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Introduction

Highly-qualified specialist training for various fields of science and
manufacturing is the most important goal of the modern technical research university.
Good command of foreign languages is one of the main factors of successful
scientific and practical activity of a modern specialist. Studying English is one of the
main ways to integrate students, as future specialists, into the international system of
production, technology and economics. In this regard, it is necessary to enhance the
system of students’ teaching in foreign languages, English in particular, and thus,
integrate them into the international educational environment.

Therefore, teaching English requires developing some methodological
recommendations. This is especially important in the process of learning mathematics
because studying any of the technical disciplines is impossible without mathematics
background. The purpose of this textbook is to improve the quality and forecast study
results of foreign students as well as the students delivered the course of Higher
Mathematics in English. Also, this textbook is designed to increase the effectiveness
of learners’self-study.

The content of the textbook "An Uncertain Integral” covers the general course
of Higher Mathematics for technical specialties. A fairly complete and concise
presentation of the theoretical information is introduced at the beginning of each
section. Then, detailed solutions of typical examples arranged in the order of
increased complexity are given and proved. A number of typical tasks are thourougly
analyzed in this textbook empowering students’ opportunity to solve independently
individual tasks presented at the end of each section.

Studying the material of this textbook allows a student to learn how to work
independently and obtain sufficient practical skills required not only for studying
other sections of Higher Mathematics but other special disciplines as well.

The textbook is intended for students of the first and second courses of all
specialties of technical higher education institutions of full-time, correspondent and
distant forms of study.



81. Primitive Function and Indefinite Integral

1.1. The Primitive Function. The function F(x) is a primitive function of

f (x) in some interval X if the following holds true:
Ft(x)=f(x), "xTX (1)
Obviously, the definition (1) makes sense only when the function F(x) is

differentiable in the interval X.
Example 1.

a) Let f(x) = 2x. The primitive function is F(x)=x? in X = (=¥, ¥). We can

¢ —
easily verify the result by differentiating: F¢(x) :(xz) =2x=f(x) "xTX;
b) Let f (x) =sin 3x. It is easy to find a function F(x), satisfying equality (1):

F(x)= —%cos3x, x T X=(-¥Y¥).

0
Indeed, F¢(x):a§—%c033x9 =—%(—33in3x)=sin3x= f(x), "xTX
)/

Remember that the derivative of a constant term is zero (Ct= 0). Hence, if a
constant term is added to the function F(x), the function obtained will also have the

same derivative. Therefore, we can put: [F(x) + CJ¢ = F ¢(x) = f (X).

Let f(x) = 2x. Then the primitive functions will be F(x) = x* and Fy(x) = x* +
1 and Fp(x) = x 2= 3, etc. It obviously follows that there is not just one solution but
many others which differ only by constants: F(x) + C.

The primitive of a function f (X) without any additional conditions is always

uncertain. If the function f(X) in the interval X has the primitive function F(x) then it

also has an infinite set of primitive functions F(x)+C, where C = const.
1.2. Indefinite Integral. The set of all primitive functions of a function f (x) in

the interval X is called the indefinite integral of the function f (X).
This is written as:
0 f(x)dx=F(x)+C. (2)
Here f(X) — integrand; f(x)dx — an element of integration; X — variable of
integration; C — arbitrary constant; y - the integral sign.
For example, §j2xdx=x"+C.

Equality y = F(x) + C determines some curve with a fixed C.



When C is changing, the integral curve shifts along the Oy axis. Thus, all
primitive functions differ from each other by a constant which can be determined
from specified boundary conditions (fig. 1).

A
"I y=Fw+c
y =F(x)
\\/ Gt
O X
Fig. 1

1.3. Indefinite integral properties.
1. Derivative of indefinite integral is the integrand, and the differential of
indefinite integral is the element of integration:

(0F(x)ax)'= £(x),  dpf(x)dx=f(x)x. 3)

2. Indefinite integral of the differential of a function is the sum of this
function and an arbitrary constant:

gdF (x)=F(x)+C. (4)
3. If Aisaconstantand 4 1 0, then
0A T (x)dx=Ajf(x)dx. (5)

4. The integral of the sum of two or more functions is equal to the sum of
the integrals of the individual functions:

06F (x)£g(x)gdx =0 f(x)dx+jg(x)dx. (6)

1.4. Table of Fundamental Standard Integrals. The Table of standard
integrals contains some elementary functions and their integrals. It is easy to verify
the results by differentiation according to (3).



Tablel. Fundamental Standard Integrals

1. gdu=u+C 8. (ctgudu =Insinu[+C
ua+1 \ du
2. guidu = +C,al-1 9. 90 = ()sec udu=tgu+C
a+1 cos?u
du
+ 10. ¢ =pcosec?udu = -ctgu +C
2a.0\/_ 24u+C 02y 0 g
20. (‘)d—u: —1+C 11. (‘Jd—u—lntg—+C
U2 u sinu 2
3. (‘)d—u=|n|u|+C 12. (‘)d—u_ln —+p0+C
u cosu 8
u . 1 u
4. (‘)audu:a +C 13. ———5 =—arctig—+C
Ina u-+a“ a a
4a. (‘)e“du:e“+C 14. § zduzzimu_aﬂ:
u‘-a“ 2a |[u+a
5. ¢sinudu=-cosu+C 15. —arcsmu+C
6. gcosudu =sinu+C 16. —Inlu+~Ju?+a2l+c
\/u +a°
7. (toudu = -In|cosu|+C 17. judv=uv - jvdu

§ 2. Techniques of Integration

2.1. Direct and substitution integration. Some integrands after algebraic or
trigonometric transformations could be integrated just using the table of standard
integrals.

Example 1.

s +X—i-5M \/_)dx
According to the properties (4) and (3) this integral can be represented in such

a way:
1 1
2(‘)x5dx+3(‘)d—§—50(‘/;dx—60\/_ 20x5dx+3(‘)x'4dx-5(‘)x4dx—6(‘)x 7dx .
X

8



Then using formula (2) one can obtain:

5 6
6 -3 4 7 6 > S
2xX—+3xX——5xX——6XX—+C:X——i—4xx4 -7xx7” +C
6 -3 5 6 3 X8
4 7
Example 2.

(‘)(7x9 - 3cosX + 5ex)dx.

According to the properties (4) and (3) this integral can be represented in such
a way:

70x7dx -3jcosxdx + 5)e*dx.

Then using formulas (2), (6) and (4a) obtain:

XlO
7x— -3sinx + 5e* +C.
10

Example 3.
. dx
0sinZxcos?x
We can transform the integrand using fundamental trigonometric formulas:
1 _sin®x+cos’x _ 1 L1
sin?xcos?x  sin?xcos?x  cos?x  sin?x’
dx dx

therefore, | =(‘) 5 +(‘) —— =1 +1,. Integrals I, and I, should be found by
COS“X ~sin‘ X

formulas 9 and 10 of standard integrals table. So, I = tgx - ctgx + C.

In general, the integral 1 (x) = f (x)dx may not belong to the tabular type,
but it can be transformed using substitution: f (x)dx = f gx(u)g x¢(u)du =F(u)du,
and then it could be integrated by the table: 1(x) = (u)du=1,(u).

In particular, if u = ax + b, where a and b are constants, the following
holds are true:

0 f (ax+b)d(ax+b)=F(ax+b)+C (7)
or
a)f(ax+b)dx=F(ax+b)+C.
Therefore

) f (ax+b)dx=—F (ax+b)+C. ®)



Following example demonstrates the formula (8) usage:

a) (sinxdx =-cosx+C P (‘)sin(3x+1)dx=—%cos(3x+1)+C;

6) ge'dx=e*+C b (‘)e‘zxdx:—%e‘zuc.

Try following examples as well.

Example 4.
2 7
) —_dx
08 25+ 4x?
Let us use the formula (8) and formula (13) from Table 1:
N: 7 1

0 2X
— —-dx=—arctg—+C.
O 2, 100 95

Example 5.

/x
09\/5 3x E " sin (3x 1),2,0I

According to the properties (4) and (3) this integral can be represented in such
a way:

Y 2. 1%+ dx:7‘ o +2‘\/§—+4dx—
08 Boax V5 " sin (3x PN e
dx
sin?(3x-1)
Now let us use the formula (8) and formulas (2) and (10) from Table 1:

"3
lxzx\/5—3x + 2x5xgx ae§+42 +Ectg(3x—1)+C =
-3 3\&5 5 3

.3
___xw/5 3x +—x g§+42 +%ctg(3x—1)+C.
0

0

Example 6.

Let us return to integral OL (example 3).
sin? xcos® x

We can apply another method for this example. As you know,

sin2x = 2sin xcos X then 21 = 4 , SO,

sin® xcos®x  sin?2x

. dx
|—40Si 5

= (using formula (8)) = —ﬂctg 2x+C =-2ctg2x+C.
n“2x 2

10



To verify the results, we should make some transformation

-2ctg2x = -2

COS2X _

cos? X -sin®x _

COS X
- +

sin x

sin 2x

Hence, the results of examples (6) and (3) coincide.

2SIN XCOS X sin X

Individual Task 1

= tgx - Ctgx.
COS X

Variant 1
1L j(x+1)%dx 2. (‘)(x2 +2cosx+ex)dx 3 2 (Wx +1)? dx
073y
& 2 5 N 10 & e , 5%0
4.0 + —dX 508_'*'2\/_‘ ) - dX 6.0§(\/§+l) - —=dx
g 16_X2 COS Xﬂ X SIN™ Xg 3 g
7.0 5\/7+20tgx+—_dx 8.0$£+ ! gdx 9.0 5smx—§_dx
& 3x §x3 5+x%g g X g
10. jeos(5 - 2x)dx 1 et 12.jsin(t - 2)dx
3X -7 8
Variant 2

1.0(2x - 1)*dx 2.(‘)(x3+3005x+2")dx 3 , (Vx -3)? dx
Voox?
&5 3 0 X: 3 e* 0 X: 20
4.0 - =dx ~dx 6.() 4cosx+—_dx
gxz V5-Xx"g g Zz : Xg
3 0 ae & 0
7.9 3 12 2dx 8 _\/—+ 0.9 3 _tgxidx
g 9_X2 coS Xb COS Xﬂ g /4+X2 2ﬂ
\ _(3+2x)
10. gedx 11. 51 2dx 12 0003(4—§)dx
X_
Variant 3
- \ 3 2
1.0(2-3x)%dx 2.( (3% - 2c08 X + 4 dx 3_0(\&+5) "
4,0%_ 3 gdx g 1 _e_ng 6.O§2th—T dx
§X 16 - X2 g 13+x° 24 X0
g2 4 0 & 2 1 6 &2 3 1 90
7.¢ + =dx = -———-0x |9, -—-——.dx
0§«/4+x2 sin®x gf 2¢0s” X g §Vx X 2c0sXg
\ ~3X+2
10.96™ " dx 11.02;@ 12. gsin(= +1)dx
cos“(4x + 6) 6

11




Variant 4

1.0(L+3x)*dx 2. (3+ x3—2ctgx+3x)dx  (Wx +1)° dx
0 B3
4. d _dx 6.c—COSX — —~0dX
08y "6-x2; 37 3, 0g X2 g
1 6 592 3 9§ 2 0
70§i—4 - 5 de 8_ 2dx 9.0 2_4 _3 +dx
2C0S“ X g X c0os%Xg g 9 - x2 sin X
10.§(6x +11)°dx a1 4 o
Variant 5
" 2
L§(2+x) dx 2. 3B3x+ 2 _tgx+3e* Qax 3‘(3/;_2) dx
'08 & J 0 075
3 21 eX 0 &l 0
4.9%1- _dx A -2 .d 6.0c—SINX - —_-dX
0§ 5 U N 8 ¥
g 2 1 6 & 3 2 0 g 3 2 0
7.0c5=-3+——=—:0x |8 - dx 9. - +dx
0¢3rk 5sin X g 0¢%Vx  cosZxs Og,/ _x2 COSXj
10.f——————=dx 11.pcos(5 - —)dx \
0(3X—2)5 0 ( 7 ) 12075 dX

Variant 6
\ 3 3 2
YRy NCEEE 3,35 - Zsinx - >2ax
2.() 08
a4x . Xg
: 4 &1 0
4 ~ 4tgx - dx Ae3x% - — " 6. i ;0%
08 2\/_ g 50§3x \/F+Ct9><+3 ng 0g20x Cos* X g
& 5 2 1 eX 0 & 3 cosx 0
7.004%° - +dXx | g A —= C £0X
0§ " 25+ %5 8'0§ T gogﬂ [

dx 11.

0tg (7 -1)dx

) 1
12.)———
0 cos? (3-x)

12




Variant 7

1.0 (x +1)°dx

2. 083x - 2C0S X +%_dx
g

3
3. (‘J(\/;—-I-l)dx

3X

& X0
5.(‘)9(\°’/§ +1)° —%+dx
e

2

6. 085ctgx - i_dx

& 4 3

8(‘)@ Y - —dX

COS Xﬂ

x* g
9‘& 2__2> de
'0§1/9+X2 COSX

8X X
10. dx 11. cos(— - 2)dx 12.gctg (= + 9)dx
03x+5 0 (5 ) 0 g(3 )
Variant 8
2
1.0 (5 - 2x)"dx 2(‘)§2—x3+§+2"9dx 3.0—(2*/;;1) dx
X g 3X
44 + -dx |50 - 4e” Zdx 6.() 2sinx - ——ax
TN §16+x% g g 2% 5
Y 4 1 6 & 2 3 0 g4 1 0
g 20X | 8. oo - 5VX - -dx \ ;
083 X 2COS Xg 08@/; SiHZXﬂ gog 9—X2 +2(;03)(de
10.02; 11.(‘)sin(3—x—7)dx 12.) ! dx
cos“(3 +5x) 8 3-5x

Variant 9

\ 2 3 2

1 0(3‘ X)“dx 2. 083x 2cosx+§_dx 3.(‘)(\&5—_1)dx
Xg X

(3 0 & X0 &
4.0 l+i— 3 =dx 5(‘)(;, > 5 +e—+dX 6. 082 th+—_dX

g 4X 1/4_)( ﬂ e5+X i) ﬂ

& 2 1 6 g 5 7 0 g 5 7 0
T.0c7=" X~ +0x | g + sdx | 9.p + =dx

& Ux 7cos® X g Og 1+ x2 sinzxg Og 16 + x2 sinX
10.(‘)2;dx 11 ! dx 12.(‘)sin(5—5)dx

cos“(5 - 2x) 7x-3 9

13




Variant 10

Z-OEXZ +1—%tgx+5xgdx
g

2
3. (‘)(X\/j—:l)dx
X

B 1 3 0 g7 5e><o N: 10
4.9 - +dx 5.0 ~dx 6.0c X = 2C0SX - — = dX
g\& /6—xz §/7+x 3Izj 8 2X° g
21 7 0 g 2 1 6 g 2 1 6
7.00— - ~dx 8. -————.dx ]9 -4 - ~dx
083X cos’ X g ng 2sin® X g 08 Xv/X 2sinX g

v 3X+2
10.e” % 1. 512 dx 12.(cos(7 - 2)x
- 2X
Variant 11
1.0(2 - 3x)%dx 2.(‘)(3x—7x3 —Zsinx+ex)dx 3 0(3’/;—3)2 dx
V20
3 g 2 e 0 22
4.0 -dx 5. ¢ + - -dx 6. ——cosx—— dx
ngﬁ Jo+x2 5 0g49+x2 3, E 5X g
1 4 9 g 2 0 4 9
70824 = 4 20X | 8.Ar=— - 4X - Ctgx ~dx 9. & ox +——— ~adx
08 2X  cos’ X g 0¢3x : 7 08 2\/_ COS X j
\ A4dX+T
1003 "dx 11.0%& 12.(‘)sin(?+4)dx
cos (4 - 6x
Variant 12
\ 3 N 2
Lo~ 2x)%dx 2.0§5x+%—20tgx+3xgdx 3.0—(3\&_1) dx
X g 2X
N: 3 21 2eX 0 ae
4.0c6 - _dx ) _ sinx - _dx
08 36+ x2 g 5'0§ /9+x2 3 ‘d 8
2 1 6 g 1 1 ¢ a1 1 6
7.0 + -dx |8. —;dx 9.0c—+ ~dx
0632 x  acosx; 084f 2sin’x g 0§2x ™ 2sinx;
10. 4 (4x +1)%dx . 1 x

14




Variant 13

3 P . 3 +13
4
& 5 0 g 1 eX 0 1 30
4.0p4x°% - ————=:dx | 5.0 +—— = dx 6.0 7——smx+—_dx
Og V25+x% g aex 2, 8 X0
2 5 1. & 2 X 4 9 N
7.0 —= — —tgx .- dx 8.0 p——=— X+ ~dx 9.0c9-x+ _dx
ng X 2 J 7 082\& 5¢0s° X g 0g 5COS X g
1 3X Q+8
10. 11.4cos(2 - —)dx 7
Variant 14
\ 3 5 3
1.o(x-1)%dx 2.an4x3—cosx+i2dx 3,(‘)—(&+3) dx
& 2Xﬂ 2X
g 1 5 90 N 20
4. +2x - “0X [ 5.70(2 1 __; 6.0 ¢ 2 — 3ctgx - — =dx
082x\/§ sin®x g Og( Ix-1? é 0g X g
g3 3 0 ae S) ) &3 3 0
7.0 - - dx —5 —dX 9. - - dx
0§ 9-x2 COS°Xj 056 2545 Og 9+x2 COSXj
. 1 .., 2X . 1
Variant 15
3 3
(2x-3) d 2.0 £y _3x® —Ecosx+§_dx _O(\/;—er)dx
X g X g 3x?
5 \ 2
4ani_x+ 60y 5.0((v/x +1)2 + 6e* ) dx 6. x+5tgx-3_dx
8 COS“ X g 8 X° g
7,082 L Ox epft - ux 0] 1 04
§9-x2 2cos?xg §5x2 3+x%g g 9 _Xz Zcosx
1 2X
10. dx 11. acos(— + 2)dx 12.pct —+9 dx
04X+5 0 (5 ) pctg( 5 )

15




Variant 16

1.0 X(2 - 3x)%dx 23833 24 &4 0x 0y L 3-2J%)? |
08 X g >0 2X X
& 4 x 0 £ 8 g 6 N:
4. - 4e” dx oo - 6.0c X - 2SINX+ —— _dx
R R R A S Og it
g 3 1 ¢ g 2 4§
7.0 + sdx 85— - 7 x + %ax  9.0%2-7xx + _dx
064 -%2 " 3c0s? x5 0¢3x sin®x g 08 sin xg
1 . 4AX X
10. ¢ dx 11. sin(— - 3)dx 12.qtg(— + 2)dx
0 3x+5 osin( 7 ) 019 3 )
Variant 17
2 2
1,‘(1')() dx 2.0 £34x - cosx+Z_dx 3.(‘)(\/;—_1)dx
2X 8 Xg 2X
& 2 9 21 3 0 X
4 -X- -ax 5. Ac— — =dx 6. l—2tgx+—_dx
03 /x Ccos® X g 0g4x o 2; 0 2JX 5
3 (3 X0 & 0
X AL TV PP S LIS 11 0. p e+~ 20l
§ 2+x2 2sin® X 4+x- 2y g 2 _ y2 Zsmxﬂ
10.0+dx 11.(‘)sin(8—x—4)dx 12.() L dx
cos“(3-7x) 3 1-3x
Variant 18
3 “ 2 2
102 gy 2,383~ ax? - 2tgx+ 5+ Doy g Vx-172
5X 082 5 g 4x2
g7 eX 0 B X 80
4.9 -dx 5.0 +——=dx 6.0¢o ~ 2C0SX - — - dX
g[ /6+X ﬂ g /7_X2 3ﬂ 8 X g
& 2 3 2 0 N 9 N 9 ¢
7. -———.dx | 8.0c— d 9.0c7 - X—-——=-dx
08\/7 sin?x g 083x "~ cosZx5 0g COS X g
1 1 . 2X
10.)————dx 11. dx 12.psin(4 - —)dx
00032(2—5x) 037x -3 osin( 5)

16




Variant 19

( 2 . ] 53
1'.(3_)() dx 2. x+4x3—%sinx+exjdx 3 de
) )7y
(5 5 ] 4X .
4. —=-— dx O | 6. ——cosx—— dx
T\ X8 25+x2) 5[] @¥x-1) 3de ) 5%
7 s 3 dx |8 (= +2\/§—4tngdx o s 3 dx
T Jo—x? cos®x T\ 2x/x Joix2 cosx
T P — Y — 12 [sin(4 - %)
* sin“ (7 —3x) “(7x-3) ’ 12
Variant 20
1. [@-2x)%dxa 1
-[( ) z.j axd -2 +7ctgx+3X]dx j(\/— ) dx
A X2
2 e* 3 ( 1. 4)
=z 6.|| 8—=sinx+— |dX
4. 7t 2jdx 5. [| 4x | c .

3 1
7. 1| —=—=ctox |dx
-[x 2 gJ

1 1
9. —
I(Zx/xzﬂ 5cosxjdx

10. °2—
* cos“(5x+2)

11. |

3
X 1
——4Xx+ dx
2x 5¢0s> xj
1
(7x-3)

12. j sin(l—z—;)dx

Let us return to the mentioned above transformation (8) of an integrand using
new variable u = u(x):

f(x)dx=f|x(u)]x(

that leads to the tabular integral type:

In general case new variable u =

:J.gzﬁ(u)du:

u)du=g(u)du

u(x) should be chosen to simplify the

expression by substitution of this variable and its differential in the integral. So, if the
integrand contains factor u'(x) then u = u(x) will be a good substitution. A right

selection of new variable should transform the integral to the tabular form.
If substitution is successful, the integral I; could be solved easily. Then we
need to express the results in terms of original variable x.

17




Example 7.

u=1+Inx
[y g { } N—d“——w—g (L+Inx)’ +C.

x du ——dx 3/2 3

Example 8.
dx®+1
fude oty 2eie 1yl ( ) et L
+ 2 1'

:E-Z\/;+C:\/x +1+C.

Example 9.
jsin2xdx _ Ju=1+cos2x _1.-2sin2xdx _
1+c0s2x |du=-2sin2xdx 2Y 1+c0s2x

1+ cost
__J 1+cos2x __j_

=_—| \u\+C_—EIn(1+0032x) +C.

Example 10.
xdx —j xdx u=x? EJ‘ 2xdx _
x*+3 (x) L3 |du=2xdx| 2 (x2)2+3

1du

1
arct arct

Integral I(x j f(x)dx can be transformed to the tabular type using

such substitution as well:
1(x)=] f(x)dx = {x = 40(/)%} [ £(0)g'(0)dt = [ @)t = 1)) (@)
Here ¢ = y(x) is a function inverse to x = ¢(¢) and (x) = L[ w(x)].
We can verify the result by differentiation (¢/(¢) # 0):

!

([£(x)ax) =r(x) and ([r[o(: ]¢ dt) =(J.f[¢(t)]¢'(t)dt)t,-%:

= 1 (¢(0))p(2)- m = 1 (g(0)) (¢

- ¢,(t) = [(¢(0)) = f (x).

18


Nata
Машинописный текст


Example 11.

2
. xdx _{x:t2-1, e }:O(t ~1)x2tdt
t

dx = 2tdt

N

Example 12.
o _ix=t3 t=350_, 3t°dt _
v 32 Adx=3dt | 014

2§(t? -1)dt = 2(pt?dt - ot = 2¢
€

213
L
3 2

5
-+C=

(t2+1)-1

_3(‘)

3w/(x+1)3 -2Jx+1+C.

:30391— 21 gdt:3 0 zdt 2:3t—3arctgt+c =33/x - 3arctg¥x +C
8 t“+1g t“+1g
Individual Task 2
Variant 1
. 1 . sinx . Sin2x
05— dx 0o ——— dx O—dx
x(Inx + 2) (1+ cosx) 1- cos2x
3 X dx . arctg 22x dx 3 1 dx
V5 = x2 1+ 4x X(2Inx +1)
\ - 2 x/5 3
( Xsin x“dx 3 e dx OX( /3—x2) dx
l_ 2eX/5
Variant 2
. 1 . COSX 3/tax
——dXx ———dx » V9
0X«/|I’]X+5 0(7+smx) Ocoszxdx
\ 3
0X5 %2 + 4dx . arctgzx dx 0 21 dx
1+ X X(In“ x +4)
) 2 X . arcsin x
0 Xtgx“dx 3 e dx ) : dx
1-e* V1-Xx
Variant 3
A . COSX 5
3 Inx+3dx ) X dx Ow/.ctgx dx
X 2 -sinx sin®x
, X arctgx \ 1
dx ) dx —dx
03x2+2 07 %2 0x\/ln2x+4
\ 2 X -5
( Xctgx“dx . € dx . arcsin® x dx
04+e2x 0 \/1_7




Variant 4

. cos(Inx) dx 3 COSX 4« N J2 + ctgx dx
X V1-sin?x sin?x
2
3 S . Jarctg>x ix 0+ X
33 1 2 07+ 2 X(In“ x + 4)
) XCos x“dx . e . ~Jarcsin x
———dx g gy
4 - g V1- X2
Variant 5
Inx +1 . sinx q . SIin2x
) ——dx —— X
0~ & 0+ cosx)? 0 T+ cos2x
3
; X 0«4/arctg 2X 4 3 1 _dx
V5 + x* 1+4x> X(2Inx +1)
X
0 X°sin x’dx ) € dx (‘)x(\/3+x2)dx
1+ 2¢*
Variant 6
sin(inx) ) cos xsin® xdx ) dx
X Jtgx cos? x
L 3 \ dx In®x + 4
0X VX" +4dx \
O(1+ x?)arctg>x X dx
\ 2 2X 4
( Xctgx“dx ) e _dx Oarcsm X dx
16 +e™* vl - X2
Variant 7
. dx . C0S3X tg°x
——— X » 0 d
0x(2|nx+3)3 02+ 3sinax OSinx
3 . dx N
(‘)—X dx 0 2 0 x4 dx
3/2X4 +1 (1+ x*)arctgx X
) Xctgx“dx ge"(4+ 3e*)3dx \ dx

0 .
arcsin xy/1 - x?
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Variant 8

sinx

. (ctgx +1)? d

2 2 x | ———0X
0~ 0\/1+coszx sin? x
v 3 4
X°cos X" dx . ajarctgx \ 1
0 e 0oz e
1+ x X(In“ x + 4)
v L inLax , e . vJarcsin x
0" 0 X 0" 2
9-ef 1-x
Variant 9
In” x . COS 2X otox
) : \ d
X dx 0(7+3SIn 2X)2 Ocoszx X
2 6 dX
X , arctg°x \
)| ——=0X dx 0
0 J2 +2x3 1+ x? arcsin xv/1- x?
, xdx e . Xxdx
4+x 0 ax 5- X2
X V5 + 2¢” X
Variant 10
2 \ -7 tox
0(2+5In X) dx gcosxsin® xdx ) 2 dx
X COS“ X
§xsin(2x® +1)dx ) de §e” cose*dx
(1+ x*)arctgx
1 e* arcsin® x
0—cos(In x)dx " dx b LAY W
Variant 11
3 \ sin x 2
O(Zln >;+ 3) i QCosx5™ "dx \;:itr?zidx
§x°sin(2 - x*)dx , eareetox ’ Ninx+4
0 7y X 0 X
(1+x%) X
0 X tgx>dx . (4 + ctgx)? ’ . arccos® x ’
sinZx 0" 2 X
1-x
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Variant 12

5 . sin2x +
3 In®x dx ) dx O\/3c_tgx 7 dx
X 1+ 3c0s2x sz X
\ 3 4 arctgx 1
0 X tgx"dx , 3 dx T dx
0 0x\/l—lnzx
(‘)icos—dx Oex cose’dx 0 5T dx
2
XX V1-x2
Variant 13
5/In x ,  COs3X 219
\ —  _dx A d
0—, & U2 +sin3x? 0 Cos?x
\ X2 i \ \/m \ 7arcsinx i
0335 0 70X 0 2
X 1+ X 1-xX
3 Xdx e d ) Xdx
X
9_X4 0 [9+eX 25_X2
Variant 14
1 sin 2x \sin 2 costd
S = dx AT gsin2xe X
0x\3/lnx+2 O(8—cost)
2
0 X dx . arctg°x dx 0 1 > dx
V15 + x? 1+ x° x(Inx -1)
\ 2 X \ 2 3
(Xcosx“dx j e _dx 0X“V3-xdx
4-¢
Variant 15
. 1 . COSX 5o
—dx ———dx A d
0x\/ZInx+9 O(Z—Sinx)3 0 cos? x X
0 XV %% + ddx . Jarctg®x i In* X dx
0 1452 X
\ 2 . 5
( Xctgx“dx arcsin°x

., e
) ———— X
1+ 2%

0 V1-x2
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Variant 16

V2Inx -1 ,  COsdx 3tgx
A A —dx \
0 X x 0\/2+sin5x Ocoszxdx
. X Zarctgx . 1
—dX A dx ————dX
035x2+2 0y Ox\/9—ln2x
§xcos(3x - 2)dx ; e Oarccos“ X g
16+ N
Variant 17
. In®x d ) CoS6X . . {4 + 3ctgx i
U V1-sin?6x 0™ sinZx
5
) X dx . yarctg®x i (\Jz;dx
& +9 07 132 x(In° x +9)
0X4 COS X5dX (\) e dx O 1/arcsin3 X dx
> Nafesiit X
3+e* -2
Variant 18
0™ (1+2cos x)° V4 + cos4x
X . Yfarctgx 1 i
0———=0x 0 dx 0 >
J8 +5x3 1+ x2 X(2Inx +1)
3t X 3ctgx
0X°5 dx . € y \ dx
07 e 0sinZx
Variant 19
) cos(2+5Inx) o (cos’ xsin xdx . 5% i
X 0 CosZx
0Xe2X2+1dX \ dX . eX d
0 (1+ x?)arctg*x 0 cos2e” X
1 e* , arcsin x
g—sin(In x)dx N dx 0 dx
X 0 7 _ e2X 1,1_ X2




Variant 20

3 \ Sin x 2
1 0(2—3Inx) ix 2. (cosx6” "dx 3 \c_tgzxdx
X sin” x
\ 3 _ 4 arctgx
4. gxsin(5 - 3x")dx 5. 5 e —dx 6. 0\/7Inx+4dx
1+ x°) X
\ 2 6
7. QXtg(2+x7)dx 8. O(1+tgx) dx 0. Oarccos de
COS M- 2

8 3. Integration of Quadratic Form in Denominator

Let us consider four types of integrals:
L ax dx A>+edx_ | _ Ate
=0~ X’ 0\/— =0 X v = b

where X = ax® + bx + C.

Integrals I, and I, are simplified to standard integrals (13-16 from the table of
fundamental standard integrals) by completing the square. To complete the square,

2

we can simply add and subtract term —-:

4a
2
X=a&x2+bx+—0—a 2 +£‘b—zu
8 a @8 Zag a 4ag

Example 1.

| =3 dx R dx 3 dx

0T toxe11 OVxE 12x+36-36+11 J(x-6)2- 25
:In‘(x—6)+«/(x—6)2 5|4 C

For integrals I3, 14 firstly we should create the differential of X in numerator:

|, =X+ B _1u ax® +bx +c t;t 0'2(2ax2+b)+B—'§:dX:
X Tdu (2ax+b)dx|@, ax® +bx+c
:AO 2ax +b dx + B_Abo\ dx _
xX2+bx+c & 2ag ax’+bx+c
A (aX +bX+C) la, Abg, dx

" 2a ax® +bx +c¢ aEB_Zag 52 2 4
& b o _I_a?C b

& " 225 9a4a,2J
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The first integral type is Od_u (integrand is a fraction whose numerator is the
u

differential coefficient of the denominator), the second integral simplified to standard
2

integrals (13-14) depending on the sign of the expression c. b—2 Similarly, integral

a 4a
I, simplified to standard integrals (15-16).
Example 2.
1 12
o xd_ju=ad -y g(-12)0g
= 0 = I’ 7 = 0 =
Ve —12x+1 Tdu=(8x-12)dkf ° Jax —12x +1
1. 8x-12 3 . dx ~1.du 3 d(x-32)
=—90 dx + 0 =— +—9 .
8 Jax2_1ox+1 212 1 8 u 47 [(x_32) -2

X2 —3x+ -
4

Both integrals are simplified to the tabular form. The first term corresponds to
the formula (2a) and the second to (16) (substitution u = x - 3/2, @* = 2), given in the
table of Fundamental Standard Integrals.

Therefore,
W2
I:EXZ\/U+§In x-S+ *x-ES -2|+C=
8 4 2 \&" 23
W2
=£\/4x2—12x+1+§In x—§+ aex_§2 -2|+C.
4 4 2 \§" 25
Individual Task 3
Variant 1
1 0 dx ) 0 dx 3 0(2x—1)dx
x> -3x+5 Jx2 - 3x+5 VX% -3x+5
. (3x+2)dx \ dx ,dx
4, fA———2 5. f\— 6. \————
0X2—3X+5 0*’1+6X—X2 03X2—X+5
. 0(3x+2)dx 8. § (7x - 2)dx 9. § xdx
3x% -3x+5 J2x2 = 3x +5 VX% +4x-5
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Variant 2

. dx . dx . (2x+7)dx
0 ax+1 0~/x2+3x+1 0\/x2+3x+1
. (5x +2)dx . dx . ox
X2 +3x+1 0«/1+4x—x2 0o+ x+1
. (x+ 2)dx , (x-2)dx , (x+3)dx
3x% +3x+1 0\/2x2+3x+1 0\/x2+12x+11
Variant 3
. dx . dx . (2x+5)dx
0 v ax+1 O\/x2+4x+1 0\/x2+4x+1
. (5x + 2)dx . dx . dx
X2 +4x +1 0«/l+4X—X2 02X2+X+1
. (x+2)dx . (x+2)dx , (x-3)dx
2X° +4x +1 O\/2x2+4x+1 0\/x2+6x+ll
Variant 4
. dx . dx . (2x+1)dx
0 vex+1 0«/x2+6x+1 0\/x2+6x+1
, (x+2)dx . dx . dx
X2 +6x+1 0«/l+4x—x2 0 x+1
. (x+1)dx . (x+2)dx . (x-3)dx
2x% +3x+1 O«/2x2+3x+1 0\/x2+8x+1
Variant 5
. dx . dx . (2x+D)dx
0 v ex+1 0«/x2+8x+1 0\/x2+8x+1
. Xdx . dx . dx
0x2+8x+1 0~/2+4X—X2 02X2+2X+l
. (x+9)dx . (x+2)dx , (x+3)dx
2X% +2x+1 0«/5x2+3x—1 Ox/x2+2x—1
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Variant 6

,Ox \ dx . (2x+1)dx
D raxes RN 0 s axes
. Xxdx . dx . dx
0% ax+s a2 0ix+2
. (x-1)dx . (x+2)dx . (x+3)dx
UoxZex+2 0 3x2 + X -2 0 32+ X -2
Variant 7
. dx . dx . (2x-=-D)dx
03 axce Ve +ax-o N
. Xax . dx . dx
e ax-o NP~ 0oxZsx-1
, (x=D)dx (x +1)dx . (3x+4)dx
0oy ex -1 X2 +7X -2 X2 +7x-2
Variant 8
, dx . dx . (2x -1)dx
0 "2x-5 0 X2 -2x-5 X2 -2x-5
. xdx \ dx . dx
03 2x5 Y rax—x? 058 ~5x-1
. (x=-1)dx . (x+1)dx . (3x+2)dx
092 Z5x -1 X2 +3x+4 X2 +3x+4
Variant 9
. dx . dx . (2x=D)dx
0 Zox1 Om Om
. Xxdx . dx . dx
0 2x-1 NP 0o —x-1
. (x=Ddx . (x+1dx . (3x+2)dx
20 -x-1 T aes o xes
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Variant 10

. dx . dx . (2x-=-1)dx
5 -2x-4 N 7@ —2x-a
. Xxdx . dx . dx
02 Zox-4 Om 00 Zox+7
. (x=-Ddx . (x+1)dx . (3x+2)dx
0% Zox+7 Om Om
Variant 11
. dx . dx . (4x-1)dx
- 2x-3 e =2x-3 0T 2x-3
. Xadx . dx . dx
0 ox3 0 1-6x - x2 0o Tox+1
. (x-1)dx . (x+21)dx . (x-2)dx
0@ Zox+1 0 2x2 + X + 2 2X% + X +2
Variant 12
. dx . dx . (6x-Ddx
e 2x+s O\/x2—2x+5 0\/x2—2x+5
. xdx . dx . dx
02 ox+s5 Om 03 —ox+1
. (x-=-1)dx . (x+21)dx . (x-2)dx
03 ox+1 0 AX% + X+ 2 y 4%+ X +2
Variant 13
. dx . dx . (6x-1dx
N ax+2 0\/x2—2x+12 0\/x2—2x+12
\ Xdx . dx . dx
02 T ox+12 Om 002 _x+4
. (x=-1dx . (x+1dx . (x=-2)dx
2x% - x +4 O\/9x2+x+2 0\/9x2+x+2
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Variant 14

\ dx . dx . (6x-1)dx

P vaxs2 0\/x2+2x+12 0\/x2+2x+12

\ xdx . dx . dx

0 ox+12 Om 0% Z3x -4

. (x-1dx . (x+Ddx . (x=2)dx

02x2 Zax=a 0\/9x2—x+2 0\/9x2—x+2
Variant 15

. dx . dx . (6x-1)dx

RPN O\/x2—2x+11 0\/x2—2x+ll

. Xax . dx . dx

0 Tox+11 Om 002 -x-4

. (Bx-1)dx . (bx+1)dx . (x-2)dx

2x% - x -4 O\/9x2—x+3 0\/9x2—x+3
Variant 16

. dx . dx . (6x-1dx

2 2x+10 0\/x2—2x+10 0\/x2—2x+10

. xdx . dx . dx

02 Zax+10 0 9+ 2% - x2 092 Z2x—3

. (3x-1dx . (5x+1)dx . (X-2)dx

02 —ax =3 O\/xz—x+8 0\/xz—x+8
Variant 17

. dx . dx . (2x-Ddx

k1 0\/x2—3x+1 0\/x2—3x+1

. (Bx+ 2)dx . dx . dx

X2 -3x+1 Om 03 —2x+5

. (3x+2)dx . (x=2)dx . xdx

Va2 “2x+s 0\/2x2—3x+5 0\/x2+6x—5
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Variant 18

. O , o O NG
0 x+1 0\/x2_x+1 0\/xz—x+l
. (x+2)dx . dx . dx
4, f—2L— 5. (—/—m—— 6. (—————
X2 - x+1 0«/5+x—x2 09 Z2x+5
. . (3x+2)dx g (x - 2)dx 9. Xdx
02x2—2x+5 0 X2 -3x+5 Ox/4x2+6x—5
Variant 19
. dx \ dx ,(2x -D)dx
L Ve, > 07 > 07
X° - 2X+3 X2 - 2X +3 X2 -2x+3
4 (x + 2)dx 5. 5 dx 6. § dx
X2 -2x+3 5_ x - x2 2x? - 4x+1
. 0(3X+2)dx 8. § (x - 2)dx 9. § xdx
2x% = 4x +1 4x% - 3% +5 JOXZ +6x-5
Variant 20
. dx . dx . (2x-1)dx
L 0 eria 20 > 07
X° - 6x+3 VX2 -6x+3 X2 - 6x +3
. (x+2)dx , dx v dx
4, N2 TESR 5 f— 6. j————
0% Z6x+3 O«/1+X_4X2 09x2 Z8x+5
. 0(32x+2)dx g 0 (x - 2)dx 0. 0 xadx
2X° -8x+5 \/16x2—3x+5 VOX? +6x+5

8 4. Integration of Some Trigonometric Functions

4.1. Let us consider integral of the type:
gsin™ xcos" xdx. (10)
a) If at least one of the parameters m or n is odd positive number then
integration is reduced to search a primitive of power function.
Indeed, if m=2k+ 1, k TN, then sin™x can be transformed into a
product of sin™™ xxsin x, where (m — 1 = 2Kk) is an even positive number. The first

factor (sin™*x) should be transformed into cos function, using sinx=1-cos’x. The
second one will be the part of the differential du while substitution u = cos x:
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2k+1

gsin xcos" xdx = (‘)sinz" xcos" xsinxdx =

k
= -((L- cos® x) cos' xd(cosx) ={u=cosx}= _(‘)(1_ UZ) u"du.

Now, open the brackets and we get the k+1 terms of standard forms.
Example 1.

0\3/sinxc055xdx=(‘)\3/sinxcos4xcosxdx:
2 2
=(‘)\3/sinx(1—sin2x) d(sinx)z{u=sinx}=(‘)uj/3(1—u2) du =
43 103 183

_ .3 7/3 4 .13/3 _u
=flu”’®-2u"° +u du = -2 + +
of ) 43 “10/3 16/3

= %%/sin“ X - %%/sinlo X +%\3/sin16 X +C.

b) If both powers m and n are even positive numbers (one of which may
be zero), the integral can be simplified using formulas

sina :%(l— cos2a),
cos’a = %(1+ cos2a), (11)

] 1.
sina cosa =Esm 2a.
Example 2.
| = §sin® xcos* xdx = (sin® xcos® xcos” xdx =
1.5 1 1, .5 1, .,
—Ozsm 2xx5(1+0032x)dx—§osm 2xdx+§osm 2Xc0s2x dX .

The first integral could be simplified using formulas (11) one more time.
The second one is the integral of the type a). So,

I :lxi(‘)(l—cos4x)dx+1xi(‘)sin22xd(sin2x):iaex—isin4x2+isin32x+c.
8 2 8 2 16§ 4 5 48

4.2. Now, let us consider integral of the type:

0tg"xxsec" xdx, (ctg™xxcosec"xdx. (12)

If the index n is an even positive number, then for any value of m we
could use the trigonometric relations:
1+tg°x =sec’, 1+ ctg® = cosec’, (13)
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dx
= sec? xdx or

u=ctgx, then du =

Let u=tgx or 5
COS“ X
—— = -cosec’xdx.
sin“ x
Example 3.
2
. sec’ x .SeC°X o _\1+tg x
0 dx = sec” xdx = ) d (tgx) ={u =tgx} =
Jtgx Jtox Jtgx
1+ U du 3/2 /2
= du = Fau¥2du=2Ju+S _+C=2igx + Z\tg°x + C.
0~ du=0 0 s g \/ g
4.3. Integrals of the product of sine and cosine functions in the 1st power.
gsinmxcosnxdx, (sinmxsinnxdx, jcosmxcosnxdx. (14)
Such products could be transformed into sum using formulas:
sina cosb =%gsin(a -b)+sin(a+b)jg,
sinasinb :%gcos(a—b)—cos(a+b)g, (15)

cosa cosb =%gcos(a -b)+cos(a+b)y.

Example 4.
§sin7xsin3xdx = %(‘)(cos4x - cos10x)dx = i@co%xd (4x) -

(le) = %sin 4x - %Sinle +C.

Individual Task 4

Variant 1
1. gsin®xcos® xdx 2. gsin®xcos* xdx 3. (sin®xcos® xdx
4. sin? xcos? xdx 4 4
0S cos” xd 5 \secg X dx 6. Oc_tgzx dx
tg3x sin® x

7. (‘)sin5xsin3xdx

8. (‘)c035xsin 3xdx

0. (‘)c035xcos 3xdx
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Variant 2

(‘)sin?’xcos2 X dx

2. (‘)sin4 X C0s° X dx

(‘)sin7xcos3xdx

2

\ a4 2
0Sin™ xcos” xdx 5. ow/tgédx \c_tg4xdx

COS“ X sin” x
(‘)sin6xsin3xdx 8. (‘)cos7xsin3xdx (‘)0055x0052xdx

Variant 3
(‘Jsin7xcos4xdx 2. (‘)sin6xc055xdx (‘)sin7xcosl3xdx
I =(‘)sin2xcos4xdx 5. § dx \ Clgx_

cos® x sin® x
(‘)sin?,xsin 2x dx 8. (‘)cos7xsin5xdx (‘)cosxcos7xdx

Variant 4
(‘)sin3xcosgxdx 2. (‘)sinexcos?’xdx (‘)sin3xcos3xdx
\ s 2 2
§sin® xcos” xdx 5. 4 dﬁ Ow/.ct?x i

COS X sin™ x
(‘)sin7xsin2xdx 8. (‘)0052xsin5xdx (‘)cosx0032xdx

Variant 5
gsin x cos® x dx 2. (‘)sin4xc053xdx (‘)sin5xcos3xdx
gsin” xdx £ s tgxdx 3 dx
. 0 COS4X ctgxsin4x
(‘Jsinxsin2xdx 8. (‘)cosxsin5xdx (‘Jcos4xc032xdx

Variant 6

(‘)sin7xcoszxdx

2. (‘)sin4 X C0s° X dx

(‘)sin15 X c0s° X dx

gcos* xdx . [tgxdx N dx
. COSZ X \/Cth Sin4 X
(‘Jsin8xsin 2x dx 8. (‘)c055xsin 2xdx (‘)cos4xc056xdx
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Variant 7

(‘)sin3xcos4xdx

(‘)sinzxcos7xdx

(‘)sin15xcosxdx

(‘)cos2 X dx

dx

Otgx cos” X

\

dx
Ow/ctgxsin2 X

(‘)sin2xsin2xdx

(‘)0035xsin 3xdx

(‘)cos 4xcos2xdx

Variant 8
(‘)sin5xcoszxdx (‘)sin4xcos3xdx (‘)sinllxcos3xdx
§sin’ xdx . tg2xdx - 3ctg?xdx
O COS2 X O Sin2 X
(‘)sin7xsin 2xdx (‘)0035xsin X dx (‘)cosx0032xdx

Variant 9

(‘)sin7xcoszxdx

(‘)sinexcos3xdx

(‘)singxcos3xdx

\ 4 -2
(Cos™ xsin“ xdx . 3ltg?xdx \3‘/ctgzxdx

0™ cos? x 0™ gin?
(‘)sinxsin2xdx (‘)cosxsin4xdx (‘)cos7x0032xdx

Variant 10
(‘)sin3xcos4xdx (‘)sin4xcos3xdx (‘)sinlgxcos3xdx
gcos® xsin® xdx . tgxdx 5lctg*xdx
COS4 X O Sin4 X
Asin3xsin xdx ACcoS 7Xxsin4xdx 1C0S8X COos2x dx
0 0

Variant 11

(‘)sin?’xcos2 X dx

(‘)sinzxcos5xdx

gsin X c0s° X dx

gsin® xdx . 5/tg*xdx  Jctgxdx
07 Cos? x 0™ 5in%x
(‘)sin3xsin3xdx (‘)0032xsin4xdx (‘)0053x0035xdx




Variant 12

(‘)sin4xcos3xdx

2. (‘)sin5 X cos? x dx

(‘)sin5xcos7xdx

\ i o4 4 4

sin” xdx . Sec” X . Ctg™X

0 5. 0 tox dx Osin4XdX
(‘Jsin5xsin13xdx 8. (‘)c035xsin2xdx Ocoscholexdx

Variant 13

(‘)sin3 xcos*? x dx

2. (‘)sin14 X C0s° X dx

(‘)sin7 xcos>t x dx

gsin® xdx N  JCIOX
Y cos? x Osintx
(sin16xsin3xdx 8. (cos7xsinxdx 0 C0S5x cos12xdx

Variant 14
(‘)sin3xcosl4xdx 2. (‘)sin6xcos3xdx (‘)sin3xcoslgxdx
\ 4
gcos* xdx 5. ¢ d>é . ¥lctgx ix
Cos™ X 0 sin x
(‘)sin3xsin12xdx 8. (‘)cosxsin5xdx (‘)cosxcos4xdx

Variant 15
(‘)sin5xcossxdx 2. (‘)sin6xc035xdx (‘)sin3xcoslgxdx
§sin® xcos® x dx . . tgxdx j dx
07 s? ¢ ctg*xsin x
(‘)sin 7xsin3xdx 8. (‘)c052xsin 6x dx Ocos?xcostdx

Variant 16
(‘)sin3xc038xdx 2. (‘)sin4xc055xdx (‘)sin5xcos7xdx
(‘)cos4 X dx 5. ) dx ; dx
tg2xcos* x ctg®xsin® x
(‘)sin xsin12xdx 8. (‘)c035xsin 5x dx (‘)cos4xc058xdx
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Variant 17

(‘)sin3xcos4xdx

(‘)sin4xcosxdx

gsin x cos™® x dx

gcos® xdx . +/tgxdx 3 dXx
0 COS4X «/CthSin4X
(‘)sin 4xsin 2xdx (‘)0053xsin 2xdx (‘)cos4x0032xdx
Variant 18
gsin® xcos® xdx §sin® xcos® xdx §sin™® xcos xdx
§cos® xsin® xdx ) dx ; dx
tgxcos” x Jetgxsin? x
(‘)sin 2xsinl2xdx (‘)0035xsin x dx (‘)cos4x0052xdx

Variant 19
(‘)sin5xc058xdx (‘)sin6xcos3xdx (‘)singxcosgxdx
§sin® xdx , tg2xdx 3ctg?xdx

0 cos™x 0™ Sin
(‘)sinxsin2xdx (‘)0055xsin4xdx (‘)cos7x0052xdx

Variant 20
(‘)sin3xcos4xdx (‘)sinsxcos?’xdx (‘)sinlgxcosgxdx
gcos* xdx 5ltg?xdx 3 ctg2xdx

07 Cos x sin* x
(‘)singxsiandx (‘)0055xsin4xdx Ocos7xcosxdx

8 5. Integration by Parts: Product of Two Functions

Let u = u(x) and v = v(X) are continuous and differentiable functions. Directly
from the product rule for differentiation (uv)¢ = utv+uvt follows: uvt = (uv)t — utv .
Now we integrate this equation:

C)uv@dx =uv - (‘)vu¢dx.

36



As we remember utdx = du, vtdx = dv. Hence the formula of integration by
parts is

gudv=uv-gvdu. (16)
Example 1.
i U= x du =dx i
(‘)x0032xdx=|L )l/
,rdv cos2xdx |v = 0c032xdx——sm 2x'5

= 5sin 2X — i(‘)sin 2xdx = isin 2X + 1cost +C.
2 2 2 4

In some cases the formula (8) should be used again several times.

Example 2.
-i- U= x2 du = 2xdx i

0 rdx = =
TdV—e'deV Oe Ydx = -e %

5 ‘| u=X du = dx i

2 -

=-xteT + 2 xe T dx = | v:(‘)e"cdx:-e_x%:_xex+

Fav = e " dx
+2(—xe +0ede)——xe +2( x—e'x)+C=—(x2+2x+2)e'x+C

Integration by Parts formula (16) could be helpful even for cases with no
simplification. For example:

Example 3.
] Nl LIEESLT
Tu=+x2+a2 |M ™75 5%
| =§vx2+adx=¢1 " VX T8 VXt +a® =
,:\ dv =dx v=gdx=x |

b

2. 2\ .2
(¢ +a2)-a
=xyX2 +a’ - dx=x\/x2+a2—(‘) dx = x4/x? +a? -
X +a2 VX% +a?

dx
=xy/x? +a% -pvVxZ +adx+a’ln
/7a 0

dx+a

X +x% +a?
\/x +a’
We can write | = xvx?+a% -1 +a®In|x++x?+a%| or
21 = xyx? +a% +a%In|x +vx% +a?
Hence
I = x2+a2dx=%gx\/x2+a2+a2Inx+ x2+a2ll+C. (17)
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Individual Task 5

Variant 1
. (X +2)sin2xdx 2. parcsin2xdx . 0Inxdx
. (2x - 5)e** dx 5. ) X2 dx . jcosxe**dx
COS“ X
. (2x* - 5)cos xdx 8. (xarctgxdx . (In? xdx
Variant 2
. 0(2 - x)sin3xdx 2. (arccos2xdx . 0 XInxdx

. 0(3x +5)e¥ dx

de

5. ¢
0sinZx

. gsin 3xe?*dx

. 0(x* = x)cos xdx

8. parctgxdx

- 0sin(In x)dx

Variant 3

. (3= 2x)sin xdx

2. 0 arccos3xdx

-0

dx
cos® x

. 0(Bx+1)e™*dx

5. gIn(2x +3) dx

. §sin xe Xdx

. 0(3x* - 1)cos2xdx

8. () xarctgxdx

. (cos(Inx)dx

Variant 4

. 0 Xsin(2x - 1)dx

2. 0 Xarccos x dx

. (‘)\/xz + 1dx

L0 (x+1)e**dx

5. ¢In(L - 2x) dx

. (‘)c035xe'xdx

. 0(x* +1)cos3xdx

8. parctg2xdx

. 0sin(In2x)dx

Variant 5

. (1= 2x)sin3xdx

2. (‘Jxarcsin X dx

-0

dx
cos® x

- 0(7x+1)e™ dx

5. (In(4 - 3x)dx

. jcos xe Xdx

. (5~ x*)cos xdx

8. (arcctg3xdx

: (‘)cos(lng)dx
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Variant 6

. 0(2 = x)sin2xdx

. (‘)arcsin 4xdx

3. (‘)len X dx

. 0(3x -5)e™ dx 3 X dx 6. (cos5xe*dx
cos® 3x
. (X° cos2xdx . parctgxdx 9. gIn®xdx
Variant 7
. 0 (x+3)sinxdx . parccos xdx 3. (‘)\/;In X dx
. ) (x+5)e™ dx =X dx 6. (sinxe > dx
sin?2x
: (‘)(4—x2)c032xdx . ( xarctgx dx 9. psin(In9x)dx
Variant 8
. (3~ 2x)cos x dx . ( xarccos 2x dx 3. ) d;<
COS™ 2X
. 0(x+De > dx . 0IN(2 - x) dx 6. gsin5xe”"*dx
. ) X° cos5xdx . parctg2xdx 9. gcos(In x*)dx
Variant 9
. ) Xcos(2x - 1) dx . parccos5xdx 3.9 x2 + 4dx

. 0 (x+De*dx . 0L~ 2x)In(L- 2x) dx 6. (sin3xe *dx
. 0(x* +Dsin3xdx . ( xarcctgx dx 9. §In/xdx
Variant 10

. (1= 2x)cos3xdx

. (‘)arcsin ﬁdx

3. (‘)Inx/2x +1dx

. 0(7 - x)e™* dx . 0% Inxdx 6. gcos4xe®*dx
. 05 - x*)sin xdx . parctg5xdx 9. gsin(In5x)dx
Variant 11

. 0(2+ x)cosxdx

\

. Oxarcsin X dx

3. (‘)\/;Inxdx

. 0(x-5)e™dx 3 X a4y 6. (cos xedx
cos” X
. 0(x - x*)cos2xdx . parctgxdx 9. gcos(In x *)dx
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Variant 12

. 0(8x + 7)sin2xdx 2. (arccos8xdx 3. jsin6xe™*dx
A5 = X)e” In x dx
. 0(5-x)e”*dx g ~INX 6. 2
072 0cos?x
. 0 -3x?)sin2xdx 8. ) x5*dx 9. gsin(Inx *)dx
Variant 13

. 0(3-2x)sinxdx

2. (‘)xarcsin 2xdx

3. (‘)§/§In X dx

. 0(Bx+1)e ™ dx

5. (‘)x“ln X dx

6. (cos xe™ dx

. (‘)(4—x2)cosxdx 8. (arctg5xdx 9.9 x2 +1dx
Variant 14
. 0 (x+4)cos(3x -1)dx 2. ()xarccos xdx 3.0 X2 + 4dx

. 0 (4x+1)e> dx 5. 9v1-2xIn(l-2x)dx | 6. jcos3xe *dx
: (‘)(x2 + 2x)sin3xdx 8. (arcctg4xdx 9. (‘)In§/§dx
Variant 15

. 01 - 2x)cos 7xdx 2. (‘)arccos\/;dx 3. 0Inv2x+1dx

. ((8-3x)e™* dx 5. 9X° Inxdx 6. (cos3xe > dx

: (‘)(x—4x2)sin x dx 8. () xarctgxdx 9. ¢sin(5Inx)dx
Variant 16

. 0(2 = x)sinxdx 2. (xarcsin xdx 3. (‘Jlnzxdx

. (2% - 4)e™> dx 5. b7 6. (sin3xe*dx

. 0 X° cos3xdx 8. parctg7xdx 9. gsin(Inx *)dx
Variant 17

. 03X+ 7)cos2xdx 2. (arccos7xdx 3. Oi”&ln x dx

. 0(5-x)5dx 5. (‘)In—xdx 6. sinxe **dx

Jx
. 3% sin 3xdx 8. gx“e*dx 9. gcos(In x *)dx
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Variant 18

1. 0(3+5x)sin7xdx 2. (jxarcsin3xdx 3. parcctg5xdx

4. §(3x+1)77" dx 5. 0(2x +3)Inxdx 6. gcosxe"*dx

7. )L+ 4x?)cos2xdx g +In xzdx 0. § x2 i
X C0s® X
Variant 19

1. (- 2x)cos2xdx 2. garcsin/x dx 3. In®xdx

4. 9(4+3x)6dx 5. 9X° Inxdx 6. (sin3x3”*dx

7. 9 (x +4x%)sin 3xdx 8. (xarctgx dx 9. gsin(In x)dx
Variant 20

1. 9(3x+2)sin xdx 2. parcsin5xdx 3 O'”_de

Jx
4. 9 (2x +1)e** dx 5. ) 13 dx 6. §cosx7°*dx
cos® x
7. 0(2x* - 1)cos3x dx g | = 0xarctgxdx 9. gIn®xdx

86. Integration of fractional rational functions

6.1. Factorization of Rational Function. Every polynomial of n degree, such
as Q,(x) =a, +ax+a,x*+..a,x" can be resolved into a product of factors, each of
which is linear.

Qn(x) =a,(x-a)(x-a,)..(x-a,), (18)
where a; are the real or complex roots of the equation Q,(x) = 0. Complex
roots occur in pairs and are conjugated a = 1 + mi, where 1 and m are real numbers

and i is imaginary unit (i% = -1, i =+/-1).
(x-a)(x-a) = gx - (1 + mggx - (1 - i) =g(x - 1) - migg(x- 1) iy -
=(x-1) +m2=x2-20x+12+m?=x% + px+q, (p=—2|, q=|2+m2).

Thus, the products of complex conjugate pairs in (1) are the 2nd degree
polynomials with real coefficients. If Q,(x) has m real roots and | pairs of complex

roots the expansion (1) takes the form
Qu(X) = a, (X - ay)..(x =@, )(X* + px+ap)...(x° + px + ). (19)
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If polynomial has some repeated roots it could be rewritten as

Qn(X) = a, (x = ay)"™..(x =&y ) (x° + ppx+ ). + P;X+ qj)sj : (20)

6.2. Partial Fraction Decomposition. Let us consider functions where
the numerator and denominator are polynomials. Such functions are called fractional
rational functions and have the following form:

R(x) = Pu(X) _ by +bix+1byx° +L+ by x" |
Q(x) ay+ax+ax?+L+ax"

A rational function is called proper if the degree of the numerator is less than
the degree of the denominator, and improper otherwise. Thus, if m < n then R(x) is a
proper fractional rational function; if n <m then R(X) is an improper fraction.

Any improper fraction can be expanded into a sum of a polynomial and a
proper fraction by simple division.

(21)

R(X) = Pm(X) Gk(x) ’
Qn (X) Qn (X)
where Hp_ , is a polynomial of n - m degree and G, (x)/Q,(x) is a proper
fraction.

= Hm—n(x)+

The proper fraction can be represented as a sum of partial proper

fractions.
There are three cases to consider:
Case 1: if a1, ay,...,a, are real and unequal roots of the denominator Q,(x) then
expansion into partial fractions takes on the following form:
A B G

+ +L+
X-a; X-a, X-a,

Case 2: if a is repeated root of Qn(x) then r-fold linear factor (x —a)r in the
denominator corresponds r partial fractions of the form
A + A +L+—Ar

x-a (x-a) (x-a)

Case 3: if x®+px+qghas complex roots then factor (x2 + px + q)S

corresponds:
I;/le+ N, N M,x+ N, L+ M x+ N :
X"+ px+(q (x2+px+q) (x2+px+q)
where A, B, G, A, A,, ..., My, Ny, ... are constants to be determined.
Example,
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X2 +2x% -6
X (X +1)(x2 +1)2

Now we need some method to determine constants A;, A,, ..., My, Ni.

#%#%+B+N%+M+Mﬂ+%_
x“ x® x+1  x“+1 (x2+1)

< |,3>

6.3. How to Determine Coefficients?
Suppose we have partial fraction decomposition:

Pn(X)_ A il MiX+ N
Q0 (x-a)* (@ + prea)’

There are several methods for determining the coefficients for each term of
(22) and we will go over each of those in the following examples. The most
straightforward method is to multiply through by the common denominator Q, (x)

We then obtain an equation of polynomials whose left-hand side (LHS) is simply
Py (x) and whose right-hand side (RHS) has coefficients which are linear expressions

of the constants A;, Ay, ..., M1, Ny, ...

Since two polynomials are equal if and only if their corresponding coefficients
are equal, we can equate the coefficients of like terms. In this way, a system of linear
equations is obtained which always has a unique solution. This solution can be found
using any of the standard methods of linear algebra.

Example 1.

+L (22)

5x° - 4x% +12x - 16
x* -16
Solution. This fraction is proper. So, the first step is to factor the
denominator as much as possible and get the form of the partial fraction
decomposition. Doing this gives:
5X° - 4x° +12x-16 _ 4 ,_ B Mx+N
(x—2)(x+2)(x2+4) X-2 X+2 x2+4
The next step is to add the right side back up and set numerators equal:

5x° - 432 +12x 16 A(x+2)(x +4)+B(x - 2)(x? +4) + (Mx+ N)(x? - 4)
X" -16 i x* -16 '

in partial fraction.

Decompose a rational fraction

(23)

Now open the brackets and collect all the like terms together.
5x° - 4x% +12x -16 = AX® + 4Ax + 2Ax* +8A + Bx’ + 4Bx - 2Bx* -8B +

+Mx> - 4Mx + Nx® - 4N
Then we will need to set the coefficients of like powers of x equal. This will
give a system of equations that can be solved.
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3 —
x2 9; Bzgl\f Ii ? 4 From the 1st and 3rd equations: 4 + B = 4,
xl . ___ ’ from the 2nd and 4th: 4 - B = -2.
x| 4A+4B-4M =12, Solving the system:
(0|BA-8B-4N=-16. | 4+p=4 y
y P A4=1B=3 so,
A-B=-2))
M=1,N=0.
3 _ 4.2 _
Therefore, 55 ~4¥°+12x-16 _ 1 3 X

(x—2)(x+2)(x2+4)_x-2 x+2 x2+4

Remark. It should be noticed that numerators of (23) must be equal for
any x that we would choose to use. If the denominator of the LHS of (22) has real
roots, it is convenient to substitute these values in the numerators. In such a way we
determine some (or all) unknown coefficients and simplify system solution.

In Example 1, we can substitute x = 2 and x = -2, in numerators of (23)
and get 324 = 32, 4 = land -32B = -96, B = 3. Then we should use the standard
method described above.

6.4. Integration of Partial Fractions.
Decomposition of proper rational fraction could consist of four types of fractions:

A : A k(k>l), 2AX'l‘B : Ax+ B k(k>l)
x-a  (x-a) X"+ px+q (x2+px+q)
The integral of the first two fractions are tabulated:
. A

Ox—a

dx = Aln|x-a|+C;

k (X_a)l—k

A -k
\ dx = Ap(x - d(x-a)=A
DA -a) d(c-a)= A2

+C.

The integration technique of function was described in Chapter 3.

X2+ px+q

+ . .
Integral | = Ax+B —dx, where q > p®/4 could be integrated in the same

X% + px+q)

way (create the differential of denominator in numerator and divide original fraction
into two partial fractions), then for the second fraction we should use the recurrence
formula:



dt 1

— t
I_0(t2+az)k ~a%(2-2)

dt U
k-1"

d

1 +(2k-3)

¢+ .

D> (D> (D> (D~

According to formula (24) power of the denominator is reduced by 1. After k-1
times of using (24) the integral is simplified to tabular form.

Example 1.
dx Japply the formula (24),i
| :0 =1 y:
(x2 +1)3 Twhere k =3, a=1 b
12 X dx ﬂ Japply the formula (24),i X
==7 + 3 =1 = ——————+
2 0 2~ | y 2
4g(x2+1) (x2+1) E Fwhere k =2, a=1 b 4(x2+1)
+§x£ﬁe 2X +0 SX L= ’ 2+§a§ > +arctgx9+C.
4 28x*+1 “x*+1f 4()2+1) 8éx“+1 g

Example 2.

=2 2x* -5x3 - x> +3x -11
0 (x2 - l)(x -3)

Solution. The integrand is an improper rational fraction (numerator is a

polynomial of 4th power, denominator has the 3rd power).

The first step is to divide numerator by denominator. The result of such
division is:

dx.

2x* -5x% - x* +3x -11 _ 4x% -2x-14
3 5 =2x+1+— 5 =.
X" -3x"-x+3 X" -3X°-x+3
At the second step we need to factorize the denominator:
2
—oy 41+ 4x° -2x-14

(x-1)(x+1)(x-3)
At the next step we should decompose proper fraction into simple fractions:
4x*-2x-14  _ 4 , B, D
(x-1)(x+1)(x-3) x-1 x+1 x-3
Then we need to find the coefficients A, B and D.
A(x+1)(x-3)+B(x-1)(x-3)+D(x-1)(x+1) = 4x* - 2x - 14.
The denominator of the original fraction has real roots x; = 1, x, = -1, x3 = 3.
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So,

x =1 gives us the equality: -44 = -12, A = 3;
x=-1:88=-8,B=-1;

x=3:8D=16, D=2

Therefore,

3 1 + 2 udx X +x+3|n| -1 -In[x+1+2Inx -3 +C=
x-1 x+1 x-3H

3 2
:x2+x+ln‘(x_1) (x-3) +C.
x+1

_ 6
|—0g2X+1+

Example 3.

X dx

-8

Solution. Fraction x/(x3 - 8) Is proper. Factorization of the denominator and

Find | :(‘)

partial fraction decomposition give us:
x X _ A 4 Bx+D

x3-8:(x—2)(x2+2x+4)_>(-2 X2 +2x+4

This gives:
A(x? +2x+4)+(Bx+D)(x-2) = x. (25)
If we substitute x = 2 we get 124 =2, 4 = 1/6.
To find B and D we need to compare coefficients of x* and x° in LHS and RHS
of (25). This gives a set of linear equations:

A+B=0 |
B B=-A=-1/6, D=2A=13.
4A-2D=0}
\ 6 - 6 + 3 \ \ -
Sol—e]/ ]/x]/ud—io x_&0—2x2 dx =
fx-2 2eoc+dl 6 6Yx%+2x+4
1(2 +2)-3
1 1, p\eXT4)- 1 . 2X+2 1, dx
= Linfx-2/- 152 dx = 2 Injx- 2|——02—dx+—0—2-
6 6Y x°+2x+4 +2x+4 2 (X+1) +3

1 1 X+1
=—In 2| - —I +2X+4/+ ——arct +C.
§IX-21= 15 + 2+ 4+ arog "
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Individual Task 6

Variant 1

L 2x* +2x3 - 41x% + 20dx

X(x +5)(x - 4)

(23 + 2x +1) dx
' O(XZ - X +1)(X2+1)

X3 HAXZ +4x+2
-0 2,02 X
(X+D)“(x“+x+1)

5 s (2x? - x +1)dx

. (X3 +6x% +15x + 2)dx . (¢ +1) dx X3+ 6x2+13x+9
TP oy (X+D)(x+2)°
Variant 2
. (3% +1)dx O3 + 4% +2x + 2) dx XS -6x2 +14x -4
— 2
V(X2 -1) ' (x+1)%(x* +1) U (x+2)(x-2)°
, (2 +6x? +13x + 8) dx . L 3x* +3x% - 5x% + 2) dx 6 X3+ x+1 .
' x(x +5)3 0 X(x -1)(x+2) ' 0(x2 - X +1)(x? +1)
Variant 3
L (4x* +2x% - x - 3)dx 5 O +6x% +10x +12) dx 3 ‘X3_6XZ+11X_1de
REECEEs T ey 22
(x® + x% +1)dx . (¢ -17)dx 2 HTXE+TXx -1
0 5, - 0 X
(X% = x +1)(x? +1) X2 - 4x+3 (x+2)*(x* + x +1)
Variant 4
(x* +1)dx 2.5 (x +4)dx L (2x+1)dx
' 0(x—1)3(x+3) (x® +6x% +11x + 6) U+ D(x-D(x+2)
(x +1) dx L OG + x+1)dx

O n(pE+g) U223 +1) (x* - 81)
Variant 5
. dXx - x2dx . (3x +1) dx
- T -9+ 2)
. (O +3x? +5x + 7)dx 5 @+ +Ex+Ddx |6 dx
' (X2 +2) ' (X3 +x) 0 (x? +2x +10)(x - 2)
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Variant 6

; (x? +1)dx ; (x° +1) dx (X+2)dx
(x 1)3(x +3) (x - 8x2 +16) (X +16x°)
. (¢ - 2x)dx 5 o X . xhdx
0™ (2 +1)? D —2xy? 0" ~16)
Variant 7
. (2x® +5)dx (2x +4x% + 2x - 1) dx 3 (x® +6x° +18x - 4) dx
0@ -x-2) 0"+ 2x+ 2)(x +1)2 (X=2)(x +2)°

. (¢ +6x2 +14x +10x) dx

. (2x* -5x% - 8x - 8)dx

(2x?% - x +1)dx

(x+1)(x+2)° X(xZ - 4) U+ x+2 +1)
Variant 8
(2x -1)dx (2x +6x% +9x + 6) dx L (G +6x% +14x + 4) dx
(x +X - 6) (x + 2% + 2)(x +1)? (x - 2)(x +2)*

. (¢ - 6x% +11x +10x) dx

(x+2)(x-2)°

(8 - 7x)dx
M= 9 x-2x+D)

(3x +4x% + 6x)dx
(x +2X +2)(x° +2)

Variant 9

. (x* - 5x* +5x + 23) dx

(x-D)(x+1)(x-5)

. (4x% +3x+4)dx
U+ +x+1)

(3 +6%x% +11x + 7) dx
(x +1)(x + 2)°

. (O +6%? +4x + 24) dx

(x-2)(x+2)°

. (3x? +25)dx
0 (X% +3x+2)

. (2% +11x® +16x +10)dx

(X% +2x +3)(x +2)?

Variant 10

(x> + 2x% +3) dx

, (3% +6x° +5x - 1) dx

. (2x3 +6x% +5x + 4) dx

(X D(x-2)(x-3) (X +)*(x* +2) (x-2)(x+1)°
C(2x3 +6%x% + 7x +1)dx . (-x° +25x3 +1)dx L (23 + 7x% + Tx +9)dx
(X -D)(x+1)° (x2 +5x) 0 x+ )2+ x+2)
Variant 11

(3x +2x2 +1)dx

(x+2)(x 2)(x-1)

5 (3 +9x% + 21x) dx

(x+3)°(x° +3)

3 (2x3 +6x% + 7x)dx

(x-2)(x+1)°

. (0 +6x2 +10x +10) dx

(x=1)(x+2)°

(X2 +9x% + 4)dx
(x% +3x)

6.0

. (2 +4x% +2x + 2)dx
(x* + X +1)(x* + x +2)
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Variant 12

. x2 dx
O+ D)(x+2)(x-1)

) (3 +6x% +8x +8)dx

(x+2)*(x° +4)

\

(2x3 + 6x% + 5x) dx

(x+2)(x+1)°

L (2x3 +6x% + 7x + 2)dx
' X(x +1)3

£ s (3x° -12x3 - 7)dx

(X% +2X)

\

(X? + x + 3)dx

(X% + X +1)(x* +1)

Variant 13

. (¢ -3x% -12)dx
0 -a)(x-3)(x-2)

2.

(3 +5x2 +12x + 4) dx
xR0+ 2)

3.0

\

(23 +6x% + 7x + 4) dx

(x +2)(x +1)3

(¢ - 6x% +13x - 8) dx
0 x(x - 2)°

£ (2x° -8x> + 3)dx

(x? - 2x)

( + x +1)dx

(X% + X +1)(x? +1)

Variant 14

. (x® - 3x? -12) dx
0 x-2)(x-3)

5 s (2x3 - 4x% -16x -12)dx

(X -1)*(x* +4x+5)

3 (2x3 + x +1) dx

(x+1)x*

(3 - 6x% +13x - 7)dx
' (x+1)(x - 2)*

5.0

. (x° +3x° -1)dx
(X* +x)

5 (2x3 +3x2 + 3x + 2)dx

(X% + x +1)(x? +1)

Variant 15

. (3% +9x% +10x + 2) dx
(x -1)(x +1)°

5 s (-3x3 +13x? -13x + 1) dx

(X = 2)%(x? - x+1)

L (4x3 + X% +2)dx
3 U x(x-D(x-2)

, (% - 6x? +14x + 6) dx
' (x+1)(x - 2)°

5.0

. (4x3 + 24%? + 20x - 28)dx

(X% +2x + 2)(x + 3)?

. (x° - x3 +1)dx

6. 0 %)

Variant 16

. (3x% - 2)dx . O3 +2x% +10x) dx O3+ x +2)dx
0Ty ) (- x+1) (x+2)x
. (¢ - 6x% +10x +10) dx . (X3 -3x% -12)dx . (33 + x + 46)dx

(x +1)(x - 2)®

0 x-2)(x-2)

0" 9)(x -1)?

Variant 17

C2xt 4 2x3 - 41%% + 204X

X(X+5)(x -4)

9, (x> +6x% +10x +12)dx
(x-2)(x+2)?

3. )

(3x +1)dx

(X+D(x-3)(x+2)

. (¢ + 6% +13x +8) dx
' x(x +5)°

5 s (2x? - x +1)dx
V=27 +1)

x*dx

0 16)

49




Variant 18

. (2x3 +5)dx 5 s (4x% +3x + 4) dx 3 (2x3 + 6x% + 7x) dx
0 x-2) 0 ex+n |V xm2)x+ 1)
" . (X - 6x% +11x +10x) dx 5 (-x° +25x° +1)dx 6 (X? + x + 3)dx
(x+2)(x - 2)° 0T sy 0 x+ ) (E +1)
Variant 19
14 (x3 - 3x2 -12) dx 2 0(—3x3+132x2 2—13x+1)dx 3.9 (3x +1)dx
(X - 2)(x-3)(x-2) (x=2)*(¢ - x+1) (X+1)(x - 3)(x +2)
4 (x* - 6x% +13x - 7) dx 5 (x® - 3x% -12)dx 6 (2x? - x +1)dx
O =2y xocae-2 | e e+
Variant 20
L X HAXE +4x+2 . (2% - x +1)dx . (x> +1)dx
Va2t rxad P Ve n | 00k —ex +16)
. (3 + X% +1)dx 5 . (3 +x* +5x+1)dx . (3x% +4x% + 6x)dx
0 X (2 +1) (0 +x) 0 i 2x+2)(xX2 +2)

8§ 7. Integrating Some Irrational and Transcendental Functions

In this section the designation R(u,v,...,W) indicates that only rational
algebraic operations, actions of addition, subtraction, multiplication, division, raising

to the integer power, are performed over the values u, v, ..., w. For example, a

function f(x)=(x +1)/a§1+«/(2x+1)39 should be classified as type R(x,\/2x+1),

g
and function f(x)= (eX +1)/(e2x + 4) - as type R(ex).

When integrating irrationality, if the integral is not tabular, the problem as a
rule is to rationalize the integrand using suitable substitution. In some cases, it
succeeds.

7.1. Integrals of the Type | —‘Raex n‘/aXergdx (26)

Here n is a natural number, a, b, ¢, d - real constants, such as ad * bc.
To rationalize the integrand, we should use the substitution:

ax+b D

cx+d

(27)
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We solve for dx to give

_ " n,[n—l _
ax+b=oxt” +1°d, x=2"t9 gy= (ad zbc)dt.
ct” -a (ct” —a)
The integral becomes
2h_ " 0 n-1 _
\pEb-t"d Ont (ad bc)dt_

I =R :
0 gct“ -a o (ct” _ a)2
The integrand becomes a rational function of argument t. Such integral in
general case is an integral of rational fraction and could be resolved using techniques
described in Chapter 6.

Example 1.
Coxde_x-1=t2, x=t2+1§_, (P +1)2tdt
AN _aU )T
01+\/x—1 'fdx=2tdt,t=m'>5/' 0 1+t
3 3 213 12 5
t+l g t+1g {3 2 ;

:%/(x—l)g’ —(x—l)+4\/m-4ln(1+\/x——l)+c_

Example 2.
ix+1 1
':'X—_tz’ X= L|j

X t° -1
| = 1 x+1d T I
x2 X Ty = — 22tdt = X 1I

T X
e :

.3
= - (t° -1)2t%= —Zc‘)tzdtz-gt3+cz_g elt X0, ¢
(t*-1) 3 3\§ x 3

Remark. In general case integral of the type:

\R&X T/ax+b dax+b Ki-jdx
0 g cx+d Vex+d'

= tk, where k - the least

could be reduced to rational form using substitution q
CX +

common multiple of m, n, ...
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Example 3.

. fx+1=t°, —tﬁ—w . 6t°dt
:I’ - =
Do 3o Fax = 6t°dt, t—ﬁ/x+1b BAEE
6 t3 dt \(t +1) 1 14 2t 2 6
=60—— = +]1-—<dt=6¢—-—+t-Int+1++C=
0 1 = 6() dt = GOgt -t+1 t+1zdt 633 , *t It ]Jg C

:2\/x+1—3§/x+1+6§/x+1—6In(1+\6/x+1)+c.

7.2. Integrals of the Type
I :(‘)R(x,\/bx2+cx+g)dx (b 10). (28)

The integrand has a quadratic form under the square root sign. Completing the
square in quadratic form reduces integral to one of the following types:

a)(‘)R(u,\/a2 - uz)du;
6)(‘) R(u,\/a2 + uz)du;
e)(‘) R(u,\/u2 - az)du.

Rationalization of integrand is possible using the next trigonometric
substitutions:
a) u=asint, du=acostdt;

(29)

adt
6) u=atgt, du=asec’tdt= ;
) u=atg — (30)
6) U =asect —i, du=asecttgtdt = atgtdt :
cost cost

Example 4.

(‘)\/3+2x—x2 dx = (/4 - ( x—l)2 dx ={x -1=2sint,

dx = 2costdt, t—arcsm—% 0\/4 4sin®t XZcostdt—4ocos tdt =

=2(‘)(1+c032t)dt:2§t+%sin2t++C:2t+23intx 1-sint+C =
o
—2arcsmx—1+(x 1),/1- gx_lg +C.
2 e 2 g
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Example 5.

1 U
Codx_px=Ev2tg, t—arctgg f I 2sec’tdt
(2+x%)" Tax =z sectat IIJ (2+2t9 t)
= 1+ g%t = sec?t, sect=—— U= 1 sec” ¢ :i(‘)costdtzlsinHC:
[ costg 2 sect 2 2
1.2
==sin arctg— +C
27§ J234

Remark. The next integral also belongs to the type described above.

\ dx
| = (31)
O(X— a)\/bx2 +CX+g

But in this case, substitution by inversion is more effective.

x—a:%. (32)

Example 6.
\ dx -1=Yt, dx=-dt/t* § _

Ix
O(x—l)Vx2—2x+2 %t=1/(x—l)
t++t% +1

=-In +C=-In +C.

1 1
+ +1
x-1 (x-2)°

Another useful change of variables is the Weierstrass substitution, named after
German mathematician Karl Weierstrass:

X
t=1tg—, 33
95 (33)

7.3. Tangent Half-angle Substitution.

This substitution enables any rational function of the regular trigonometric
functions to be integrated using the methods of partial fractions. The integral of the

type | = OR(sin X, Cosx)dx in the interval (-p, p) could be converted to the

integral of rational algebraic function of argument t. We will use the double-angle
formula to replace sinx, cosx, and the differential dx with rational functions of a

variable t.
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Sin X = 25iN~C0S = = 2tg~ C0S2 ~ = 2tgz(x/2): 2tQJ(ZX/Z) _ 2t2’
22 2 2 sec”(x/2) 1+tg”(x/2) 1+t

1-t _t?
COS X = CoS” ——sln 1—00325591 tQZXO 9 ( X/2 ):1 t
2 2 2§ X/2

2g 1+tg®(x/2) 1+t*’
_ _2dt
X = 2arctgt, dx = e

Therefore,

) 2t 1-t2 2dt
SINX =——, COSX = , X = ) 34
1+1t? X 1+1t2 1+1t2 (34)

This transforms a trigonometric integral into an algebraic integral, which may

2 2t 1-t%0 2dt
be easier to integrate: | = () R¢ H
0 81+1t2 1+t2g1+1t2

Example 7.
i X 2t i
t=tg—, SInx= ,
« F 02 1+
025sinx - cosx : 1-t? 2dt)|/
ACOSX = 5 dx = 5o
T 1+t 1+t P
2dt
d(t+2
:0 1+t _20 dt :20 ( ) _ I t+2 \/_
4t 1-t? t2 +4t-1 (t+2)* -5 \/5 t+2+\/_
1+t 1+t2

X
1 tg2+2—\/§

tg)2(+2+\/§

+C.

The integral of type | = (‘) R(sin2 X,COS2 X,tgx) dx could be transforms to
rational algebraic form using the next substitution:

t =1ogx. (35)
2
In this case  Sin® x = tg XCOS X = gZX __19 ); : (36)
sec”x l1+tg“x
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2 1 1
COS“ X = ——— = , X =arctgt.
sec”x 1l+tg°x

Therefore
2
: 1 dt
tgx =1t, sin’ x = t 5 cos® X = 2,dx: 5 (37)
1+t 1+t 1+t
The integral takes the following form:
2 0
I =0R9 t 5 1 St at 5 =) Ra(t)dt, where Ry(t) - is rational function of
(1412 1+t2 1412
argument t.
Example 8.
\_ O —‘I’—tgx sin® x t dx = at Y
0% sinZx ':* 1+t? 1+t g
dt
_ 1+t2 \ dt 1 t 1 &tg O
= arct +C =—arct +C.
0 Ve 2T e
1+t2
7.4. Integrals of the type | = OR(ex)dx.
Substitution
t=e* (38)
. . . _ _ R(t)
leads to the integration of rational algebraic function ——=.
dt \ dt
Indeed, t =€, x=Int, dx= L and | :OR(t)T.
Example 9.
3x < £3 2
\ede :it:e’ d_u Xﬂ:\zt dt =
et +1 tb/ t+1t tc+1
(t2+1) - L E
\ ae o
=n>+——7 +C= -
0 21 8 arctgt + C = e* arctg( ) C.
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Individual Task 7

Variant 1

. (2x+3)dx
'Osz-l-ﬂ2x+3

2. )V4- X% dx

dx

' 033in2 X — 4c0s? X

. (cos x —sinx)dx

. 26 + 7¢*

' 0(x+1)\/x2 +1

0 (1-sinx)(1+cosx)

dx
- / Y S. : —— dx
0(x+2) X2+ 2X + 2 (1+sinx)’ 0e2X+eX—2
Variant 2
_ OM 2. OXZ\/Q - x%dx . Sin? xdx
X/3X + 2 07+ cos?x
. (x=-Ddx Ccos xdx . 2% - 4e*

Ve e -3~

' 0(x—l)\/3+2x—x2

5.0

0(1—sinx+cosx)2

Variant 3
. (W1+x =31+ x)dx 2.9 dx 9 dx
' Nt x+d J9+ X2 2sin’® X +9¢os” x
. (x=Dadx 5 COs Xdx , 3™ +2e*-3 dx
0 oz —oy 1 '0(1—sinx+cosx)2 V(e -))
Variant 4
. xdx 5 dx . dx
0 Yax ' 0J4_X2 07+ 2c057 x
. (x -1)dx sin xdx ., e +2

Omx

Variant 5
. (‘)x\/Sx - 1dx 2. (‘)x2 16 - x%dx , 0 d
4 -3c0s® X +5sin’ x
cos xdx 5e?X - g

. dx

Ox\/?;x2 +x+1

5. §

(1+5sin X + cos x)?

0 dx
0 (e3x —3eX - 2)
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Variant 6

. dx
| 0(x—2)\/x2—4x+5

' 0(3+cosx+23in X)

\ 3x+4 dx X2 ; . dx
BTN -0 [ 2 X 01 sinZx
. dx ) sin xdx C2e?* —5eX 41 i
| 0(x+1)\/x2+2x+2 (1+5sinx)? ' 0(ez"—Ze"+l)
Variant 7
\ X_l \ X2 _1 . \—dX
'OBde 0—a dx 0+ cos?x
. dx . dx 562 + 2¢* .
| Ox\/4x2 +6x -1 ' 0(5- 3cos x) ' 0(e2X +2e* +10)
Variant 8
X+ 2 X4 \ dx
dx . )—=0x -0 2 )
XX -1 /(1—x2) 1+2co0s” x +3sin” X
. dx . (1+sinx)dx . 7e*-15 N
Ox\/?;x2 -1 (1-sinx)? ' 0(e2X - 2e* +5)
Variant 9
\ X dx X2 _ 4 . tgxdx
_0J2x—1+<‘/2x—1 | — dx " Vsin?x+2c0s’x -3
. (2x +3)dx . dx . 2 i
lox/6x—x2 _0(5+4sinx) '0(e3x+8)
Variant 10
. /3% +1 \ x2 -9 \ dx
. 04—dX . dx ' 03_ . 2
1+3/3x+1 x4 sin“ x
dx . eX

0 dx
(e*+1)(e" -3)
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Variant 11

S X+1 dx 2_0)(2 4 - x2dx 3 tgxdx
Jox+1 2sin? x +3cos® x -1
. (X+2)dx . dx X
. 0% 5. ) : 6. §——dx
x\/3 - X (8+7cosx - 4sinx) (e** -1)
Variant 12
. [x+1 . X g+ (L+1gx)dx
04/ dx 20 12 ax 2sin? x + 3cos? X
. (x=-1dx . dx . 1
0 : 2) > 0(3+cosx—23inx) %07 X
xv2x2 -1 (e +3e”)
Variant 13
1 1 . (2-ctgx)dx
\ dx A 3.
. 0(x+2)\/x+1 20 (25 + X2)3 dx 0Sin2X+4COSZX
. (x=-Ddx . dx .
: 5 ) ———— 6. 1= dx
Ox'/4x2+2x+1 0(2+3003x) 0(e"+5)
Variant 14
1 2 dx
1. j——=———0dx X 3. ¢
0(1+ Yx)x 20 (4+x2)° ax 0sin2x+50032x
. (x =Ddx . sinxdx e*
4. 5. S EEEE— 6. A———dx
0(x+2)\/x2+4x+8 0(2+smx) 0(e3x—8)
Variant 15
1 1 dx
1. ¢ dx 2. f———0dX 3.0
0\/2x+3+§/2x+3 0 /(2+x2)3 023in2x+coszx+3
. dx . sinxadx 6 - e d
)— — : X
0x\/4x2 -1 5. 0(5+ 3sinx) 0(e3X +e2 +2e* +2)
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Variant 16

. x d 2. ) X°V/16 - x*dx g A+ 2tgxyax
0 X 0 2
Jx +1 cos’ x+1
. (2x+5)dx 5 cos xdx 5 e* -5 ]
: : : . |————dX
Oxx/4x—x2 -1 0(1+8m><-00$><) 0(e2X + 25)
Variant 17
\ 1 dx 2tg°X - 11tgx - 22)dx
: dx 2. \— — , (2tg“x g
Ox/x+2+§/X+2 0«/(4+x2)3 30 4 - tgx
. (x=-2)dx . COSXxdx . 1
: 50— 6. \———dX
Y ocrnd Fax Y5+ 4cosx) e
Variant 18
3 Yx dx 2.} x*dx 3. 5 (4tgx - 5)dx
Vx -1 - JE- ) 1-sin?x +4cos? x
. (2x+1)dx ., COSXxdx . 1
)Y— 5 ) ————— 6. dx
OX f9y — 2 0(2+cosx) 0(e3X e")
Variant 19
J3x+1+1 ' OW 9sin? x + 4cos? X
. (4x+1)dx . dx e
4, 5. ;
0x\/x2 - 6x+1 0(3+ 3C0s X +5sin ) ° O(e2X - 3)(e** +2) dx
Variant 20
L oX /X2 - 1dx . (sin? x)dx
0y 7™ 0 030057 x 2
X cos“ X -4
. (3x+1)dx . COSXdx 1 dx
0x\/2x+x2 0(2+cosx) O(ex _2)

59




Questions for self-control

1. What change of variable should be made when integrating the expression
0XV3x® +1dx: a) t=x*; 6) t=v3x"+1; B) t=3x" 1) t=3x>+1 ? Take the
reduced integral.

2. What change of variable should be made when integrating the expression

. arctg2x
0+ a2
reduced integral.

3. What change of variable should be made when integrating the expression
. Sin2x
01-c052x
Take the reduced integral.

4. What change of variable should be made when integrating the expression

1
"% 1+1Inx
reduced integral.

5. What change of variable should be made when integrating the expression

er

1-2e*
reduced integral.

6. What change of variable should be made when integrating the expression
. C0s3Xx
"2 +sin3x

Take the reduced integral.

dx:a) t=arctg2x; 6)t=x%; B) t=4x> r) t=1/(1+4x?) ? Take the

dx:a)t=sin2x; ©) t=cos2x; B) t=1-c0s2x r)t=1/(1-cos2x)?

dx: a)t=Inx; 6)t=1+Inx; B)t=1/x r)t=+1+Inx ? Take the

dx:a) t=e?*; 6) t=-2e2*; B) t=1-2e* 1) t=1/(1-e?*) ? Take the

0

dx:a) t=sin3x; 0) t=cos3x; B) t=2+sin3x r) t=+2+sin3x ?

7. How should an integral of the form ((x -3)sin2xdx be integrated by parts?
Which of the integrand functions should be choosen as u , and which one as dv in
the formula gudv=uv - gvdu ?

8. How should an integral of the form (‘)gln(x -1)dx be integrated by parts? Which

of the integrand functions should be choosen as u, and which one as dv in the
formula gudv=uv-qyvdu ?

9. Integration by parts. Write down the basic formula. How should we integrate an
integral of the form §(x +1)arctg2xdx?

10. Integration by parts. Write down the basic formula. How should we integrate an
integral of the form je* sin2xdx?
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11. Integration by parts. Write down the basic formula. How should we integrate an
integral of the form §(2x +1)e*dx?
12. Integration by parts. Write down the basic formula. How should we integrate an

integral of the form §sin2xe*/°dx?

X3 + 2x

(x* -1
Choose the correct decomposition option:

2 XX+2x A , B, C . xXX+2x A , B ,Cx+D.
(x*-1) x-1 x+1 x?>+1’ (x*-1) x-1 x+1 x?+1'
x2+2x A LB xXX+2x A ,Cx+D

(x*-1) x-1 x+1° x*-1) x-1 x%2+1

2

13. How can we expand the fraction by the sum of the elementary fractions?

B)

14. How can we expand the fraction X X by the sum of the elementary fractions?

(x-1)°
2
Choose the correct decomposition option: a) XTr2x_ A + B + ¢ ;
(x-1)* x-1 x+1 x*+1
X2+2x A B Cx+D x2+2x A B C
0) + + + +

= ; B = ,
x-° x-1 (x-1* (x+1° x-1° x-1 (x-1)% (x+1)°
x2+2x _ A Bx+C Dx+E

= + + ?

(x-1° x-1 (x-1)% (x+1)°

r)

X2 + 2X
(X =1)%(x% + x +1)
elementary fractions? Choose the correct decomposition option:

15. How can we expand the fraction

by the sum of the

. X2 +2X _AL B X2 +2X _A, C |
=020 +x+D) x-1 (x-1° ° (x-DP0F+x+]) X-1 x+x+1
X2 + 2 A B C
B = + + ;
(x-D?(% +x+1) Xx-1 (x-1% x2+x+1
] X2 +2X _A B, C ,

(x—jl_)z(x2 +X+1) T x-1 x+1 X2 +x+1

X2 + 2
(X =1)(x% + x +1)?
elementary fractions? Choose the correct decomposition option:

16. How can we expand the fraction by the sum of the
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X% +2X A Bx+C X% + 2X A Dx + E
— + - 6 — +

a = : - :
(x-Dx®+x+D? x-1 (x*+x+1)? (x-D(x*+x+1)? x-1 x*+x+1
>+2x A , BxtC =~ Dx+E X% +2X A, Bx+C ,
(X-DOC+x+D? X-1 xP+x+1 (P +x+1? (x 1% (x? +x+l) x-1 x? +x+l
. X2 +2x
17. How can we expand the fraction > by the sum of the elementary
(x+1)(2x +5)
fractions? Choose the correct decomposition option:
. X* +2X _A ., B, c><+D6 X2 +2x _ A, B
(x+D)(@2x+5)* x+1 2x+5 (2x+5)?" 7 (x+1)(2x+5)> x+1 2x+5’
X+2x A B c x2+2x A Cx
B) 2~ + + 75 T) 2~ + 7 7
(x+D(2x+5)° x+1 2x+5 (2x+5) (x+D(2x+5)° x+1 (2x+5)
. X2 +2x
18. How can we expand the fraction by the sum of the elementary

(2x +1)%(x - 5)
fractions? Choose the correct decomposition option:

X +2x A, B, &+D x2+2x_A+B+D_
(2x+1) (2x-5) "%+l x-5 x+1?" 7 (2x+D*(2x-5) 2&x+1 x-5 (2x+1?
¥+2x A B X ¥+2x A B
B) 5 = +——+ 55 T) 5 = +—7
(2x+1D)°(2x-5) 2x+1 x-5 (2x+)) (2x+D)°(2x-5 2x+1 Xx-5
. X2 + 2X
19. How can we expand the fraction by the sum of the

(x+7)(x-3)(x-2)
elementary fractions? Choose the correct decomposition option:

X2 + 2 A B C X2 + 2
a) = = + + X 6)
(x+7)(x-3)(x-2) X+7 x-3 x-2 (x+7)(x-3)(x-2)
__ A, B  Cx+D X2 + 2 _ A, B
Xx-3 X+7 x°+1° (x+7)(x—3)(x—2) x-1 x+1°
2
D X° +2X A +Cx+D ?

(X+7)(x-3)(x-2) x-1 x>+7
20. How should the expressions of a kind jcos"xsin™ xdx be integrated, if n isan

even number, and mis an odd one?
21. How should the expressions of a kind jcos"xsin™ xdx, be integrated, if m is an

even number, and n is an odd one?
22. How should the expressions of a kind jcos"xsin™ xdx, be integrated, if n and

m is an odd one?
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23. What substitution should be done while integrating an expression of the form
0 R(sinx;cosx;tgx)dx ?

24. What substitution should be done while integrating an expression of the form
jR(sin? x;cos? x; tgx)dx

25. What substitution is used when integrating the expressions of the form
gR(sinx;cosx;tgx)dx: a) t =sinx; 6) t =tgx; B) t=C0OSX;T) t:tgg.

26. What substitution is used when integrating the expressions of the form
jR(sin? x;cos? x;tgx)dx: a) t=sinx; 6) t =tgx; B) t=CcOSX;T) t=tg§.

27. What change of variable should be made when integrating the expression
28. What change of variable should be made when integrating the expression
OR(x;§/a® - x*)dx: a) x=qcost; 6) x=gsint; B) X =qtgt ) x = gsect ?

29. What change of variable should be made when integrating the expression

JR(:Y/g? +x%)dx: a) x =qcost; 6) x=qsint; B) X =qtgt r) x = gsect ?
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