x dxò  3. lnx xdxò  

4. 3(3 5) xx e dx+ò  5. 2sin
x dx

xò  6. 2sin3 xxe dxò  

7. 2( )cosx x xdx-ò  8. arctgxdxò  9. sin(ln )x dxò  

 
Variant 3 

1. (3 2 )sinx xdx-ò  2. arccos3x dxò  3. 3cos
dx

xò  

4. (3 1) xx e dx-+ò  5. ln(2 3)x dx+ò  6. 2sin xxe dx-ò  

7. 2(3 1)cos2x xdx-ò  8. xarctgxdxò  9. cos(ln )x dxò  

 
Variant 4 

1. sin(2 1)x x dx-ò  2. arccosx x dxò  3. 2 1x dx+ò  

4. 3( 1) xx e dx-+ò  5. ln(1 2 )x dx-ò  6. cos5 xxe dx-ò  

7. 2( 1)cos3x xdx+ò  8. 2arctg xdxò  9. sin(ln 2 )x dxò  

 
Variant 5 

1. (1 2 )sin3x xdx-ò  2. arcsinx x dxò  3. 3cos
dx

xò  

4. 4(7 1) xx e dx+ò  5. ln(4 3 )x dx-ò  6. 2cos xxe dx-ò  

7. 2(5 )cosx xdx-ò  8. 3arcctg xdxò  9. cos(ln )
3
x dxò  
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Variant 6 
1. (2 )sin 2x xdx-ò  2. arcsin 4xdxò  3. 2 lnx x dxò  

4. 2(3 5) xx e dx-ò  5. 2cos 3
x dx

xò  6. cos5 xxe dxò  

7. 2 cos2x xdxò  8. arctgxdxò  9. 2ln xdxò  
 

Variant 7 
1. ( 3)sinx xdx+ò  2. arccos xdxò  3. lnx xdxò  

4. 3( 5) xx e dx-+ò  5. 2sin 2
x dx

xò  6. 2sin xxe dx-ò  

7. 2(4 )cos2x xdx-ò  8. xarctgxdxò  9. sin(ln9 )x dxò  

 
Variant 8 

1. (3 2 )cosx x dx-ò  2. arccos2x xdxò  3. 3cos 2
dx

xò  

4. 2( 1) xx e dx-+ò  5. ln(2 )x dx-ò  6. 7sin5 xxe dx-ò  

7. 2 cos5x xdxò  8. 2arctg xdxò  9. 2cos(ln )x dxò  

 
Variant 9 

1. cos(2 1)x x dx-ò  2. arccos5xdxò  3. 2 4x dx+ò  

4. 3( 1) xx e dx+ò  5. (1 2 )ln(1 2 )x x dx- -ò  6. sin3 xxe dx-ò  

7. 2( 1)sin3x xdx+ò  8. xarcctgxdxò  9. ln x dxò  
 

Variant 10 
1. (1 2 )cos3x xdx-ò  2. arcsin x dxò  3. ln 2 1x dx+ò  

4. 4(7 ) xx e dx-ò  5. 3 lnx xdxò  6. 2cos4 xxe dxò  

7. 2(5 )sinx xdx-ò  8. 5arctg x dxò  9. sin(ln5 )x dxò  

 
Variant 11 

1. (2 )cosx x dx+ò  2. arcsinx x dxò  3. lnx xdxò  

4. 5( 5) xx e dx-ò  5. 2cos
x dx

xò  6. 5cos xxe dxò  

7. 2( )cos2x x xdx-ò  8. arctgxdxò  9. 2cos(ln )x dxò  

39



Variant 12 
1. (3 7)sin 2x x dx+ò  2. arccos8x dxò  3. sin 6 xxe dx-ò  

4. (5 ) xx e dx--ò  5. 2
ln x dx
xò  6. 3cos

dx
xò  

7. 2(1 3 )sin 2x x dx-ò  8. 5xx dxò  9. 2sin(ln )x dxò  

 
Variant 13 

1. (3 2 )sinx xdx-ò  2. arcsin 2x x dxò  3. 3 lnx xdxò  

4. 4(3 1) xx e dx-+ò  5. 4 lnx x dxò  6. 7cos xxe dx-ò  

7. 2(4 )cosx xdx-ò  8. 5arctg x dxò  9. 2 1x dx+ò  

 
Variant 14 

1. ( 4)cos(3 1)x x dx+ -ò  2. arccosx x dxò  3. 2 4x dx+ò  

4. 5(4 1) xx e dx+ò  5. 1 2 ln(1 2 )x x dx- -ò  6. cos3 xxe dx-ò  

7. 2( 2 )sin3x x xdx+ò  8. 4arcctg xdxò  9. 3ln x dxò  
 

 Variant 15 
1. (1 2 )cos7x x dx-ò  2. arccos x dxò  3. ln 2 1x dx+ò  

4. (8 3 ) xx e dx--ò  5. 5 lnx xdxò  6. 2cos3 xxe dx-ò  

7. 2( 4 )sinx x xdx-ò  8. xarctgxdxò  9. sin(5ln )x dxò  

 
Variant 16 

1. (2 )sinx xdx-ò  2. arcsinx x dxò  3. 2ln xdxò  

4. 5 3(2 4) xx e dx--ò  5. 
2cos

x dx
xò  6. 2sin3 xxe dxò  

7. 2 cos3x xdxò  8. 7arctg xdxò  9. 2sin(ln )x dxò  
 

Variant 17 
1. (3 7)cos2x xdx+ò  2. arccos7x dxò  3. 3 lnx xdxò  

4. (5 )5 xx dx--ò  5. ln x dx
xò  6. 6sin xxe dx-ò  

7. 23 sin3x x dxò  8. 2 xx e dxò  9. 2cos(ln )x dxò  
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Variant 18 
1. (3 5 )sin 7x xdx+ò  2. arcsin3x xdxò  3. 5arcctg x dxò  

4. 4(3 1)7 xx dx-+ò  5. (2 3)lnx xdx+ò  6. 7cos xxe dx-ò  

7. 2(1 4 )cos2x xdx+ò  8. 2
ln xdx

xò  9. 2cos
x dx

xò  

Variant 19 
1. (1 2 )cos2x x dx-ò  2. arcsin x dxò  3. 2ln xdxò  

4. (4 3 )6 xx dx-+ò  5. 5 lnx xdxò  6. 2sin3 3 xx dxò  

7. 2( 4 )sin3x x xdx+ò  8. xarctgxdxò  9. sin(ln )x dxò  

 
Variant 20 

1. (3 2)sinx xdx+ò  2. arcsin5xdxò  3. ln x dx
xò  

4. 2(2 1) xx e dx+ò  5. 3
1

cos
dx

xò  6. 2cos 7 xx dxò  

7. 2(2 1)cos3x xdx-ò  8. ò= dxxarctgxI  9. 2ln xdxò  
 

 
§6. Integration of fractional rational functions  
 

6.1. Factorization of Rational Function. Every polynomial of n degree, such 
as 2

0 1 2( ) ... n
n nQ x a a x a x a x= + + +  can be resolved into a product of factors, each of 

which is linear.  
               1 2( ) ( )( )...( )n n nQ x a x x xa a a= - - - ,                         (18)  

where ai are the real or complex roots of the equation Qn(x) = 0. Complex 
roots occur in pairs and are conjugated a = l ± mi , where l and m are real numbers 
and i  is imaginary unit ( 2 1i = - , 1i = - ).  

( )( ) ( ) ( ) ( ) ( )x x x i x i x i x ia a l m l m l m l m- - = - + - - = - - - + =é ù é ù é ù é ùë û ë û ë û ë û                     

( )2 2 2 2 2 22 ,x x x x px ql m l l m= - + = - + + = + +  ( )2 22 ,p ql l m= - = + . 

 Thus, the products of complex conjugate pairs in (1) are the 2nd degree 
polynomials with real coefficients. If ( )nQ x  has m real roots and l pairs of complex 
roots the expansion (1) takes the form 

       2 2
1 1 1( ) ( )...( )( )...( )n n m l lQ x a x x x p x q x p x qa a= - - + + + + .             (19) 
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If polynomial has some repeated roots it could be rewritten as 

  1 12 2
1 1 1( ) ( ) ...( ) ( ) ...( ) jk srr s

n n k j jQ x a x x x p x q x p x qa a= - - + + + + .         (20) 

 
 6.2. Partial Fraction Decomposition. Let us consider functions where 

the numerator and denominator are polynomials. Such functions are called fractional 
rational functions and have the following form: 

( )
( )

2
0 1 2

2
0 1 2

( )
m

m m
n

n n

P x b b x b x b xR x
Q x a a x a x a x

+ + + +
= =

+ + + +
L

L
.         (21) 

A rational function is called proper if the degree of the numerator is less than 
the degree of the denominator, and improper otherwise. Thus, if m < n then R(x) is a 
proper fractional rational function; if n ≤ m then R(x) is an improper fraction.  

Any improper fraction can be expanded into a sum of a polynomial and a 
proper fraction by simple division. 

( )
( ) ( ) ( )

( )
( ) m k

m n
n n

P x G x
R x H x

Q x Q x-= = + , 

where Hm- n is a polynomial of n - m degree аnd ( ) ( )xQxG nk  is a proper 
fraction. 

The proper fraction ( )
( )xQ
xG

n

k  can be represented as a sum of partial proper 

fractions. 
There are three cases to consider: 
Case 1: if α1, α2,…,αn are real and unequal roots of the denominator Qn(x) then 

expansion into partial fractions takes on the following form: 

1 2 n

A B G
x x xa a a

+ + +
- - -

L  

Case 2: if α is repeated root of Qn(x) then r-fold linear factor ( )rх a-  in the 
denominator corresponds r partial fractions of the form 

( ) ( )
1 2

2
r

r
A A A

x x xa a a
+ + +

- - -
L , 

Case 3: if 2x px q+ + has complex roots then factor ( )2 s
x px q+ +  

corresponds: 

( ) ( )
1 1 2 2

2 22 2
s s

s
M x NM x N M x N

x px q x px q x px q

++ +
+ + +

+ + + + + +
L , 

where   A, B, G, A1, A2, ... , M1, N1, ... are constants to be determined. 
Example, 
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( )( ) ( )
3 2

31 2 1 1 2 2
2 2 3 2 23 2 2

2 6
1 11 1 1

Аx x А А B M x N M x N
x xx x xx x x x

+ - + +
= + + + + +

+ ++ + +
. 

 Now we need some method to determine constants A1, A2, ... , M1, N1.   
 
 6.3. How to Determine Coefficients?  
Suppose we have partial fraction decomposition: 

( )
( ) ( ) ( )1 1

1 1 1
2

1

m
r s

n

P x A M x N
Q x x x px qa

+
= + + +

- + +
L L    (22) 

There are several methods for determining the coefficients for each term of 
(22) and we will go over each of those in the following examples. The most 
straightforward method is to multiply through by the common denominator ( )xQn . 
We then obtain an equation of polynomials whose left-hand side (LHS) is simply 

( )xPm  and whose right-hand side (RHS) has coefficients which are linear expressions 
of the constants A1, A2, ... , M1, N1, ...  

Since two polynomials are equal if and only if their corresponding coefficients 
are equal, we can equate the coefficients of like terms. In this way, a system of linear 
equations is obtained which always has a unique solution. This solution can be found 
using any of the standard methods of linear algebra. 

Example 1.  

Decompose a rational fraction 
3 2

4
5 4 12 16

16
x x x

x
- + -

-
 in partial fraction. 

 Solution. This fraction is proper. So, the first step is to factor the 
denominator as much as possible and get the form of the partial fraction 
decomposition.  Doing this gives: 

( )( )( )
3 2

22
5 4 12 16

2 2 42 2 4
x x x А B Mx N

x x xx x x
- + - +

= + +
- + +- + +

. 

The next step is to add the right side back up and set numerators equal:  

( )( ) ( )( ) ( )( )2 2 23 2

4 4

2 4 2 4 45 4 12 16
16 16

A x x B x x Mx N xx x x
x x

+ + + - + + + -- + -
=

- -
.    (23) 

 
Now open the brackets and collect all the like terms together.  

3 2 3 2 3 2

3 2

5 4 12 16 4 2 8 4 2 8

4 4

x x x Ax Ax Ax A Bx Bx Bx B

Mx Mx Nx N

- + - = + + + + + - - +

+ - + -
 

Then we will need to set the coefficients of like powers of x equal. This will 
give a system of equations that can be solved.  
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.16488
,12444

,422
,5

1
-=--

=-+
-=+-

=++

NВA
MBA

NBA
MBA

0

2

3

х
х
х
х

 

 
From the 1st and 3rd equations: А + В = 4,  
from the 2nd and 4th: А - В = -2.  
Solving the system: 
А В
А В

А В
+ =
- = -

ü
ý
þ

Þ = =
4

2
1 3, , so, 

 M = 1, N = 0. 

Therefore, 
( )( )( )
5 4 12 16

2 2 4
1

2
3

2 4

3 2

2 2
х х х
х х х х х

x
x

- + -

- + +
=

-
+

+
+

+
. 

 

 Remark. It should be noticed that numerators of (23) must be equal for 
any x that we would choose to use. If the denominator of the LHS of (22) has real 
roots, it is convenient to substitute these values in the numerators. In such a way we 
determine some (or all) unknown coefficients and simplify system solution. 

 In Example 1, we can substitute х = 2 and х = -2, in numerators of (23) 
and get 32А = 32, А = 1and -32В = -96, В = 3. Then we should use the standard 
method described above.  

 
 6.4. Integration of Partial Fractions.  
Decomposition of proper rational fraction could consist of four types of fractions:  

( )
( )

( )
( )11

22 >
++

+

++

+
>

--
k

qpxx

BAx
qpxx

BAxk
x

A
x

A
kk ;;;

aa
. 

The integral of the first two fractions are tabulated: 

lnA dx A x C
x

a
a

= - +
-ò ; 

( )
( ) ( ) ( )1

1

k
k

k
xA dx A x d x A C

kx
a

a a
a

-
- -

= - - = +
--ò ò . 

The integration technique of function 2
Ax B

x px q
+

+ +
 was described in Chapter 3. 

Integral 
( )2 k

Ax BI dx
x px q

+
=

+ +
ò , where q > p2/4 could be integrated in the same 

way (create the differential of denominator in numerator and divide original fraction 
into two partial fractions), then for the second fraction we should use the recurrence 
formula:  
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( ) ( ) ( )
( )

( )2 1 12 2 2 2 2 2

1 2 3
2 2k k k

dt t dtI k
a kt a t a t a

- -

é ù
ê ú= = + -ê ú-+ + +ê úë û

ò ò .        (24) 

 
According to formula (24) power of the denominator is reduced by 1. After k-1 

times of using (24) the integral is simplified to tabular form. 
 
Example 1.  

( )
( )

32

apply the formula 24 ,
2where 3, 11

dxI
k ax

ì üï ï= = =í ý
= =ï ï+ î þ

ò  

( ) ( )2 22 2

1 3
4 1 1

x dx

x x

é ù
ê ú= + =ê ú

+ +ê úë û
ò

( )

( )22

apply the formula 24 ,
2where 2, 1 4 1

x

k a x

ì üï ï = +í ý
= =ï ï +î þ

 

  2 2
3 1
4 2 1 1

x dx
x x

é ù+ × + =ê ú+ +ë ûò  
( )2 22

3
8 14 1

› x arctgx C
x›

æ ö+ + +ç ÷+è ø+
. 

Example 2.  

( )( )

4 3 2

2
2 5 3 11

1 3
x x x xI dx

x x
- - + -

=
- -ò . 

Solution. The integrand is an improper rational fraction (numerator is a 
polynomial of 4th power, denominator has the 3rd power).  

The first step is to divide numerator by denominator. The result of such 
division is: 

4 3 2 2

3 2 3 2
2 5 3 11 4 2 142 1

3 3 3 3
x x x x x xx

x x x x x x
- - + - - -

= + + =
- - + - - +

. 

At the second step we need to factorize the denominator: 

( )( )( )
24 2 142 1

1 1 3
x xx

x x x
- -

= + +
- + -

. 

At the next step we should decompose proper fraction into simple fractions: 

( )( )( )
24 2 14

1 1 3 1 1 3
x x А B D

x x x x x x
- -

= + +
- + - - + -

. 

Then we need to find the coefficients A, B and D. 
( )( ) ( )( ) ( )( ) 21 3 1 3 1 1 4 2 14A x x B x x D x x x x+ - + - - + - + = - - . 

The denominator of the original fraction has real roots х1 = 1, х2 = -1, х3 = 3.  
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So,  
х = 1 gives us the equality: -4А = -12, А = 3;  
х = -1: 8В = -8, В = -1;  
х = 3: 8D = 16,  D = 2.  
Therefore,  

=+-++--++=úû
ù

êë
é

-
+

+
-

-
++= ò Cxlnxlnxlnxxdx

xxx
xI 32113

3
2

1
1

1
312 2

 

    ( ) ( )3 2
2 1 3

ln
1

х х
x x C

х
- -

= + + +
+

. 

 
Example 3.  

Find  I x dx
х

=
-ò 3 8

. 

Solution. Fraction ( )х х 3 8-  is proper. Factorization of the denominator and 

partial fraction decomposition give us: 

( )( )
х

х
х

х х х
A

x
Bx D

х х3 2 28 2 2 4 2 2 4-
=

- + +
=

-
+

+
+ +

. 

This gives:  

  ( ) ( )( )2 2 4 2A x x Bx D x x+ + + + - = .           (25) 

If we substitute х = 2 we get 12А = 2, А = 1/6.  
To find B and D we need to compare coefficients of х2 and х0 in LHS and RHS 

of (25). This gives a set of linear equations: 

   
A B

A D
B A D A

+ =
- =

ü
ý
þ

Þ = - = - = =
0

4 2 0
1 6 2 1 3, . 

 

So, I
х

х
х х

dx dx
х

х
х х

dx=
-

+
- +

+ +
é
ëê

ù
ûú

=
-

-
-

+ +
=ò òò

1 6
2

1 6 1 3
2 4

1
6 2

1
6

2
2 42 2

 
 

( )

( )
= - -

+ -

+ +
= - -

+
+ +

+
+ +

=ò ò ò
1
6

2 1
6

1
2

2 2 3

2 4
1
6

2 1
12

2 2
2 4

1
2 1 32 2 2ln lnx

x

х х
dx x x

х х
dx dx

x  
 

                        = - - + + +
+

+
1
6

2 1
12

2 4 1
2 3

1
3

2ln lnx x x arctg x C . 
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Individual Task 6 
 

Variant 1 

1. 
4 3 22 2 41 20

( 5)( 4)
x x x dx

x x x
+ - +

+ -ò  2. 
3

2 2 1)
(2 2 1)
( 1)(

x x dx
x x x +

+ +
- +ò  3. 

3 2

2 2
4 4 2

( 1) ( 1)
x x x dx
x x x

+ + +
+ + +ò  

4. 
3 2

3
( 6 15 2)

( 2)( 2)
x x x dx

x x
+ + +

- +ò  5. 
3

2
( 1)
( )
x dx
x x

+
-ò  6. 

3 2

3
6 13 9

( 1)( 2)
x x x dx

x x
+ + +

+ +ò  

 
Variant 2 

1. 
3

2
(3 1)

( 1)
x dx
x

+
-ò  2. 

3 2

2 2
( 4 2 2)

( 1) ( 1)
x x x dx

x x
+ + +

+ +ò  3. 
3 2

3
6 14 4

( 2)( 2)
x x x dx

x x
- + -

+ -ò  

4. 
3 2

3
( 6 13 8)

( 5)
x x x dx

x x
+ + +

+ò  5. 
4 3 23 3 5 2)

( 1)( 2)
x x x dx

x x x
+ - +

- +ò  6. 
3

2 2
1

( 1)( 1)
x x dx

x x x
+ +

- + +ò  

 
Variant 3 

1. 
4 2(4 2 3)

( 1)( 1)
x x x dx

x x x
+ - -

- +ò  2. 
3 2

3
( 6 10 12)

( 2)( 2)
x x x dx

x x
+ + +

- +ò  3. 
3 2

3
6 11 10

( 2) ( 2)
x x x dx

x x
- + -

- +ò  

4. 
3 2

2 2
( 1)

( 1)( 1)
x x dx

x x x
+ +

- + +ò  5. 
3

2
( 17)

4 3
x dx

x x
-

- +ò  6. 
3 2

2 2
2 7 7 1
( 2) ( 1)

x x x dx
x x x

+ + -
+ + +ò  

 
Variant 4 

1. 
2

3
( 1)

( 1) ( 3)
x dx

x x
+

- +ò  2. 
3 2

( 4)
( 6 11 6)

x dx
x x x

+
+ + +ò  3. (2 1)

( 1)( 1)( 2)
x dx

x x x
+

+ - +ò  

4. 2 2
( 1)

( 1)( 9)
x dx

x x
+

+ +ò  5. 
2

2 2
(2 1)
( 2) ( 1)

x x dx
x x

- +
- +ò  6. 

3

4
( 1)

( 81)
x x dx

x
+ +

-ò  

 
Variant 5 

1. 5 2
dx

x x-ò  2. 
2

5( 1)
x dx
x -ò  3. (3 1)

( 1)( 3)( 2)
x dx

x x x
+

+ - +ò  

4. 
3 2

2
( 3 5 7)

( 2)
x x x dx

x
+ + +

+ò  5. 
3 2

3
(3 5 1)

( )
x x x dx

x x
+ + +

+ò  6. 2( 2 10)( 2)
dx

x x x+ + -ò  
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Variant 6 

1. 
2

3
( 1)

( 1) ( 3)
x dx

x x
+

- +ò  2. 
5

4 2
( 1)

( 8 16)
x dx

x x
+

- +ò  3. 4 2
( 2)

( 16 )
x dx

x x
+
+ò  

4. 
3

2 2
( 2 )

( 1)
x x dx

x
-

+ò  5. 2 2( 2 )
dx

x x-ò  6. 
4

4( 16)
x dx

x -ò  

 
Variant 7 

1. 
3

2
(2 5)
( 2)

x dx
x x

+
- -ò  2. 

3 2

2 2
(2 4 2 1)
( 2 2)( 1)
x x x dx
x x x

+ + -
+ + +ò  3. 

3 2

3
( 6 18 4)

( 2)( 2)
x x x dx

x x
+ + -

- +ò  

4. 
3 2

3
( 6 14 10 )

( 1)( 2)
x x x x dx

x x
+ + +

+ +ò  5. 
4 2

2
(2 5 8 8)

( 4)
x x x dx

x x
- - -

-ò  6. 
2

2 2
(2 1)

( 1)( 1)
x x dx

x x x
- +

+ + +ò  

 
Variant 8 

1. 
3

2
(2 1)
( 6)

x dx
x x

-
+ -ò  2. 

3 2

2 2
(2 6 9 6)
( 2 2)( 1)
x x x dx
x x x

+ + +
+ + +ò  3. 

3 2

3
( 6 14 4)

( 2)( 2)
x x x dx

x x
+ + +

- +ò  

4. 
3 2

3
( 6 11 10 )

( 2)( 2)
x x x x dx

x x
- + +

+ -ò  5. (8 7 )
( 4)( 2)( 1)

x dx
x x x

-
- - +ò  6. 

3 2

2 2
(3 4 6 )

( 2 2)( 2)
x x x dx

x x x
+ +

+ + +ò  

 
Variant 9 

1. 
3 2( 5 5 23)
( 1)( 1)( 5)

x x x dx
x x x
- + +
- + -ò  2. 

2

2 2
(4 3 4)

( 1)( 1)
x x dx

x x x
+ +

+ + +ò  3. 
3 2

3
( 6 11 7)

( 1)( 2)
x x x dx

x x
+ + +

+ +ò  

4. 
3 2

3
( 6 4 24)

( 2)( 2)
x x x dx

x x
+ + +

- +ò  5. 
2

2
(3 25)
( 3 2)

x dx
x x

+
+ +ò  6. 

3 2

2 2
(2 11 16 10)

( 2 3)( 2)
x x x dx
x x x

+ + +
+ + +ò  

 
Variant 10 

1. 
3 2( 2 3)

( 1)( 2)( 3)
x x dx

x x x
+ +

- - -ò  2. 
3 2

2 2
(3 6 5 1)

( 1) ( 2)
x x x dx

x x
+ + -
+ +ò  3. 

3 2

3
(2 6 5 4)

( 2)( 1)
x x x dx

x x
+ + +

- +ò  

4. 
3 2

3
(2 6 7 1)

( 1)( 1)
x x x dx

x x
+ + +

- +ò  5. 
5 3

2
( 25 1)

( 5 )
x x dx

x x
- + +

+ò  6. 
3 2

2 2
(2 7 7 9)
( 1)( 2)

x x x dx
x x x x

+ + +
+ + + +ò  

 
Variant 11 

1. 
3 2(3 2 1)

( 2)( 2)( 1)
x x dx

x x x
+ +

+ - -ò  2. 
3 2

2 2
( 9 21 )

( 3) ( 3)
x x x dx

x x
+ +
+ +ò  3. 

3 2

3
(2 6 7 )

( 2)( 1)
x x x dx

x x
+ +
- +ò  

4. 
3 2

3
( 6 10 10)

( 1)( 2)
x x x dx

x x
+ + +

- +ò  5. 
5 3

2
( 9 4)

( 3 )
x x dx

x x
- + +

+ò  6. 
3 2

2 2
(2 4 2 2)
( 1)( 2)

x x x dx
x x x x

+ + +
+ + + +ò  
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Variant 12 

1. 
3

( 1)( 2)( 1)
x dx

x x x+ + -ò  2. 
3 2

2 2
( 6 8 8)

( 2) ( 4)
x x x dx

x x
+ + +

+ +ò  3. 
3 2

3
(2 6 5 )

( 2)( 1)
x x x dx
x x

+ +
+ +ò  

4. 
3 2

3
(2 6 7 2)

( 1)
x x x dx

x x
+ + +

+ò  5. 
5 3

2
(3 12 7)

( 2 )
x x dx

x x
- -

+ò  6. 
2

2 2
( 3)

( 1)( 1)
x x dx

x x x
+ +

+ + +ò  

 
Variant 13 

1. 
3 2( 3 12)

( 4)( 3)( 2)
x x dx

x x x
- -

- - -ò  2. 
3 2

2 2
( 5 12 4)

( 2) ( 4)
x x x dx

x x
+ + +

+ +ò  3. 
3 2

3
(2 6 7 4)

( 2)( 1)
x x x dx

x x
+ + +

+ +ò  

4. 
3 2

3
( 6 13 8)

( 2)
x x x dx

x x
- + -

-ò  5. 
5 3

2
(2 8 3)

( 2 )
x x dx

x x
- +

-ò  6. 
3

2 2
( 1)

( 1)( 1)
x x dx

x x x
+ +

+ + +ò  

 
Variant 14 

1. 
3 2( 3 12)
( 4)( 3)

x x dx
x x x

- -
- -ò  2. 

3 2

2 2
(2 4 16 12)

( 1) ( 4 5)
x x x dx
x x x

- - -
- + +ò  3. 

3

3
(2 1)

( 1)
x x dx

x x
+ +
+ò  

4. 
3 2

3
( 6 13 7)

( 1)( 2)
x x x dx

x x
- + -

+ -ò  5. 
5 3

2
( 3 1)

( )
x x dx

x x
+ -

+ò  6. 
3 2

2 2
(2 3 3 2)

( 1)( 1)
x x x dx
x x x

+ + +
+ + +ò  

 
Variant 15 

1. 
3 2

3
(3 9 10 2)

( 1)( 1)
x x x dx

x x
+ + +

- +ò  2. 
3 2

2 2
( 3 13 13 1)

( 2) ( 1)
x x x dx
x x x

- + - +
- - +ò  

3. 

3 2(4 2)
( 1)( 2)
x x dx

x x x
+ +
- -ò

 

4. 
3 2

3
( 6 14 6)

( 1)( 2)
x x x dx

x x
- + +

+ -ò  5. 
3 2

2 2
(4 24 20 28)

( 2 2)( 3)
x x x dx

x x x
+ + -

+ + +ò  6. 
5 3

2
( 1)

( )
x x dx

x x
- +

-ò  

 
Variant 16 

1. 
3

3
(3 2)

( )
x dx
x x

-
-ò  2. 

3 2

2 2
( 2 10 )
( 1) ( 1)
x x x dx
x x x

+ +
+ - +ò  3. 

3

3
( 2)

( 2)
x x dx

x x
+ +

+ò  

4. 
3 2

3
( 6 10 10)

( 1)( 2)
x x x dx

x x
- + +

+ -ò  5. 
3 2( 3 12)
( 4)( 2)

x x dx
x x x

- -
- -ò  6. 

3

2 2
(3 46)
( 9)( 1)

x x dx
x x

+ +
+ -ò  

 
Variant 17 

1. 
4 3 22 2 41 20

( 5)( 4)
x x x dx

x x x
+ - +

+ -ò  2. 3 2

3
( 6 10 12)

( 2)( 2)
x x x dx

x x
+ + +

- +ò  3. (3 1)
( 1)( 3)( 2)

x dx
x x x

+
+ - +ò  

4. 
3 2

3
( 6 13 8)

( 5)
x x x dx

x x
+ + +

+ò  5. 
2

2 2
(2 1)
( 2) ( 1)

x x dx
x x

- +
- +ò  6. 

4

4( 16)
x dx

x -ò  
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Variant 18 

1. 
3

2
(2 5)
( 2)

x dx
x x

+
- -ò  2. 

2

2 2
(4 3 4)

( 1)( 1)
x x dx

x x x
+ +

+ + +ò  3. 
3 2

3
(2 6 7 )

( 2)( 1)
x x x dx

x x
+ +
- +ò  

4. 
3 2

3
( 6 11 10 )

( 2)( 2)
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x x
- + +

+ -ò  5. 
5 3

2
( 25 1)

( 5 )
x x dx

x x
- + +

+ò  6. 
2

2 2
( 3)

( 1)( 1)
x x dx

x x x
+ +

+ + +ò  

 
Variant 19 

1. 
3 2( 3 12)

( 4)( 3)( 2)
x x dx

x x x
- -

- - -ò  2. 3 2

2 2
( 3 13 13 1)

( 2) ( 1)
x x x dx
x x x

- + - +
- - +ò  3. (3 1)

( 1)( 3)( 2)
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x x x
+

+ - +ò  

4. 
3 2

3
( 6 13 7)

( 1)( 2)
x x x dx

x x
- + -

+ -ò  5. 
3 2( 3 12)
( 4)( 2)
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x x x
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- -ò  6. 

2

2 2
(2 1)

( 1)( 1)
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x x x
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+ + +ò  

 
Variant 20 

1. 
3 2

2 2
4 4 2

( 1) ( 1)
x x x dx
x x x

+ + +
+ + +ò  2. 

2

2 2
(2 1)

( 1)( 1)
x x dx

x x x
- +

+ + +ò  3. 
5

4 2
( 1)

( 8 16)
x dx

x x
+

- +ò  

4. 
3 2

2 2
( 1)

( 1)( 1)
x x dx

x x x
+ +

- + +ò  5. 
3 2

3
(3 5 1)

( )
x x x dx

x x
+ + +

+ò  6. 
3 2

2 2
(3 4 6 )

( 2 2)( 2)
x x x dx

x x x
+ +

+ + +ò  

 
§ 7. Integrating Some Irrational and Transcendental Functions   
 
In this section the designation ( )R u v w, ,...,  indicates that only rational 

algebraic operations, actions of addition, subtraction, multiplication, division, raising 
to the integer power, are performed over the values u, v, ..., w. For example, a 

function ( ) ( ) ( )31 1 2 1f x x xæ ö= + + +ç ÷
è ø

 should be classified as type ( ), 2 1R x x + , 

and function ( ) ( ) ( )21 4x xf x e e= + +  - as type ( )xR e . 

When integrating irrationality, if the integral is not tabular, the problem as a 
rule is to rationalize the integrand using suitable substitution. In some cases, it 
succeeds. 

7.1. Integrals of the Type ò ÷÷
ø

ö
çç
è

æ
+
+

= dx
dcx
baxx,RI n .                                     (26) 

Here n is a natural number, a, b, c, d - real constants, such as ad ¹ bc.  
To rationalize the integrand, we should use the substitution: 

        nt
dcx
bax

=
+
+ .              (27) 
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We solve for dx to give 

( )
( )

dt
act

bcadntdx,
act
dtbx,dtcxtbax

n

n

n

n
nn

2

1

-

-
=

-

-
=+=+

-
. 

The integral becomes  

( )

( )
I R b t d

ct a
t

nt ad bc

ct a
dt

n

n

n

n
=

-
-

æ

è
ç

ö

ø
÷

-

-

-

ò ,
1

2
. 

The integrand becomes a rational function of argument t. Such integral in 
general case is an integral of rational fraction and could be resolved using techniques 
described in Chapter 6.  

 
Example 1. 

( )x dx
x

x t x t

dx tdt t x

t t dt

t1 1
1 1

2 1

1 2

1

2 2 2

+ -
=

- = = +

= = -

ì
í
ï

îï

ü
ý
ï

þï
=

+

+
=ò ò

,

,  
3

2 22 2 2
1 1

t t dt t t dt
t t

+ æ ö= = - + - =ç ÷+ +è øò ò
3 2

2 2 2ln 1
3 2
t t t t C

æ ö
- + - + + =ç ÷

è ø  

( ) ( ) ( )32 1 1 4 1 4ln 1 1 .
3

x x x x C= - - - + - - + - +  

 
Example 2. 

( )
I

x
x

x
dx

x
x

t x
t

dx tdt

t
t x

x

=
+

=

+
= =

-

= -
-

=
+

ì

í

ï
ï

î

ï
ï

ü

ý

ï
ï

þ

ï
ï

=ò
1 1

1 1
1

2

1

12

2
2

2 2

,

,

 
22

2 2
2( 1)

( 1)
tdtt t

t
= - - =

-ò
3

2 32 2 12 .
3 3

xt dt t C C
x
+æ ö- = - + = - +ç ÷

è øò  

 
 Remark. In general case integral of the type:                            

                                         , , ,m nax b ax bR x dx
cx d cx d

æ ö+ +
ç ÷+ +è ø

ò K   

could be reduced to rational form using substitution 
ax b
cx d

t k+
+

= , where k - the least 

common multiple of  m, n, ...  
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Example 3. 

  
dx

x x
x t x t

dx t dt t x
t dt

t t+ + +
=

+ = = -

= = +

ì
í
ï

îï

ü
ý
ï

þï
=

+
=ò ò1 1

1 1

6 1
6

3

6 6

5 6

5

3 2

,

,
      

( )
=

+
=

+ -

+
= - + -

+
æ
èç

ö
ø÷

= - + - +
æ

è
ç

ö

ø
÷ + =ò ò ò6

1
6

1 1

1
6 1 1

1
6

3 2
1

3 3
2

3 2t dt
t

t

t
dt t t

t
dt t t t t Cln

   ( )3 6 62 1 3 1 6 1 6ln 1 1x x x x C= + - + + + - + + + . 

 
7.2. Integrals of the Type  

( ) ( )0bdxgcxbxx,RI 2 ¹++= ò .                         (28) 

The integrand has a quadratic form under the square root sign. Completing the 
square in quadratic form reduces integral to one of the following types: 

 

а) ( )R u a u du, 2 2-ò ; 

б) ( )R u a u du, 2 2+ò ; 

в) ( )R u u а du, 2 2-ò . 

 
 
 

(29) 
 

 

 Rationalization of integrand is possible using the next trigonometric 
substitutions: 

а)  dttcosadu,tsinau == ;  

б) 2
2, sec

cos
adtu atg t du a t dt

t
= = = ; 

в) sec , sec
cos cos

a atgtdtu a t du a t tg t dt
t t

= = = = . 

 
 

(30) 

           
Example 4.    

( ) {223 2 4 1 1 2sin ,x x dx х dx x t+ - = - - = - =ò ò      

2 212cos , arcsin 4 4sin 2cos 4 cos
2

xdx t dt t t t dt t dt- ü= = = - × = =ý
þ ò ò  

( )2 1 cos 2t dt= +ò 212 sin 2 2 2sin 1 sin
2

t t C t t t Cæ ö= + + = + × - + =ç ÷
è ø

 

( ) .Cxxxarcsin +÷
ø
ö

ç
è
æ -

--+
-

=
2

2
111

2
12  
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 Example 5. 

( ) ( )
2

3 32 22

2 , 2 sec2
2 2 22 sec

xx tgt t arctgdx t dt

х tg tdx t dt

ì üæ ö= =ï ïç ÷= = =è øí ý
ï ï+ +=î þ

ò ò  

 

= + = =ì
í
î

ü
ý
þ

= = = + =ò ò1 1 1
2

1
2

1
2

2 2
2

3tg t t t
t

t
t

dt t dt t Csec , sec
cos

sec
sec

cos sin  
 

1 sin
2 2

xarctg Cæ ö= +ç ÷
è ø

. 

 
 Remark. The next integral also belongs to the type described above. 

( )
I dx

x bx cx g
=

- + +ò a 2
     (31) 

But in this case, substitution by inversion is more effective. 

               x
t

- =a
1

.            (32) 

 Example 6.    

( ) ( )
dx

х х х

x t dx dt t
t х- - +

=
- = = -

= -

ì
í
ï

îï

ü
ý
ï

þï
=ò 1 2 2

1 1
1 12

2,
 

 

=
-

+
ò

1

1 1 1

2

2

t dt

t t ( )
= -

+
= - + + + = -

-
+

-
+ +ò

dt

t
t t C

x x
C

2
2

21
1 1

1
1
1

1ln ln . 

 
7.3. Tangent Half-angle Substitution.  

 
Another useful change of variables is the Weierstrass substitution, named after 

German mathematician Karl Weierstrass: 

t tg x
=

2
,                               (33) 

This substitution enables any rational function of the regular trigonometric 
functions to be integrated using the methods of partial fractions. The integral of the 

type ( )ò= dxxcos,xsinRI  in the interval (-p, p) could be converted to the 

integral of rational algebraic function of argument t. We will use the double-angle 
formula to replace sinx, cosx, and the differential dx with rational functions of a 
variable t.  
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( )
( )

( )
( )

2
2 2 2

2 2 2 2 2sin 2sin cos 2 cos
2 2 2 2 sec 2 1 2 1

tg x tg xx x x x tx tg
x tg x t

= = = = =
+ +

, 

 

( )
( )

2 2
2 2 2 2

2 2

1 2 1cos cos sin cos 1
2 2 2 2 1 2 1

tg xx x x x tx tg
tg x t

- -æ ö= - = - = =ç ÷ + +è ø
, 

2

22 ,
1

dtx arctgt dx
t

= =
+

. 

Therefore, 

  2

2sin
1

tx
t

=
+

, 
2

2
1cos
1

tx
t

-
=

+
,     2

2
1

dtdx
t

=
+

.       (34) 

 
This transforms a trigonometric integral into an algebraic integral, which may 

be easier to integrate: I R t
t

t
t

dt
t

=
+

-
+

æ

è
ç

ö

ø
÷

+ò
2

1
1
1

2
12

2

2 2, . 

Example 7.    

dx
х x

t tg x x t
t

x t
t

dx dt
t

2
2

2
1

1
1

2
1

2

2

2 2
sin cos

, sin ,

cos ,
-

=
= =

+

=
-
+

=
+

ì

í
ïï

î
ï
ï

ü

ý
ïï

þ
ï
ï

=ò  

 ( )
( )

= +

+
-

-
+

=
+ -

=
+

+ -
=

+ -
+ +

+ =ò òò
2

1
4

1
1
1

2
4 1

2
2

2 5
1
5

2 5
2 5

2

2

2

2

2 2

dt
t

t
t

t
t

dt
t t

d t

t
t
t

Cln  

      =
+ -

+ +
+

1
5

2
2 5

2
2 5

ln
tg x

tg x C . 

 The integral of type ( )I R x x tgx dx= ò sin , cos ,2 2  could be transforms to 

rational algebraic form using the next substitution:  
 

               t tgх= .                   (35) 

In this case    
xtg

xtg
xsec

xtgxcosxtgxsin 2

2

2

2
222

1+
=== ,                          (36) 
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                                 cos
sec

2
2 2

1 1
1

x
х tg х

= =
+

,  x arctgt= .   

Therefore 

 tgх t= , sin2
2

21
x t

t
=

+
,      cos2

2
1

1
x

t
=

+
,  dx dt

t
=

+1 2 .      (37) 

 
 The integral takes the following form:  

  ( )òò =
+÷

÷
ø

ö
ç
ç
è

æ

++
= dttR

t
dtt

tt
tRI 1222

2

1
,

1
1,

1
, where R1(t) - is rational function of 

argument t. 
 
 Example 8.    

=
þ
ý
ü

î
í
ì

+
=

+
===

-ò 22

2
2

2 112 t
dtdx,

t
txsin,tgхt

хsin
dx  

= +

-
+

=
+

= + = æ
èç

ö
ø÷

+òò
dt

t
t

t

dt
t

arctg t C arctg tgx C1

2
1

2
1
2 2

1
2 2

2

2

2

2 . 

 

 7.4. Integrals of the type ( )ò= dxеRI х .   

Substitution 

             xet =                     (38) 
 

leads to the integration of rational algebraic function   
( )
t
tR

.   

Indeed, xet = ,  x = tln ,   dx = 
t
dt

  and  ( )I R t dt
t

= ò . 

 
Example 9.   

е dx
е

t е dx dt
t

t
t

dt
t

t
t

dt
х

х
х

3

2

3

2

2

21 1 1+
= = =ì

í
î

ü
ý
þ

=
+

× =
+

=ò ò ò,  

( ) ( )=
+ -

+
= -

+
æ
èç

ö
ø÷

= - + = - +ò ò
t

t
dt

t
dt t arctgt C e arctg e Cx x

2

2 2

1 1

1
1 1

1
. 
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Individual Task 7 
 

Variant 1 

1. 
4

(2 3)
2 1 2 3

x dx
x x

+
- - +ò  2. 24 x dx-ò  3. 2 23sin 4cos

dx
x x-ò  

4. 
2( 2) 2 2

dx
x x x+ + +ò  5. 2

(cos sin )
(1 sin )

x x dx
x

-
+ò  6. 

2

2

2 7
2

x x

x x

e e dx
e e

+
+ -ò  

 
Variant 2 

1. (1 )
3 2

x dx
x x

-
+ò  2. 2 29x x dx-ò  3. 

2

2

sin
1 cos

xdx
x+ò  

4. 
2

( 1)
( 1) 1

x dx
x x

-

+ +ò  5. cos
(1 sin )(1 cos )

xdx
x x- +ò  6. 

22 4
( 2)( 3)

x x

x x
e e dx

e e
-

- -ò  

 
Variant 3 

1. 
3

3

( 1 1 )
1 4
x x dx

x
+ - +

+ +ò  2. 
29

dx
x+ò  3. 2 22sin 9cos

dx
x x+ò  

4. 
2

( 1)
2 2 1

x dx
x x x

-

- -ò  5. 2

cos
(1 sin cos )

xdx
x x- +ò  6. 

2

2
3 2 3

( 1)

x x

x
e e dx

e
+ -

-ò  

 
Variant 4 

1. 
31 4 1
xdx

x+ +ò  2. 
24

dx
x-ò  3. 21 4cos

dx
x+ò  

4. 
2

( 1)
( 1) 3 2

x dx
x x x

-

- + -ò  5. 2

sin
(1 sin cos )

xdx
x x- +ò  6. 2

2
( 2 )

x

x x
e dx

e e
+

-ò  

 
Variant 5 

1. 5 1x x dx-ò  2. 2 216x x dx-ò  3. 2 24 3cos 5sin
dx
x x- +ò  

4. 
23 1

dx

x x x+ +
ò  5. 2

cos
(1 sin cos )

xdx
x x+ +ò  6. 

2

3
5

( 3 2)

x x

x x
e e dx

e e
-

- -ò  
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Variant 6 

1. 
3

3 4
1 1
x dx

x x
+

- + -ò  2. 
2

22

x dx
x-

ò  3. 21 sin
dx

x+ò  

4. 
2( 1) 2 2

dx

x x x+ + +
ò  5. 2

sin
(1 sin )

xdx
x+ò  6. 

2

2
2 5 1
( 2 1)

x x

x x
e e dx

e e
- +

- +ò  

 
Variant 7 

1. 3
1
1

x dx
x

-
+ò  2. 

2

4
1x dx

x
-

ò  3. 22 cos
dx

x+ò  

4. 
24 6 1

dx

x x x+ -
ò  5. 

(5 3cos )
dx

x-ò  6. 
2

2
5 2

( 2 10)

x x

x x
e e dx

e e
+

+ +ò  

 
Variant 8 

1. 2
1

x dx
x x

+
-ò  2. 

4

2(1 )

x dx
x-

ò  3. 2 21 2cos 3sin
dx
x x+ +ò  

4. 
23 1

dx

x x -
ò  5. 2

(1 sin )
(1 sin )

x dx
x

+
-ò  6. 2

7 15
( 2 5)

x

x x
e dx

e e
-

- +ò  

 
Variant 9 

1. 
42 1 2 1

x dx
x x- + -ò

 
2. 

2

4
4x dx

x
-

ò  3. 2 2sin 2cos 3
tgxdx

x x+ -ò  

4. 
2

(2 3)

6

x dx

x x x

+

-
ò  

5. (5 4sin )
dx

x+ò
 

6. 3
2

( 8)

x

x
e dx

e +ò  

 
Variant 10 

1. 4
3 1

1 3 1
x dx

x
+

+ +ò  2. 
2

4
9x dx

x
-

ò  3. 23 sin
dx

x-ò  

4. 
2( 2) 4 5

dx

x x x- - +
ò  5. 

(3 cos 2sin )
dx
x x+ +ò  6. 

( 1)( 3)

x

x x
e dx

e e+ -ò  
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Variant 11 

1. 
3

1
2 1
x dx

x
+

+ò  2. 2 24x x dx-ò  3. 2 22sin 3cos 1
tgxdx

x x+ -ò  

4. 
2

( 2)

3

x dx

x x

+

-
ò  5. 

(8 7cos 4sin )
dx
x x+ -ò  6. 4( 1)

x

x
e dx

e -ò  

 
Variant 12 

1. 
1x dx

x
+

ò  2. 
2

21

x dx
x-

ò  3. 2 2
(1 )

2sin 3cos
tgx dx

x x
+

+ò  

4. 
2

( 1)

2 1

x dx

x x

-

-
ò  5. 

(3 cos 2sin )
dx
x x+ -ò  6. 3

1
( 3 )x x dx
e e+ò  

 
Variant 13 

1. 

1
( 2) 1

dx
x x

ò
+ +  

2. 
2 3

1

(25 )
dx

x+
ò  3. 2 2

(2 )
sin 4cos

ctgx dx
x x
-

+ò  

4. 
2

( 1)

4 2 1

x dx

x x x

-

+ +
ò  5. 

(2 3cos )
dx

x+ò  6. 1
( 5)xI dx
e

=
+ò  

 
Variant 14 

1. 3
1

(1 )
dx

x x+ò  2. 
2

2 5(4 )

x dx
x+

ò  3. 2 2sin 5cos
dx

x x+ò  

4. 
2

( 1)

( 2) 4 8

x dx

x x x

-

+ + +
ò  5. sin

(2 sin )
xdx

x+ò  6. 3( 8)

x

x
e dx

e -ò  

 
Variant 15 

1. 
3

1
2 3 2 3

dx
x x+ + +ò  2. 

2 3

1

(2 )
dx

x+
ò  3. 2 22sin cos 3

dx
x x+ +ò  

4. 
24 1

dx

x x -
ò  

5. 

sin
(5 3sin )

xdx
x+ò

 
6. 3 2( 2 2)

x

x x x
e dx

e e e+ + +ò  
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Variant 16 

1. 
3

1
x dx

x +ò  2. 2 216x x dx-ò  3. 2
(1 2 )

cos 1
tgx dx
x

+
+ò  

4. 
2

(2 5)

4 1

x dx

x x x

+

- -
ò  5. cos

(1 sin cos )
xdx

x x+ -ò  6. 2
5

( 25)

x

x
e dx

e
-
+ò  

 
Variant 17 

1. 
3

1
2 2

dx
x x+ + +ò  2. 

2 3(4 )

dx

x+
ò  3. 

2(2 11 22)
4

tg x tgx dx
tgx

- -
-ò  

4. 
2

( 2)

( 1) 2

x dx

x x x

-

+ +
ò  5. cos

(5 4cos )
xdx

x+ò  6. 3
1

( )x x dx
e e+ò  

 
Variant 18 

1. 
3

1
x dx

x -ò  2. 
4

2 3(8 )

x dx

x-
ò  3. 2 2

(4 5)
1 sin 4cos

tgx dx
x x

-
- +ò  

4. 
2

(2 1)

9

x dx

x x x

+

-
ò  5. cos

(2 cos )
xdx

x+ò  6. 3
1

( )x x dx
e e-ò  

 
Variant 19 

1. 1
3 1 1

dx
x + +ò  2. 

2

2 5(1 )

x dx

x+
ò  3. 2 2

(6 )
9sin 4cos

tgx dx
x x
+

+ò  

4. 
2

(4 1)

6 1

x dx

x x x

+

- +
ò  5. 

(3 3cos 5sin )
dx
x x+ +ò

 

6. 2 2( 3)( 2)

x

x x
e dx

e e- +ò  

 
Variant 20 

4
x dx

x-ò  
2

4
1x dx

x
-

ò  
2

2
(sin )
3cos 4

x dx
x -ò  

2

(3 1)

2

x dx

x x x

+

+
ò  cos

(2 cos )
xdx

x+ò  1
( 2)x dx
e -ò  
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Questions for self-control 
 

1. What change of  variable should be made when integrating the  expression 
23 1x x dx+ò :  а) 2t x= ;   б) 13 2 += xt ;   в) 23xt =   г) 13 2 += xt  ? Take the 

reduced integral. 
2. What change of variable should be made when integrating the  expression 

2
2

1 4
arctg x dx

x+ò : а) xarctgt 2= ;   б) 2xt = ;   в) 24xt =   г) )41/(1 2xt +=  ? Take the 

reduced integral. 
3. What change of  variable should be made when integrating the  expression 

sin2
1 cos2

x dx
x-ò : а) xt 2sin= ;   б) xt 2cos= ;   в) xt 2cos1-=   г) )2cos1/(1 xt -= ?  

Take the reduced integral. 
4. What change of variable should be made when integrating the expression 

ò
+

dx
xx ln1

1 :    а) xt ln= ;   б) xt ln1+= ;   в) xt /1=   г) xt ln1+=   ?  Take the 

reduced integral. 
5. What change of variable should be made when integrating the expression 

ò
-

dx
e

e
x

x

2

2

21
: а) xet 2= ;   б) xet 22-= ;   в) xet 221 -=   г) )1/(1 2xet -=  ? Take the 

reduced integral. 
6. What change of variable should be made when integrating the  expression 

ò
+

dx
x

x
3sin2

3cos : а) xt 3sin= ;   б) xt 3cos= ;   в) xt 3sin2 +=   г) xt 3sin2 +=  ? 

Take the reduced integral. 
7. How should an integral of the form ( 3)sin2x xdx-ò  be integrated by parts?  
Which of the integrand functions should be choosen as u , and  which one as  d v  in 
the formula u dv uv vdu= -ò ò  ? 

8. How should an integral of the form ò - dxxx )1ln(
3

 be integrated by parts?  Which 

of the integrand functions should be choosen as u , and  which one as  d v  in the 

formula u dv uv vdu= -ò ò  ? 

9. Integration by parts. Write down the basic formula. How should we integrate an 
integral of the form ò + xdxarctgx 2)1( ? 
10. Integration by parts. Write down the basic formula. How should we integrate an 
integral of the form ò xdxex 2sin ? 
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11. Integration by parts. Write down the basic formula. How should we integrate an 
integral of the form ò + dxex x)12( ? 

12. Integration by parts. Write down the basic formula. How should we integrate an 
integral of the form ò dxxex 5/2sin ?  

13. How can we expand the fraction 
)1(

2
4

3

-
+

x
xx  by the sum of the elementary fractions? 

Choose the correct decomposition option:  

а) 
3

4 2
2

1 1( 1) 1
x x A B C

x xx x
+

= + +
- +- +

;     б)  
3

4 2
2

1 1( 1) 1
x x A B Cx D

x xx x
+ +

= + +
- +- +

;  

в) 
11)1(

2
4

3

+
+

-
=

-
+

x
B

x
A

x
xx ;     г) 

11)1(
2

24

3

+
+

+
-

=
-

+
x

DCx
x

A
x

xx  ? 

14. How can we expand the fraction 3

2

)1(
2

-
+

x
xx  by the sum of the elementary fractions? 

Choose the correct decomposition option:  а) 
111)1(

2
23

2

+
+

+
+

-
=

-
+

x
C

x
B

x
A

x
xx ;  

 б)  323

2

)1()1(1)1(
2

+
+

+
-

+
-

=
-
+

x
DCx

x
B

x
A

x
xx ;    в) 323

2

)1()1(1)1(
2

+
+

-
+

-
=

-
+

x
C

x
B

x
A

x
xx ; 

  г) 323

2

)1()1(1)1(
2

+
+

+
-
+

+
-

=
-
+

x
EDx

x
CBx

x
A

x
xx  ? 

15. How can we expand the fraction 
)1()1(

2
22

2

++-
+

xxx
xx  by the sum of the 

elementary fractions? Choose the correct decomposition option: 
 

а) 222

2

)1(1)1()1(
2

-
+

-
=

++-
+

x
B

x
A

xxx
xx ; б) 

11)1()1(
2

222

2

++
+

-
=

++-
+

xx
C

x
A

xxx
xx ;  

в) 
1)1(1)1()1(

2
2222

2

++
+

-
+

-
=

++-
+

xx
C

x
B

x
A

xxx
xx ;  

г) 
111)1()1(

2
222

2

++
+

+
+

-
=

++-
+

xx
C

x
B

x
A

xxx
xx ? 

16. How can we expand the fraction 22

2

)1)(1(
2

++-
+

xxx
xx  by the sum of the 

elementary fractions? Choose the correct decomposition option: 

61



а) 2222

2

)1(1)1)(1(
2

++
+

+
-

=
++-

+
xx

CBx
x

A
xxx
xx ;    б)

2

2 2 2
2

1( 1)( 1) 1
x x A Dx E

xx x x x x
+ +

= +
-- + + + +

; 

в) 22222

2

)1(11)1)(1(
2

++
+

+
++

+
+

-
=

++-
+

xx
EDx

xx
CBx

x
A

xxx
xx ; г)

11)1()1(
2

222

2

++
+

+
-

=
++-

+
xx
CBx

x
A

xxx
xx ? 

17. How can we expand the fraction 
2

2
2

( 1)(2 5)
x x

x x
+

+ +
 by the sum of the elementary 

fractions? Choose the correct decomposition option: 

а)
2

2 2
2

1 2 5( 1)(2 5) (2 5)
x x A B Cx D

x xx x x
+ +

= + +
+ ++ + +

; б)  
2

2
2

1 2 5( 1)(2 5)
x x A B

x xx x
+

= +
+ ++ +

;  

в)
2

2 2
2

1 2 5( 1)(2 5) (2 5)
x x A B C

x xx x x
+

= + +
+ ++ + +

;  г) 
2

2 2
2

1( 1)(2 5) (2 5)
x x A Cx

xx x x
+

= +
++ + +

 ? 

18. How can we expand the fraction 
2

2
2

(2 1) ( 5)
x x

x x
+

+ -
 by the sum of the elementary 

fractions? Choose the correct decomposition option: 

а)
2

2 2
2

2 1 5(2 1) (2 5) (2 1)
x x A B Cx D

x xx x x
+ +

= + +
+ -+ - +

; б) 
2

2 2
2

2 1 5(2 1) (2 5) (2 1)
x x A B D

x xx x x
+

= + +
+ -+ - +

;  

 в) 
2

2 2
2

2 1 5(2 1) (2 5) (2 1)
x x A B Cx

x xx x x
+

= + +
+ -+ - +

;   г) 
2

2
2

2 1 5(2 1) (2 5)
x x A B

x xx x
+

= +
+ -+ -

? 

19. How can we expand the fraction 
2 2

( 7)( 3)( 2)
x x

x x x
+

+ - -
 by the sum of the 

elementary fractions? Choose the correct decomposition option: 

а) 
2 2

( 7)( 3)( 2)
x x

x x x
+

+ - -
= 

7 3 2
A B C

x x x
= + +

+ - -
;   б)  

2 2
( 7)( 3)( 2)

x x
x x x

+
+ - -

23 7 1
A B Cx D

x x x
+

= + +
- + +

; в) 
2 2

( 7)( 3)( 2)
x x

x x x
+

+ - -
 

1 1
A B

x x
= +

- +
;     

   г) 
2 2

( 7)( 3)( 2)
x x

x x x
+

+ - - 21 7
A Cx D

x x
+

= +
- +

 ? 

20.  How should the expressions of a kind xdxx mn sincosò   be integrated, if   n  is an  

even number,   and   m is an odd one?  
21. How should the expressions of a kind xdxx mn sincosò , be integrated, if  m is an  

even number,   and   n  is an odd one?  
22. How should the expressions of a kind xdxx mn sincosò , be integrated, if   n     and   

m is an odd one?  
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23. What substitution should be done while integrating an expression of the form  

ò dxtgxxxR );cos;(sin  ?     

24. What substitution should be done while integrating an expression of the form  

ò dxtgxxxR );cos;(sin 22  

25. What substitution is used when integrating the expressions of the form 

ò dxtgxxxR );cos;(sin : а) xt sin= ; б) tgxt = ;  в)  xt cos= ; г) 
2
xtgt = . 

26. What substitution is used when integrating the expressions of the form 

ò dxtgxxxR );cos;(sin 22 :  а) xt sin= ; б) tgxt = ;  в)  xt cos= ; г) 
2
xtgt = . 

27. What change of variable should be made when integrating the expression 

ò +
+ dx

dcx
baxxR n );( :  а) 

dcx
baxt

+
+

= ;   б) n
dcx
baxt

+
+

= ;   в) 
dcx
baxt n

+
+

=   ? 

28. What change of variable should be made when integrating the expression 
2 2( ; )nR x q x dx-ò :  a) cosx q t= ;   б) tqx sin= ;   в) qtgtx =  г) tqx sec=  ?  

29. What change of variable should be made when integrating the expression 

ò + dxxqxR n );( 22 :   а) tqx cos= ;   б) tqx sin= ;   в) qtgtx =  г) tqx sec=  ?  
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