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The purpose of the article is development and testing of a mathematical model of gas storage in a
layered aquifer with a low permeability interlayer for a case of plane-parallel and axial-symmetric filtration.

Methodology. One of the most common models of anisotropy of rocks is a model of a layered
seam, which is explained by geological conditions of sedimentation, which lead to stratification of
layers with different collecting properties. In the practice of underground gas storage, consideration
of such a model is of particular importance. This is due to possible significant difference in advancing
a boundary of gas-water contact through the interlayers with different filtration characteristics caused
by changes in a position of a gas zone. A comprehensive approach is applied, which includes collec-
tion, systematization and analysis of actual data on filtration and physical and mechanical properties
of host rocks that affect the formation of natural and technogenic deposits, as well as analytical and
numerical methods for solving equations of gas-water contact in different conditions.

Results. Gas-hydrodynamic model of underground gas storage in an inhomogeneous aquifer is
justified for calculation of its cyclic operation in a three-layer seam considering cross-flows through
a low permeability interlayer. The results can be used in evaluation calculations at a design stage of
gas storage facilities in aquifers.

Scientific novelty. A mathematical model of gas storage in a layered aquifer with a low perme-
ability interlayer for a case of plane-parallel and axial-symmetric filtration is developed and tested.
A new method of linearization of a system of differential equations for determining pressures in a
collecting seam is obtained in the article and it is a generalization of previously used methods, with
an introduction of "boundary schemes".

Practical significance. Calculation results indicate a significant influence of characteristics of a
layered porous medium on the advance of gas-water contact along individual layers. The results can
be used in the evaluation calculations at a design stage of gas storage facilities in aquifers.

Keywords: aquifer, gas storage, filtration, gas-water contact, inhomogeneity.

Introduction. The urgency of creating new underground gas storages in aquifers
of the southeastern part of Ukraine is justified in detail earlier in [1-5].This article is
focused on estimating gas-hydrodynamic performance of their operation in these con-
ditions. It should be noted that such an estimation, considering the real structure of
aquifers, should be carried out at an early stage of gas storage design, when a large
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amount of computational work related to a project justification is performed. In this
regard, the calculation methods used to calculate gas-hydrodynamic parameters of gas
storage facilities must meet certain requirements: consider the main features of an ob-
ject; have sufficient accuracy and simplicity in realization, be tested and be universal.

Methodology. Currently, most of the methods associated with calculation of parame-
ters of underground gas storage facilities are based on an assumption of homogeneity and
anisotropy of a collecting seam. This approach greatly simplifies the solution of problems
and allows accurate modelling of a process of multiphase filtration in a porous medium in
many cases [6-10]. However, the real structure of rocks is more consistent with a model of
inhomogeneous seam (environment, in which all components of a permeability tensor are
random or have a certain type of symmetry). In this case, one of the most common models
of anisotropy of rocks is a model of a layered seam, which is explained by geological con-
ditions of sedimentation, which lead to stratification of seams with different collecting prop-
erties. In the practice of underground gas storage, consideration of such a model is of par-
ticular importance, as due to changes in a position of a gas zone, the advance of a boundary
of gas-water contact through strata with different filtration characteristics may differ signif-
icantly. In turn, neglecting this unevenness along seam thickness leads to significant losses
of gas because of its leakage outside the storage boundaries, as well as to irrational use of
pore space and reduction of active gas volume. In this regard, the purpose of this article is
to develop and test a mathematical model of gas storage in a layered aquifer with low per-
meability interlayer for a case of plane-parallel and axial-symmetric filtration.

Results and discussion. Plane-parallel filtration. Consider a three-layer horizon-
tal seam consisting of two high permeability layers and one dense layer that separates
them (Fig. 1). Roof and floor of the seam are impermeable, the seam is limited, constant
pressure over time P, on a contour of its inflow (x = L) is given. Parameters of high
permeability layers are ki, n; myand kz, n, myare respectively, permeability, porosity and
thickness, and the parameters of anointer layer ko, no,mo are also considered given.

At the initial moment of time (t = 0), an ideal gas is pumped into a seam, which
is completely filled with water, through a mine gallery located on the line (x = 0). As-
sume that permeability of the upper layer is higher than permeability of the lower one
(k2 > ki), permeability of the interlayerky <« k;.Gas displacement is considered to be
piston-like, pressure in the entire gas area for any moment of time is constant and equal
to the gallery pressurePt). The filtration area is conditionally divided into several
zones. Zone D;;1 (0 < x <l;), zone Di; (I1 < x <I,) and zone Dis (I, <x <L), where i
indicates the interlayer number (i =0, 1, 2). Zones D; 1, D1, and D;,, D, 3are separated
from each other by movable separation boundaries B; and B,, which are considered
vertical within high permeability layers. The equation of separation boundaries in a
low permeability interlayer is written in a form:

Yo=my +y(x, ) 1)
Pressure in each of the zones D;,j is denoted by P; j(x,y,t) (i=1,]=2,3;i =2,
] = 3). The problem is to find pressure distribution P; j (x, y, t), as well as a law of

motion for the boundaries Bi, B, and Bo. The liquid is assumed to be incompressible,
and pressure in the water area satisfies the Laplace’s equation.
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Fig. 1. Model of a three-layer seam

Using the condition ko <« ki, a horizontal component of filtration rate in anointer
layer can be neglected according to the Myatiev-Girinsky scheme [11-15]. Applying
the averaging method by seam thickness and satisfying the conditions of flow continu-
ity on contact surfaces of layers with different permeability values, as well as using the
conditions of impermeability of the seam roof and floor, differential equations are ob-
tained to determine the average pressure P;; in respective zones D;;:

0P,

—85’2 ~22(P,~P(7))=0, )
8313 2 i+1
o& -4 (_1) (PlB - Pz,s):O’ 3
pre kB @
my(3ky (& 7)+komy
2 3K,k k, L2 -
mik; (3mgkok, +mykok, +mokok, ) ’
X, _Ii. _PI 1. _mi_—_|5_
SU T R, T e PR

where Pam IS atmospheric pressure; 7' is characteristic time of the process (period of
gas storage operation).
Boundary conditions are as follows:

P, oP
R.=Pa %:alyg;
© 08 0g
P2,3: F_)(T) for §=r2 (Z'), (6)
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P, =P(z) for £=r,(7);
F’lv2 = P1,3 =P, for £=1.

In addition, the following kinematic relations are true at the moving boundaries
ri1(7) and r, (7):

or(z)  adR,|(i=1j=2i=2j=3) KTP,
== o=, (7)
or oF | &=t (7) : opun, L

where u is water viscosity; o is gas saturation at the displacement front.
Additionally, the equation of material balance is used for solution control

P(z)o(nhr, +(nh, +nh)r, - noj:y(cf,r)dg) = LPT - V, +[G(z)dr), ©

atm™ "0

where V, is initial gas volume in a seam; G(z)is gas consumption in a seam.

Due to uncertainty of a boundary location in the interlayer y (&, 1), the equations
(2) — (8) cannot be solved analytically. An approach based on the introduction of
"boundary™ schemes [16-20] is used for a numerical solution of the problem. In ac-
cordance with the first "boundary™ scheme, it is assumed that the low permeability
interlayer in zone D, is completely filled with liquid, thus

y(§,7)=my, L<E<T,.

Otherwise (in the second "boundary" scheme) it is assumed that the interlayer in
zone Dy is filled with gas

y(&,7)=0,r<E<T,.

Real solution can be estimated from below and above, which allows determining
the boundaries within which the exact solution is located.

This approach is equivalent to linearization of the equations (2) — (8), and in this case,
the system (2) — (3) with boundary conditions (6) has an analytical solution. By substitut-
ing the determined solution for pressure into equation (7), a system of differential equa-
tions of motion for separation boundaries in high permeability layers is obtained:

o _ Ash(A(1-1,))(P(7)-P,)
or " sh(a(r,—r))F(r.r,)
o, _ (Acth(4, (r,.n)sh(A(1-1,))+ Ach(A(1-1,)))

(9)

or ° F(r,r,)
where F(r,1,)=fsh(A(1-r,))+ A(1- B)(1-r)ch(A(1-1,))+
+2y (1=1,)cth( Ay (r,—1))sh(A(1-1,));
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A=A +/12,ﬂ— ml+km ;

: 3k L2
AL = .
m, (3k,y, +k,m,)

sh, ch,cth are hyperbolic sine, cosine and cotangent, respectively.
System (9) is integrated numerically with the initial conditions
r(0)=r,(0)=0,V(0) =0. (10)
Coefficients Ay are calculated according to the accepted assumptions for two
"boundary" schemes:
N = I is the first "boundary" scheme
3k L°

) = = 112 ° ! 11
y(§ T) Y, =My 4, ml(3klm0+k0m1) ( )

N = Il is the second "boundary" scheme

3L°
y(‘fir) Y, =0; 4, _m_lg

The solution of equations (1) — (11) is carried out by numerical integration using
Mathcad software for the following geological conditions: m; = m = 30m; mp=10m;
ki=0,5-102m?% ko =2-102m?% ko=5-108%m% ni = n, =0,2; s =0,3; Px=5MPg;
L =10%*m; T=3,15-10" s. Based on the performed calculations, Fig. 2 indicates a depend-
ency of change of gas volume pumped into the seam and reduced to normal conditions on
time. Changes in pressure and location of displacement fronts for different points of time
are given for the two "boundary" schemes N =1 (ryy, 2y, P; (z)) and N =11 (roy ran Py
(7). As can be seen from the graphs, with a given ratio of permeabilities k,/k; = 4, there
is a significant difference between the | and Il "boundary™ schemes. Moreover, as calcu-
lations have shown, this difference also depends on the ratios of mo, m; and m, to some
extent. However, as an estimate, the use of "boundary" schemes may be justified.

It should also be noted that if the interlayer in the area D is filled with water (the
first "boundary™ scheme), location of fronts r; (z) and r, (z) differs by a factor of 2-3, this
indicates the need to consider layered seam heterogeneity and significant influence of this
factor on gas storage operation. It should be noted that the calculated time change in a gas
volume entering the seam is characteristic of cyclic operation of an aquifer gas storage.

Axial-symmetric filtration. Consider the solution of a problem of gas-water con-
tact motion in a layered seam, which has radial symmetry. Introduce the following
notation: L is radius of seam in flow contour; Ry(t) and R(t) are radii of a front of gas-
water contact in the first and second layers, respectively.

Continuity equation has a form

P\ &P,
1o(pohi), 9hi g (12)
ROR\ oR ) oz
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The meaning of indices i and j is the same as for a case of plane-parallel motion.
Using the averaging method and assumptions for a vertical character of filtration in a
low permeability interlayer, equation (12) can be written as follows

10( OP _ _
L2[e % ) 2 (y(r.) (R - P(r)) =0
10 aP (13)
i i+1 N
ror 6r3j_(_1) &Z(PLS_PZB)—O’
300
. 225 \ I
: \ |
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Fig. 2. Calculation results according to the I and Il boundary schemes for a case of a
linear collecting seam: a - ¢ are changes of gas volume in time, location of a

displacement front and a seam pressure, respectively

System (13) is written in dimensionless quantities

R t P, m,
r=—,7==,p,==+, h=—,
L' T’ P m,
R() y(r.7)

H(F) == y(ne) ==
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Boundary and kinematic conditions on a moving boundary are written as follows

P1,3:_P2,3:Pk’ r:]')’
R.=P(7).(r=n(r)); (14)
oP. OP _
P12 Pl,a’a—:_z_ 8;3,P23=P(T),(I”=7’2(T)),
dr-_ k-TaPi,j . P R R
niad_rl__ﬁﬁ’ 1=2,]=3;1=1,j=2) (15)

In order to close the system (12) — (15) write down an equation of material balance
Por(nr? ()b +r7 (z)(n,hy +nghy ) — 2n0j:2ry(r, 7)dr)=V, + I;q (r)dzr,  (16)

Q)T |, __ W,
mO L2 I:)atm e mO L2 Patm
and reduced to normal conditions; Wy is amount of gas in a seam at a moment of starting
pumping in or pumping out.

By linearizing the system (13) and by introducing two "boundary" schemes and
determining the expression for the coefficients 4; and 1, obtain a solution to the prob-

lem with respect to unknown functions P(), r(z) and r,(z), and also determine pres-

where q(7) = ;Q(7) is consumption of gas pumped into a seam

sure distribution in the area filled with water P,,(r,7),P,5(r,z) and P,4(r,7).

Consider another approach to solving this problem, based on linearization of the
initial system of equations not in the entire area D 2, but in subareas DJ into which

the initial area is divided (Fig. 3). The zone D, is divided by a finite number of zones
D'j , and a continuity equation can be written for each of them
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Fig. 3. Approximation scheme of unknown boundary in a low permeability interlayer
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By averaging equation (17) with respect to thickness, obtain the following:
1o P ,, - | |
Fa[ra_rjj_ﬂi (P(T)_Pj)ZO, (j=12 ...,n), (18)

where P, ispressure in area D, .
Boundary y (r, 7) in the area Dy, is approximated by a piecewise-constant line,
which allows determining coefficients A’ on each of the segments (rj'f1 <r< rj')

e BkKL (19)
' m,(3mhk +mk,)

0" '™

Boundary conditions are written as follows
[ P =P(7), whenr=r,=r,(z);

P=pP, = when 7 =17; (20)

P =P, whenr=r=r(r).

In order to determine the unknown function y (r, z) write down the law of motion
of a separation boundary By in the interlayer. Using the fact that a horizontal component
of filtration velocity is zero, the following is obtained

%z—iﬁhhj,(j:l,z,...,n) (21)
dt nouo oz

Note that a system of differential equations (21) must be solved together with the
system (15).

The suggested linearization method of the system (13) is a generalization of pre-
viously discussed approach based on introduction of "boundary" schemes, and both
"boundary" schemes can be obtained as separate cases.

General solution of equation (18) is written in a form

Pj (r,r) = |5(1)+0{jK0 (/Ijr)+ﬁj10 (ﬂjr), (j =1, 2, ,n) (22)
Using conditions (20), recurrent relations for determining the coefficients ¢; and

Bi(j=1,2,...,n)are obtained:
_ Bolo(Ah) .

%7K (o)
(Fj'_lKO(ﬂjrj)m.F. Kl(ﬂjrj))

it

A U (A1) KA )+ (AR (AT

B; (23)
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_ (Fj—l_ 'o(’ijri)ﬂj)

a; =
Ko (/11' rj)
where Fj1 =aj1Ko(411j)+ Bi-alo(4r);
=2, (aj_lKl (212) - Biah (AT, )) (24)

where ly, Ko, 11, K; are modified Bessel and Hankel functions of zero and first order [15-17].
Pressure distribution in areas D, and D; 3 has the following form

(1-c)@(45) F; (A7)

P (r,z)=P(z)+ S(r) (P(z)-R). (i=L 2, ...n r,<r<r) (25)
Ra(r.7)= (F;((i:’_r;k ) ((Fo (k)@ (A0 ) (1) =@ (A )y (Aot ) e + € F, (A ) D (A7) ),

(i=12r <r<y, (26)

where S (ro, r ) =F (ﬂ,nrn )d)(ﬂ,nrn )rnlnrn (1—(:) +cF, (lnrn )CD(/Inrn ) —CD'(/Inrn )Fn (inrn )rnlnr (27)

D (ar)= -Ww (4r): (28)

' (Ar) = ;{ }'(00((?) Kl(ﬂ,r)+ll(/1r)j. (29)

The system of differential equations (15) considering expressions (27) —(29) obtains the form

or, (1—c)q><ﬂnrn)Fa(ﬂoro>(ﬁ(f)_pk),

ot S(ry. 1) 30)
dr 1-c) _, , =
m :_S((ro,rz) Fr ()@ (Aak) = o (At )@ (At )-(P(7) = Py )-
Initial conditions in a case of an unlimited seam
ro(0) = ra(0) = re, (31)

where r¢ is well radius.

System (30) is integrated numerically in Mathcad software using the fourth-order Runge-
Kutta method. When determining h;, based on relation (21) and considering the assumption of
linear pressure distribution along the vertical in the interlayer, the following relation can be used

mZ un,o ﬂ _ (le B IS(T)) (32)
K,P,, dr ho

]

by integrating which in a time interval (z" <7<t + Ar), the expression for value of h;
at the end of integration step is obtained

h; (r*+Ar:\/hj (T*)+&P”2(Pj—l5(r*)} (33)

{nom,
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Calculation results of separation boundary mation in a layered seam with a well located in
the center for the above geological conditions are presented in Fig. 4. These graphs compare calcu-
lations according to the first “boundary" scheme (curves P, , Iy, I2y), as well as using piecewise-

constant approximation of separation boundary in the interlayer (curves P, , 'y, r'z). Comparison of

calculation results for a scheme with approximation of a boundary in the interlayer and according
to the second "boundary** scheme (y (r, 7) = 0) has the worst match, which allows considering the
first "boundary" scheme more reliable and recommend it for use in estimation calculations.
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Fig. 4. Calculation results according to the first boundary scheme and a scheme with
approximation of an unknown boundary
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Conclusions. The suggested gas-hydrodynamic model of underground gas stor-

age created in an inhomogeneous aquifer allows calculating its cyclic operation in a
three-layer seam considering cross-flows through a low permeability interlayer. A new
method of linearization of a system of differential equations for determining the pres-
sures in a collecting seam is obtained in this research, and it is a generalization of pre-
viously used methods with the introduction of "boundary schemes™. Calculation results
indicate a significant influence of characteristics of a layered porous medium on an
advance of gas-water contact along individual layers. The results can be used in esti-
mation calculations at a design stage of gas storage facilities in aquifers.
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AHOTAIIA
MeTtoro nanoi po6otu € po3poOka Ta ampoOarisi MAaTeMaTHYHOT MOJIE] CXOBHUIIA Ta3y B BOJOHOC-
HOMY HIapyBaTOMY IIIacTi 3 CIa0OMPOHUKHUM MPOIUIACTKOM JUIsl BUMAKY TUIOCKOIapaenbHoi 1 Bi-
CeCHUMETPUYHOT (LIbTpaLii.

MeTtopoJorisi. OaHi€l0 3 HAWNOMMPEHIINX MOJIENIEH aHI30TPOIIii TPCHKUX MOPIJT € MOAETH IIapy-
BAaTOTO ILJIACTA, IO MOSCHIOETHCS I€OJIOTIYHUMH YMOBAMH OCaI0yTBOPEHHSI, SIKi IPU3BOIATH 10 Ha-
[IapyBaHHS IUIACTIB 3 PI3HUMH KOJIEKTOPCHKUMH BJIACTHBOCTSAMH. Y TPAKTHIII Mi3eMHOT0 30epi-
raHHs ra3y pos3riisj Takoi MO Mae 0COOIMBE 3HAUCHHS, TaK SK BHACHIJOK 3MiHH ITOJIOKEHHS Ta-
30BOi 30HM MPOCYBAHHS MEXKi ra30-BOISIHOTO KOHTAKTY IO MPOILIACTKAM 3 PI3HUMH QUIBTpaliiHUMA
XapaKTepUCTUKAMU MOXKE 3HAUHUM YUHOM BIJIPI3HATHUCA. 3aCTOCOBAHO KOMIUIEKCHHMH MiJXiJ, L0
BKJTIOYa€ 30ip, CHCTEMaTH3allilo Ta aHami3 (GaKTHIHUX JaHUX Ipo (iabTpamiiini Ta Gi3uKo-MexaHivHi
BJIACTHBOCTI BMILI[YIOUHX TIOPi/I, 1110 BIUTMBAIOTH HA ()OPMYBaHHS IPUPOAHO-TEXHOT€HHHUX POIOBHIIL,
a TAaKOXX aHAIITUYHI Ta YMCENIbHI METOIU PIIICHHS PIBHSAHb IMPOCYBAaHHS T'a30BOISHOTO KOHTAKTy B
PI3HHUX YMOBax.

PesyabTaTn. OOrpyHTOBaHa ra30riipoJMHaMidHa MOJENb MiJJ3eMHOI0 ra30CXOBUIIIA B HEOJHOPIA-
HOMY BOJIOHOCHOMY TOPH3O0HTI, JUI pO3PaxyHKy HOT0 HUKIIYHOT pOOOTH B TPUIIAPOBOMY ILIACTI 3
ypaxyBaHHSM IIE€PETOKIB 4epe3 CIabONpOHUKHY nepeMuuky. OTpuMaHi pe3yjbTaTd MOXYTb OyTH
BUKOPHUCTaHI MpHU NMPOBEIEHHI OL[IHOYHUX PO3pPaxyHKIB Ha CTaJlli MPOEKTYBaHHS CXOBMII ra3y B BO-
JOHOCHMX IIACTax.

HaykoBa HoBu3Ha. B po6oTi po3pobiieHa Ta anpoOoBaHa MaTeMaTHYHA MOJEIb 3 CIA0ONMPOHUK-
HUM TIPOIIJIACTKOM JIJIs1 BUMAJIKY TUIOCKOTapaseIbHOT 1 BICECUMETPUYHOI (iIbTpalrii. 3anpornoHoBaHa
MO/IeJIb MiA3€MHOT'O CXOBHIIA a3y, CTBOPEHOTO B HEOAHOPITHOMY BOJIOHOCHOMY FOPH30HTI, 103BO-
JIsiEe pO3paxoByBaTH HOro MUKIIUHY pPOOOTY B TPUIIAPOBOMY IUIACTI 3 ypaxyBaHHIM MEPETOKIB uepes
cnabonpoHuKHY nepeMuuky. OTpumaHuii B pod0TI HOBU crioci0 TiHeapu3aliii cucteMu JudepeHili-
QIIBHUX PIBHSAHD JJIs BA3HAYECHHS THCKIB B IJIACTI-KOJIEKTOP1 € y3arallbHeHHSM BUKOPHCTOBYBaHHX
paHiie crnoco0iB, 3 BBEJIEHHAM «TPAHUYHUX CXEM.

IIpakTnuHe 3HaYeHHs1. Pe3ynbTaTi MpoBeIeHNX PO3paxyHKIB MMOKA3yIOTh ICTOTHUI BIJIUB Xapak-
TEPUCTHUK IIapyBaTOr0 MOPHUCTOTO CEPENOBUIA HAa NMPOCYBaHHS Ia30BOJSHOIO KOHTAKTY 3a OKpe-
MuMH mapamu. OTpuMaHi pe3yJbTaTH MOXKYTb OyTH BUKOPUCTaH1 MPU MPOBEJCHHI OLIIHOYHUX PO3-
paxyHKiB Ha CTaJlii NPOEKTyBaHHs CXOBUIII I'a3y B BOJJOHOCHHUX IIJIacTax.

Knrouoegi cnoea: sooonocnuil niacm, cxosuwe 2asy, hinempayis, 2a308005HUN KOHMAKN, HEOOHODI-
OHicmb.
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