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The subject of economic modeling is mathematical models of
real economic objects. The object of study of modeling
economics as a discipline is economics and its divisions.

The purpose of the manual is to give the reader the
opportunity to look at economics through the eyes of a
researcher, learn to apply the methodology, techniques and
tools of economic and mathematical modeling in theoretical
research and use the acquired knowledge in practice.
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PREFACE

Successful mastering of the material presented in the manual
requires knowledge of a number of fundamental and professionally
oriented disciplines, the mastering of which is provided by the
educational-professional program of higher education in the field of
"Bachelor of Economics and Entrepreneurship”.

These include political economy, macro- and microeconomics,
finance, management, marketing, higher mathematics, probability
theory and mathematical statistics, computer science and computer
engineering,mathematical programming, econometrics, analysis,
modeling and risk management, operations research.
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1. MODELS OF CONSUMER BEHAVIOR

A good is a good or service that goes on sale and has a price of
R. and a quantity of X.. The set of prices and quantities of
goods is the scalar product of these vectors

PX = p.X; + pXy +... + P X,
and is called the price of the set X. The ratio of true value
divides the space of goods into classes that do not
intersect.Consider two classes worth 30 and 60 units for 2
products, if the price vector P(2, 3)

‘ T ntudp.com - 4



B(10}

A(15) M(30) x




Budget set

Let the individual have an income Q. Then the set of goods, at
prices P worth no more than Q, is called the budget set B.

The set of goods of value that is exactly equal to Q is called the
limit of this budget set.
That is,

B(P, Q) = {(Xy,--.x,)} =0, px; + px, +... + p X, < Q

G(P. Q) ={(x1,...xn =0, px; + p,x, +... + p.x, = Q
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Consumer benefits
If the consumer distinguishes between sets of goods X and Y,

considering one of them better than the other, the following
relations may occur:

Strong advantage X>Y

Weak advantage X > Y

Indifference X =Y
For each system of preferences, you can determine the utility
function of the species U (p, x) = F (p, X).The greater the value
of a function, the greater the advantage of one set of prices
and goods over another
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A typical picture for
two types of goods Kx
and Ky. The arrow is an
indicator of
equivalence, the
shaded field is the set
of advantages of Py
prices over Px




In the theory of consumption hypotheses are assumed and it is
considered that the utility function has such properties

1) %ﬂ] - with the growth of consumption of goods usefulness

Ox, Increases;
) i _, - asmall increase in the good in its initial absence
00K dramatically increases the usefulness;
0"
3) 2 <0" _ with the growth of consumption of goods, the rate

| of growth of utility decreases (decreases);
1) lim—=0- when there is a very large amount of good, its
i further growth does not lead to an increase in utility.
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The surface of indifference is called the hypersurface dimension (n - 1), on
which the utility is constant u(x) = c = const,

noul

ore have a next form duzggdxf =0

This condition means that the tangent to the surface of indifference is perpendicular to
the gradient of utility.

This means (from the consumer's point of view) the possibility of replacing one product
with a certain amount of another (equivalent) product.

Let dx; = Ofori=1, 2, ... n, then this formula has ou x: ou ,
—dx; +—dx, =0,

the form ox, CX,

whence dx, Oulox,

- dx, N Ou/0x, :
That is, the marginal rate of substitution of the first commodity for the second is equal to
the ratio of the marginal utility of the first and second commodities.

‘ T ntudp.com - 10



SLUTSKY EQUATION

x x

ox" (ox ) OX .
op, \op, / oM "

comp

It combines the problems of changing demand in the event of a change in
the price of the nth product, as well as changes in demand in the event of

a change in income M.
* - the optimal solution.
The equation is composed in vector form
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2. THE PROBLEM OF OPTIMAL (RATIONAL) CONSUMER CHOICE

mdx (X ) =1Max i X ).
x €B[1X ( ) px=M ( )

To find the extremum, we compose the Lagrange equation.

L(x, 1) = u(x) - A (px - M)

Necessary conditions of local extremum

"

Zp_,xj :M?

Jj=1

OL Ou - .
—_— X —A, .:O. l:].. I - o
ox 6}x.( )—Ap, =0, L

l
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Example

Suppose that the utility function has the form.

Ll A)= 20, — Alppo + pox, —400)
Prerequisites for local extremum

ol X oL —400 =0
ﬁ=1n£_ 0 a{—=1ﬂ%—@g=ﬂ a7 B+ e
¥ g 2 y .
100 ”"III: = A4
Solving the system of equations e
310 % —A
we obtain the function of consumer demand. PanfTy
. 00 B+ PaXa =40
X =—
Then ﬁ%

Fa
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Price increase PP,

A Consumption of other
coods O *

M + AM Trmitial badoset lines

Budget line for price
increase

A budget line that retains the previous
level of usefulness

TTtility function

Income affect | Substitution effect

' Change in demand
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Price reduction P

A Consumption of other
coods C *

] Imdtial budget liTn= (Bl)

Budget line for lower

M prices I ( BZ)

\» A budget line that maintains

M — AM the same lewvel of utility at a new
relative price Bc
. : -
X1 | Xc A X, B C X,
Substitution effect 1 Income effect ;

ntudp.com e» 15




3. MODELS OF BEHAVIOR OF PRODUCERS

PRODUCTION FUNCTION (PF)
PF is an economic and statistical model of the production process in this
economic system and expresses a stable regular quantitative relationship
between the volume of resources and output.
In the theory of production functions, the production process is analyzed
in terms of the transformation of resources into a product (products).
Inputs are flows of resources of various kinds, fully or partially used in
production, output - ready-to-sell products. Resources (factors),
technology and conditions of production organization functioning in the
system determine potential possibilities and state of the process (system).
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(X, X
y=min| =&, =5
al a2

Function with fixed proportions of factors (Leontief function).

Cobb-Douglas function a a
y=2a,X;" X,

X=AK*.L'™*, a,=a, o,=1-a.

Parameter A is mostly interpreted as a parameter of neutral technical progress: for the
same values of a; and _,, the output at point (K, L) will be greater the greater A.a, is the
coefficient of elasticity of output on fixed assets, and a, is the coefficient of elasticity of
output on labor. The coefficient of elasticity of the factor shows how many percent the
output will increase if the factor increases by 1%.

Linear function y — al Xl + a2 X2
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2 2
Allen function y — aO Xl X2 — al Xl — a2 X2

Function of constant elasticity of substitution of factors (CES function)

y=(a,x® +a,x)".

as

a a
Solow function y — (al Xl P+ a2 X24 )

As resources (factors of production) at the macro level are mostly considered
accumulated (materialized) labor in the form of production assets (capital) K and
current (living) labor L. And as a result - gross output X (or gross domestic
product Y, or national income N).

In all cases, the result is generally called the issue and denoted by X.
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The level line on the plane K, L, the isoquant, is called the set of those
points of the plane for which

F(K, L) = X, = const.

Isoclinals are the lines of the fastest growth of PF. Isoclines are orthogonal
to zero-growth lines, ie, orthogonal to isoquants.

04
K= |=L?+a, a=const,
o,

(00
a=K;——1 Lg,
.
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<L
aZ

Isoclinals

AN
<« Isoquantsi
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4. MODELS OF OPTIMAL (RATIONAL) CHOICE
OF THE MANUFACTURER

[1(x) = pF(x) - wx

gLl aF a1 ar
%, Fag, st R R
Jg Jg
I*
_.!t:la‘!iili :I_wljl:l ._.il=:l :H:l
I_i'.

Let's determine the maximum issue, if 150 money is allocated for rent
and wages. units, the cost of renting a unit of funds Wk =5 money
units, salary rate WL = 10 money units / people
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EXAMPLE

X=F(X,L)=3K3L% — A

, — = AW
K £ ar £
2 K"' L“' 1 K'l- Lt
3 X 3 I
AL S WKK‘+‘H}ZL'=15EI, 5K +10L=const,
2“-?5
oA
o250 dX S aFiaL /3 K

aL ¥ aFiak /3 L
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5. ADVERTISING CAMPAIGN MODEL

LY — [on®) + auONDKN, - MO,

N(o)=r R —
(7,20 e
) a,(7) |
o _a® W= 4D v a@— 4@
Toa@® 7 a,(t)
a=c(1-€P1)  P=pN® Jes(tyat S = s fan(ar
P:pN(I)(l—Jf—BE) S:SAD(l_E—Br)
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6. COBWEB MODELI

is @ matter of formalizing the economic law of supply and demand, according to which:- the quantity
of goods that can be sold on the market (ie demand) changes in the opposite direction to the change
in the price of goods;- the quantity of goods produced and delivered to the market (ie supply) varies in
the same direction as the price;- at the same time, the real market price is formed at a level at which
supply and demand are approximately equal to each other (approximately coincide with some given
accuracy), ie are in equilibrium.

Let X, the price of goods at a time t and D, and S, - the quantity of goods bought and offered,
respectively, on the market at the same time t. Then, taking into account one time interval required
for manufacturers-sellers to respond to the price X, we can mathematically formulate the following

patterns: S: =f(«X:'—1), D;= g (.X').
lim f(X_))=limg(X,); limX,=X |
£ —30 £ —30 t—0

where f(X) is some monotonically increasing and g(X) is a monotonically decreasing function of
the argument X, ie from the price, fﬂ is the equilibrium price
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>
X3 X; Price, X
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7. MODELS OF INTERACTION OF CONSUMERS AND MANUFACTURERS
7.1. Evans model

d = d(t) =@[p(?)], s = s(f) = ¥[p(?)]

O(p)=a-pp,a>0,5>0

(demand decreases with price increase)

(supply increases with price)

a
=@+ Bpra-al p0) =p,
0 < — L
P o= oy =0.

Jhd, .5

X

L= T
:53 -
]

T3
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7.2. Walras model

Ki(p)=pd+1i(p). F 5 €0,(2), i=1,...1,
wk@)={yk:pyx=g§§pyx}- yeeuw(p), k=1 .. m,
o . M Y 3 *
X(p)_{x' X€ X’ pXSK(p)} < El}’k +b2;2::1x2‘,

B(py={x": ux") = max 1 (O},

xeXip)

of M e
Y={}’I}’=§1}’k’ yre Xy, k=], ,m} \ F [Elyk +b}=p glxi-
m [
Zkayk £} ZpTi(bi - xz') — 0
k=1 i=1

m [ [_
My +> b= x, X, =®,(py), =1,
= = = Vi = LPk (ka)a k=1,..,m.

‘ Ps > Pex» Vi % 2 0.
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7.3. One-sector model of economic development (SOLO MODEL)

-1 <v <], %
0<p<l, L= L™, === -k + all-a)¥, K(0)= K,
e X=F(E L} I=gll-a)¥, C'=(1-g) (1-a)¥.
U<a<l.
I=pll-a)X
I  RF=FEIL ,_C'=(1-P)(1-ﬂ]li
1 ox

& s pll-a) k) A= v k(D) =k = 22
dt Ly
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Transition mode in the Solow model

& T+ all-a)flk), *{0)="x,

! "Jc _dk
—Lall-a)rte)- ]

)= Ak™ }E=[ap(1;a)ﬂ]ﬁ’ k°=[|:'(1‘ﬁ’}f1]1:,’

uft)= [(k")l- [1'“1“+k1'“ (k':'}l' ]l-ﬂ

)= [0} 4 o0 e o) s
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8. EQUATION OF PUBLIC DEBT DYNAMICS

M + B=P(G-T)+ RB, B = S mf)

a
- S o 5="_5
o M b=rb-S+(G-T) — Bl)
P - inﬁation, P(G - T) - the state budget deficit in nominal terms; G - budget

expenditures in real terms; T - real taxes that do not change the volume of output;

RB - the volume of public debt service at the rate of nominal interest R > 0.

S, =5-(G-T)=0,
b — ibz = l Roots of equation: 5,=1 b} ZSNZL
2 N -
S, =85-(G-T)>0,

b(t) =€ [€@ 7 [S(0) + (1) - G(D)]dr
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Government loans and accumulated debt
aB =—-rBadt, aV = alVaqdt,

B(t) = F exp [1] V(t)= Fexplar)
Vit)=[Fezplat) exp[-rt]=Fexp[-(-a) 1]

iz (")~ B )}= mas {F exp (")~ 1] exp (- 2”)

Fe)=i)- 5. 7oA

" -

{ . BV
— In
& Yy — &

4e
FlV)=max{V -5, 0}. B(#)

ntudp.com e» 31



9. LEONTIEV'S MODEL OF DIVERSIFIED ECONOMY

Denote by X; the volume of gross output of the j-th industry for the planned
period, and through Y; the volume of final products of the j-th industry, intended
for non-productive consumption (i =1, 2, ... n), x; - part of the products of the i-th

industry consumed in the j-th to ensure the release of its products in the
amount of X:. Values are called direct cost ratios.

oo s . . a 17 a
Values Qi =35 (G.j=12...n) are called direct cost ratios. e I
: 4= d; dz2 ... dzy
n1 An2 Tyn

These coefficients form a square matrix of direct cost coefficients.
The matrix  4=|a;| contains information about the structure of intersectoral
relations and the technology of production of this economic and production

sgtem .
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We obtain a system of equations of the form [ x,=x, v, +. +x,+ 1.

| Ay =X+ .+, + 15,
41}' :Tfl "‘,T}'I +..."‘.T‘,'H"‘}E'.
|‘*J:‘1*"J T Yyn + 1

In matrix form, the balance ratios can be written as

(E-A) X =Y,
where E Is a unit matrix.
The main task of the industry balance is to find the wind of gross output
X, which, at a given matrix of direct costs provides a given vector of the
final product Y. Therefore, If the matrix (E - A) Is not degenerate, we
have X=(E-A1Y.
The matrix S = (E - A)1is called the full cost matrix.

ntudp.com e» 33



Example

Branch. = Product consump tl,ﬂﬂ . Gross output
nergy Engineering

Energy 100 160 500
Engineering 275 40 400

Calculate the required volume TTE T

of gross output of each gl T J

industry, which provides the 0,55 0.

vector of output of final . 1(09 04) (18 08)

S=(EF—-—A4)  =— =
products /900 E-4) " =05l055 0s l 51 15
¥ = ,
100

{11 16)l100) (380)
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Solving the Leontief's problem by MatLab

>>>E=eye(3)
>>> A=[0,2, 0,4; 0,55, 0,4]
>>>Y=|200; 100]

AA ' =A"A=FE A-1=E/A

>>> X=F/(E-A)*Y
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Solving Leontief's problem by Excel
20

"MDETERM

Macus || 2] = macus |

NMoEepTac BMIHAYHMK MATPULI, AKA 36EPIracTuca B MacuBi.

Macms 4YMCIOBMIA MACKMB 3 PISHOK KiNbKICTIO PRAKIE | CTOBNUIB - 3iIanNasoH
KAITMHOK 360 KOHCTaHTa-Macme.

s - 2
S et AprymesnTyn dyHKLN ? | x|

=

O Bi i€l

Ma(u.l 2] = Macws

NMoeseptac o6epHEHY MaTPMLUIO 418 MaTpMLUi, SKa S6epiracrocs 8 Macusi.

Macme 4YUMCIOEMII MAacWE 3 PIBHOK KIZIBKICTIO PRAKIE | CTOBNUIB - 3ianasoH
KNITMHOK 260 KOHCTaHTa-Macuns.

SHaYeHHA: AprymenTtn dyHKLL i 21 xl

OB S i€l HEL MMULT

Macusl | 2] = macus
Macus2 | 2] = macus

Moseprac A0BYTOK MATPMUL, SKi 36EPIrawTecs ¥ ABOX MacMBax, - MacnBs i3 KiNbKICTO pRAKIB Nepworo
Macmey | KinbKicTiO cToBNWIS Apyroro macmsy.

21|
MUNIT
[ Bumip || 2| = swucno
SHaYeHHa:
O Bi, 3 wiei HELLT MosepTac MmaTpMUlo OAMHWLL 419 BEKasaHoro sMmipy.
Bumip sS8AS8c CO6010 UiNe YMOI0, SKE BKA3ye BMMIP 418 NOTPI6HOI maTpuui
oamHWL.
SHavYeHHs:
(a]-] a3 uie€l HKLLT I oK I Cxkacgysamm I
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10. COEFFICIENT OF UNEVEN DISTRIBUTION OF INCOME TAX

Let y be part of the total income tax, which is proportional to part x of the total
population. graph of the function y = f (x). which describes the actual distribution of
Income tax, called the Lorentz curve.

The coefficient of uneven distribution of the Lorentz curve tax (Gini coefficient) Is
the ratio of the area of the figure bounded by the Lorentz curve and the line y = X (in the

figure 1t 1s shaded) to the area of the figure below the y = x (ie to'the area of a right
triangle) 0=x=L0=y=Ly=x N I

: 1 1
The area of the triangle S un = = 11=—.

1
The area of the shaded figure I |
s obtained through a definite integral 51 = j (¥ = f(x))dx.

&




Therefore, by definition, the Gini coefficient is calculated I3
by the formula J =1

S04B

In real calculations, the graph is not built,

but Brown's formula is used G = 1_2(’“ — Xp )Y + Y1)

or Ginny's formula

C‘; Z;_‘l Zj;— yi! o yJ‘
2Ny

.y

where G Is the Gini coefficient, X, Is the cumulative share of the population (pre-
ranked by increasing incomes), Y, Is the share of income that X, receives in total,

yk is the share of household income in total income, and ¥ - the arithmetic
mean share of household income.
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Ginny coefficient (0 1), Ginny index (0 100 %o)
<025 J0.25-0.29 | 0.30-034 [0.35-0.39 | 0.40-0.44

10.45-0.49 ]0.50-0.54 J0.55-0.59 T 0.60 | N/A
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