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ANALYTICAL APPROACH TO SOLVING THE PROBLEMS OF

NONLINEAR DYNAMICS OF SYSTEMS WITH TIME-VARYING

PARAMETERS UNDER THE CONDITIONS OF THE EXTERNAL
ENVIRONMENT REACTION

Mera. Po3BUTOK 1 3acToCyBaHHS aHAMITUYHUX (Y TOMY UYMCI HAOMM)KEHHMX) METOIIB aHali3y
HETHIMHAX MaTeMAaTHYHUX MOJICIICH TMHAMIKH CHCTEM, SIKi MalOTh CKIIAJHY MTOBEIIHKY Y 3B S3KY 13
HasBHICTIO XapaKTEPUCTHK, 3aJICKHUX BiJl 4acy, € aKkTyaJbHUM JJIs BUPIIIEHHS PI3HOTO Kiacy iH-
KEHEpHHX 3a1a4. ToMy, MeTOr0 1aHoi poOOTH BCTAHOBJICHO MaTeMaTHYHE MOJICIIOBAHHS 3a7a4 He-
JHINHOT TMHAMIKM TaKUX CHUCTEM, SIKE J03BOJISIE BU3HAUUTH TPAEKTOPIIO PyXy CUCTEMHU 32 4acOM
Ta 1HII JUHAMIYHI XapaKTEepUCTUKHU Y BIIMTOBIHOCTI 10 X MOCTAHOBKH.

Metoauka. Crnivparouuch Ha CydacHi JIOCATHEHHS aHAJIITUYHUX, 30KpeMa aCUMITOTUYHMX 1
YHCEIBbHUX METOIB JOCIIIPKEHHS Ha 0a3l ICHYIOUMX MPOTPaMHHUX KOMILJIEKCIB, PO3TISHYTO MOX-
JIMBICTh HEJOKAJIBHOI'O AOCIIKEHHS 1 (POpMYBaHHS JOCTATHBO MOBHOTO MPEICTABICHHS PO 0CO0-
JIUBOCTI TOBEIIHKM HENIHIMHUX CUCTeM. JJIs JOCATHEHHS METH PO3IJISIA€ThCcd MaTeMaTHYHA MO-
JIe7b HeMIHIMHOI JMHAMIKM CHCTEMH 13 3MIHHUMHM 32 4YacOM BJIACTUBOCTSIMM 32 YMOBH, IO peaKLis
CepeI0BUILIA 3aJI€KUTh BiJ QYHKIIT IIBUIKOCTI pPyXy CUCTEMHU CTEMeHi N.

PesyabTaTi. Po3B 530K A€IKUX 1H)KEHEPHUX 3a7au HENMHIHHOI JUHAMIKU CUCTEM 13 3MIHHUMH
XapaKTEPUCTUKAMHU Y Yaci 3aJIKHOCTI JUIst N = 2 1 CUCTEM, peaKIlis 30BHIITHOTO CEPEIOBUIIA IKUX
Moke OyTH (YHKII€0 SK LiJ01, TaK 1 JIpiOHOI CTeneHi, 103BOJISAIOTh BU3HAUUTH TPAEKTOPIIO PyXy
CHCTEMH 3a YaCOM Ta 1HILI JUHAMIYHI XapaKTePUCTUKH Y BIAIOBIHOCTI JI0 X IOCTaHOBKH.

HaykoBa HoBu3HAa. OTpUMaHO aHANITUYHY 3aJI€KHICTh (YHKIIT IIBHJIKOCTI TUHAMIYHOTO HPO-
LIECY CUCTEMH 13 3MIHHUMHM TapaMeTpaMHy 3a 4acoM JJIsl HalOUIbIl 3aCTOCOBAHOMY Y MPaKTHIIL Mapa-
METpY HETIHIHHOCTI AOCIIIXKYBAaHOI CUCTeMH N = 2 Juis QYHKIIT peakilii 30BHIIIHFOIO CEPEOBHUILA.

IIpakTyna 3HaYMMIiCTh. 37100yTiI aHAITHYHI 3aJIEKHOCTI MOKYTh OyTH 3aCTOCOBaHI y JIOCTaT-
HBO IIMPOKOMY KOJi JOCTI/DKEHb. 3aCTOCOBaHI HAOMMKEHI aHAITHYHI METOAM Ha OCHOBI aCHMIITO-
TUYHUX MIIXOAIB Ha 6a31 riOpuaHUX MeToAIB (30ypeHHsl, (pa3HUX IHTErpalliB y MO€AHAHHI 13 PUHIU-
noM ["anbopkiHa). 3acTOCyBaHHS aCUMOTOTUYHMX 1 YHUCEIbHUX METO/IIB JOCIIIKEHHS Ha 0a3i icHyto-
YUX MPOrPaMHUX KOMIUIEKCIB, BIIKPHUBAE€ MOMIIMBICTh HEJOKAJIBHOTO JOCIIIKEHHS 1 (OpMyBaHHS
JOCTaTHHO TOBHOTO IPEJCTaBIEHHS MPO OCOOIMBOCTI MOBEIIHKM HETIHIHHUX CHUCTEM i3 3MIHHUMHU
XapaKTepUCTHUKaMU MaTepialiiB, 30KpeMa, KOMIO3UTHUX Ta (PYHKIIOHATbHO IPaIEHTHUX.

Knrouoegi cnosa: neninitina Ounamixa cucmem, 3sMiHHI napamempu, AHALIMUYHUL PO38 A30K.
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Beryn. He 3Baxkatoun Ha OypXJIMBHIl PO3BUTOK 1 3aCTOCYBAHHS YHCEIBHUX Me-
TOMAIB PO3PAXyHKY, 30KpeMa METOMAIB CKIHUCHHHX 1 TPAHUYHUX €IEMEHTIB Ta iX Mo-
audikamniid [1-5], 3HayHa yBara HayKOBIIIB Ta 1HXXEHEPI1B-IOCTITHUKIB TPUIIISETHCS
PO3BUTKY 1 3aCTOCYBAaHHIO aHATITHYHHX (Y TOMY YHCI HAOJIMKEHUX) METO/IIB aHaJIi-
3y HENMHIMHUX MaTeMaTUYHUX MOJeNIeH JUHAMIKU CUCTEM, SKi MalOTh CKJIaJHYy MOBe-
JIHKY Yy 3B’S3KY 13 HasBHICTIO XapaKTEPHUCTHK, 3aJeKHUX Bia 4dacy [2, 3]. Heobxi-
HICTh JOCIIJIKEHHSI TAKHUX MOJIEJIEH CTUMYJIIOEThCS SIK 3arajlbHO HayKOBUMH IMOTpe-
0aMu, 30KpeMa BHYTPIIIHIM PO3BUTKOM TE€OP1i MOJICIFOBaHHS 3 Mi3HAHHSAM 3aKOHOMi-
pHOCTEH HENIHIMHUX MPOIECIB 1 3aCTOCYBAHHAM iX y 1HGOpPMAIIMHUX TEXHOJIOTIfX,
TaK 1 0arato YMceJIbHUMU MPUKIAAHUMU 33]ja4aMU TPOCKTYBaHHS CKIIAIHUX 1HXKEHe-
pHUX cucTeM [4].

HeoOxiaHO 3a3Ha4MTH, 10 TOCTATHHO HIMPOKE PO3MOBCIOKEHHS /ISl BUPIIICH-
HSl IPAKTUYHUX MPOOJIEM 3aCTOCOBYETHCS CIEL1aIi30BAHE MPOrpaMHe 3a0€3MEeUCHHS
Beqyuux GipM-po3pobHnkiB, 30kpema cuctemu: ANSYS, ABAQUS, MPP LS-
DYNA, HyperWorks, ProEngineer ta ixmri, siki perysipHO 00TOBOPIOIOTHCS, 30Kpe-
Ma, Ha Mixnaponuux koHpepeHuisx «Ilapanensni Komm’torepHi TexHosorii»
(PaCT).

Cnuparounch Ha Cy4yacHI JOCSTHEHHSI aHAIITUYHUX, 30KpEMa aCUMOTOTHYHHX 1
YUCEIBHUX METOJIIB JOCIIKEHHS Ha 0a31 ICHYIOUMX MPOrpaMHUX KOMIUIEKCIB, BiJIK-
PUBAETHCA MOXJIMBICTh HEJIOKAJIBHOTO JOCTIIKEHHS 1 (OpMYyBaHHS JOCTATHHO TOB-
HOTO TIPEJICTAaBIICHHS ITPO OCOOIMBOCTI MOBEAIHKY HENHIMHUX CUCTEM.

Jlo Takoro kjiacy CMCTEM MOKHA B1JIHECTH BUPOOU 13 3MIHHUMU XapaKTEPUCTH-
KaMH MarepiajiB, 30KpeMa, KOMIIO3UTHUX Ta (PYHKIIOHAJIBHO rpagieHTHUX. OcTaH-
HIM 9acoM OCOOJIMBa yBara MpuAUIIE€TbCs MPoOIeMi JTOKAIBHOI B3aEMO/IIT AKOPCTKIC-
HUX Ta MNPYXHO-TUTACTUYHUX TUI 13 30BHINIHIM CEPEAOBUIIEM, 110 J03BOJISE JTOCHTI-
JOKYBaTH MPOLECH, SIK1 BIIOYBAIOThCS Y IAPYBATUX KOHCTPYKLISIX 3 METOIO BHUSIBJICH-
Hsl 3aKOHOMIPHOCTEH Ta MOAaNbIIOl PO3POOKH METOAUKH PO3PAXYHKY iX MapameTpiB
[6].

VY naniii poOOTI pO3TsAIa€THCS MaTeMaTUYHA MOJIEh HENIHINHOT IUHAMIKU CH-
CTEMH 13 3MIHHIMH 32 YaCOM BJIACTUBOCTSIMH 32 YMOBH, III0 PEaKIIisi CEpEIOBUIIA 3a-
JEXKUTH Bl QYHKLIT IIBUIKOCTI PyXy CUCTEMH CTEIEHi N.

OCHOBHA YacTHHA. AHAUTITUYHUN PO3B’SA30K 3a7ayi HENHINHOT JUHAMIKA CHC-
TEMH 13 3MIHHHUMH TapaMeTPaMHu.

OcHoBHe audepeHiiiaibHe PIBHIHHS 337a4l JUHAMIKA JOCIIHKYBAaHOI CHCTEMU
oepeThes y dhopwmi:

2
m(t)‘iT,f + a(t)% =—kgp(t)V ()" = F(t) (1)

ne m(t) — maca mocmimKyBaHoi cucremu; S=S(t) — BigcTaHb, 10 MPOHICHA CHCTEMOIO
3a yac t; V(t) — mBuakicts pyxy cucremu; F(t) — cuna omopy cepemosuiia, ska npo-
tuaie Ha cuctemy; a(t) — GyHKIlisA BHYTPIIIHBOTO 3aTyXaHHS JUHAMIYHOTO TPOIIECY.
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3a yMOBH 3aJ1a4i CHJIa OMIOPY CEPEIOBUIIA TOPIBHIOE:

~kop(®V ()" = F(t)

ne —kKof(t) — xoedirieHT MPOMOPIIHHOCTI, 3aICKHUH BiJ] 4acy; N — CTYIHb MIBUIKOCTI
pYXy CHCTEMH, a 3HaK MIHYC yKa3ye Ha Te, IO CHJIa CIPSIMOBaHA MPOTH PyXy Ha
3MEHIIIEHHS MBHIKOCTI cuctemu V(t).

[MominuBmm o6unBi wactuHu piBHsSHHS (1) HA M(t), OTpUMY€ETHCS OCHOBHE PiB-
HSTHHSI TOCJTIKYBaHOT 3a71a4i y hopmi:

d?s ds kg

dt—2+a(t)a__mow(t)¢(t)v(t)n’ (2)
ne:
U]
V()= a(t)—m(t). (3)

3 ypaxyBaHHsIM (3) OCHOBHE PIBHSAHHS 3a/1adul HaOyBae BUIISAY y (opmi piB-
HsHHS bepnymmi [7]:

d‘(’jt(t) va(t)V (t)=—Af (V" (), (%)
| o gel)
A_m(()), f(t)_l//(t). (5)

VY BIANOBIIHOCTI 0 NPOLEAYPH IHTErPYBaHHS AU(EpeHIianbHOro piBHsAHHSA be-
PHYJUT, pO3ALTMBIIM OOHMIBI YacTUHM PiBHAHHS Ha V" (t), OTpUMY€EMO PIBHSHHS Y

dhopmi:
—ndV(t)

V()= +a(tivi" () =—Q(t), (6)
ae:
Q(t)=Af (t). (7)
3acTocoByl0ouM 3aMiHy ITykaHoi QyHKIi V () y popwmi:
2(t)=V ()", (8)
Biamosinno nepia moxigHa GyHKIil z(t) 3a yacom tOy1e MaTH BUTJISI:
dz(t) —ndV(t)
—<=(1-n)V(t) ——=. 9
a VT ©
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3B1IKM OTPUMYEMO CITiBB1IHOIICHHS:

dv (t) 1
_ . (10)
“ ey

[TincraBnstoun 3100yTi Bupasu (9, 10) y piBHsHHSA (4), OCHOBHE qudepeHIliaib-
He PIBHSHHS 3a[a4i BIZHOCHO HOBOI GyHKIii Z(t) Oyme MaTH BUTIIAL;

1 ndz(t),, . . B
mv(t) — V(O +at)z(H)=-Q(1) (11)

3a (hopmoro:

1 dz(t)

———=4a(t)z(t)=—0Q(t), 11*

e A020=-a (117)

110 OCTATOYHO MPUBOJUTH JO HEOAHOPIIHOTO TU(PEPEHLIATBHOTO PIBHSHHS IEPUIOTO
MOPSAKY 13 3MIHHUMHU KO€(IlIEHTaMU:
dz(t _

2. 1-ma(z(t)=-a-n() (12)

AHamTHYHUN po3B’ 30K piBHSAHHA (12) BUKOHYETHCS 3a CTaHIIAPTHOIO MpOIle-

IypOIO:

2(t) = zo(t) + Z3 (%), (13)

ne Zo(t) — po3B’s130k omHOpinHOTO piBHSAHAS (12); Zi(t) — YacTMHHMIT PO3B’SI30K PiB-
HaHHS (12) y BIAMOBIIHOCTI 10 BUY MPAaBO1 YACTHUHHU.
Po3B’s130k ogHOpigHOTO piBHSAHHSA (12) y dhopmi:

% +(L-n)azg(t) =0 (14)
OTPUMYEMO Yy BUJL:
o0 _ (n_pagtet. (15)
Zo(t)

[aTerpyroun o6uaBI yacTHM piBHOCTI (15), 3100yBaeMo CiBBIAHOLIEHHS:

jdzo—(t)=(n—1)ja(t)dt+c1 (16)

Zo(t)

3BIJIKH:

In|zg(t)| = (n—1)a(t)dt +C;. (17)
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A BIINOBIAHUN PO3B’ 30K OJHOPIAHOTO PiBHAHHS (14) OTpUMY€ETHCS y BUTIISIL:
20(t)= e[ J(n-L)a(t)dt+Cy] _ o/ (n-Dra(tydt ¢ _ cr o(n-D)ra(t)dt
[Ilo mpUBOIUTH SO 3AJICKHOCTI:
20(t)=C; - o(n-1)fa(t)dt (18)

BignoBigHo 10 MeToay Bapiallii JOBUTBHUX CTaduX y Teopii audepeHIiaTbHIX
PIBHSHB [3], YaCTUHHUN PO3B’SI30K HEOIHOPITHOTO PiBHAHHSA (12) mpencTaBiaseTbes y
dhopmi:

71 (1) =y (1) elT DA (19)
IMepma noxigHa GyHKIIT z, (t) Mae BUTIISAL;
71 (t) = (1) - eI | oF (1) (n-1)a(t)e( DI AN (20)

[Tincrasnsitoun (19) 1 (20) y (12),0Tpumyemo:

i (1) "4 () (n-1)a()e M~ () (n -l

T
- (n-1)Q(1)
3 piBHOCTI (21) BUTIIIMBAE CIIBBIAHONICHHS:
dCr () (nayia(oat _
Ll ~(n-1)Q(t), (22)
abo
4G () _gy0(t)edmralt)er
it =(n-1)Q(t)e : (23)

[aTerpyroun oOMaBI YacTUHU PIBHOCTI (23), 3M100yBaEMO BUpa3 ISl CTAJIOl Be-
JTUYUHU:

Cr (1) =(n-1)[elMIaMdGe o, (24)

BpaxoByroun (24), oTpuMyeMO BUpa3 JUIsl YACTUHHOTO PO3B’SI3Ky OCHOBHOTO Pi-
BHsIHHS (12) 3a7aui:

2 (t)= [ [Q(t)efalt)dt +C2}ef a(t)dt (25)
ZI‘ (t) _ |:(n _1)IQ(t)e(1—n)j g(t)dt + C2:|e(n—1)j a(t)dt.
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3 ypaxyBanHsaMm (18) 1 (24) mns mpoMiKHOT (GYHKINT HIYKAaHOTO PO3B’SI3KY
2(t) = zo(t)+21(t), oTpumMyemo BHpas:

2(t)= cre(mfa(dt o o(n-Dia(t)dt
e DIANA gy rq(p)eltmIady
_e(n-D)ra(t)dt [Cf +Cy+(n-1)[Q(t)el=™) a(t)o'tdt}_
Jls1 cTerneHi HeMHIWHOCTI N = 2 BIANOBIHA 3aJICKHICTh MA€ BUI:
2(t) = el AV [c; +jQ(t)e” a(t)dtdt} (26)

€c:
C,=C, +C, (27)

OcraTouHo mpoMiKHA (QYHKIIIS Bl IIyKaHO! (DyHKIIIT 33724l Ma€ BU/L:
z(t)= e(n-1)ja(t)dt [C; +(n —1)]Q(t)e(1_n)ja(t)dtdt} (28)

[ToBepTarouuck 110 nrykaHoi GyHKINT HIBUIKOCTI AOCTIIKYBaHOI CUCTEMH Y (Ho-
pmi z(t) = V(t)! " ms cTeneni HemiHIKHOCTI N, OTPUMYEMO 3aJIEKHICTD Y HOpPMI:

1
V (t) ={eMDIAOU 6" (0 —1) [Qt)ed AWM gt73n-1 (29)

JIiist HalO1IbII 3aCTOCOBAHOMY Y MPAKTHI[l MapaMeTpy HETIHIMHOCTI TOCHIIXKY-
BaHOI cucteMH N = 2 g (yHKUII peakilii 30BHIIIHBOTO CEpeoBUIIA ISl IIYKAHOI
GyHKIIT MBUAKOCTI AMHAMIYHOTO MPOIECY CHUCTEMH 13 3MIHHHUMH MapamMeTpaMH 3a
4acOM Ma€ BH/I:

1 _ e—ja(t)dtdt
2(t) ¢+ [Q(t)e ANyt

JIns po3B’SI3Ky JEAKUX 1HXXEHEPHUX 3aJad HEJIIHIMHOI JUHAMIKU CUCTEM 13
3MIHHUMU XapaKTepUCTUKAMH y 4acl 3anexHocTi (29, 30) mist N = 2 1 cucrem, peak-
115 30BHIIIHBOIO CEpeOBUIIA AKUX MOXe OyTH (YHKLIEIO K LLIO0I, TaKk 1 ApiOHOI
CTENEH1, T03BOJISIOTh BUSHAYUTH TPAEKTOPIIO PYXy CHCTEMH 3a YACOM Ta 1HIIN JUHA-
MIYHI XapaKTEPUCTUKH Y BIAMOBITHOCTI /10 1X TOCTAHOBKH.

BucHoBok. 3100yTi aHaTITUYHI 3aJI€KHOCTI MOXKYTh OyTH 3aCTOCOBaHI y J0CTa-
THBO ITUPOKOMY KOJII TOCHIKeHb. HeoO0X1aHO 3ayBa)KUTH, 110 B 33/1a4axX HEMHINHOI
JTUHAMIKHM CHUCTEM 13 3MIHHUMH 32 YaCOM TapaMeTpaMH 1 30BHINIHIM HAaBAHTAKEHHSIM
Ha JIOCHTIDKYBaHy CHCTEMY 3a HasiBHOCTI J0/1aTKOBOI GyHKIII ®(t) y mpasiif 4acTHHI
piBHsiHHA (1) (Hanpukian mpobdiieMa Ipo BUMYILIEHI KOJIUBaHHS OyIBEIbHUX 1 aepo-
KOCMIYHUX KOHCTPYKIIiH, MepexiHI MpolecH y eIEeKTPUYHUX JaHIorax [8], i1

(30)

V(t)=
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HEJTIHIMHI npouecH 1 (i3UUHI SBUILA ) OCHOBHE TU(EpeHIiaTbHE PIBHSIHHS 3BOAUTHCA
70 piBHsSHHSA Tuy PikatTi [7], aHAMITUIHUN PO3B’SA30K SKOTO TOTPEOYy€E HASIBHICTH
YaCTKOBOT'O PO3B’SI3KY JJISl MOJAAJBIIOTO 3BEACHHA N0 piBHsAHHA bepnymni, 3m00yTH
KU y 0araTbOX BUMAAKaX € JOCTaTHBO CKIAAHOI0 mpobaemoro. Tomy y nux Bumai-
KaX, sIK TIPaBHJIO, 3aCTOCOBYIOThCS HAOMMKEHI aHATITHYHI METOIA HAa OCHOBI aCHMII-
TOTUYHUX MAXOIB Ha 0a31 riOpuaHuX METOIB (30ypeHHs, (ha3HUX 1IHTErPalliB y IO-
eqHaHHI 13 npuHIUnoM ["anpopkina) [2] s oTpuMaHHS HAOIMIKEHUX aHATITHYHHUX
PO3B’SI3KiB, MPUAATHUX SK JJIA «MAJIUX», TaK 1 «BEIUKHUX» MapaMeTpiB PO3BUHCHHS,
a00 MpsiMi YUCEIbHI METOJIU PO3PAXYHKY.
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ABSTRACT
Purpose. The development and application of analytical (including approximate) methods of
analyzing nonlinear mathematical models of system dynamics, which have complex behavior due to
the presence of time-dependent characteristics, is relevant for solving various classes of engineering
problems. Therefore, the purpose of this work is mathematical modeling of problems of nonlinear
dynamics of such systems, which allows determining the trajectory of the system's movement over
time and other dynamic characteristics in accordance with their setting.

Method. Based on the modern achievements of analytical, in particular asymptotic and numerical
research methods based on existing software complexes, the possibility of non-local research and
the formation of a sufficiently complete representation of the peculiarities of the behavior of
nonlinear systems is considered. To achieve the goal, a mathematical model of the nonlinear
dynamics of a system with time-varying properties is considered, provided that the reaction of the
environment depends on the function of the speed of movement of the system to the n degree.

The results. The solution of some engineering problems of the nonlinear dynamics of systems with

time-varying characteristics of dependence for n = 2 and systems whose response to the external
environment can be a function of both whole and fractional degrees allow to determine the
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trajectory of the system's movement over time and other dynamic characteristics in accordance with
before their production.

Scientific novelty. The analytical dependence of the speed function of the dynamic process of the
system with time-varying parameters was obtained for the nonlinearity parameter of the studied
system most used in practice, n = 2, for the reaction function of the external environment.

Practical significance. The obtained analytical dependencies can be applied in a sufficiently wide
range of research. Approximate analytical methods based on asymptotic approaches based on
hybrid methods (perturbation, phase integrals in combination with Galerkin's principle) are applied.
The use of asymptotic and numerical methods of research based on existing software complexes
opens up the possibility of non-local research and the formation of a sufficiently complete
representation of the peculiarities of the behavior of nonlinear systems with variable characteristics
of materials, in particular, composite and functionally gradient ones.

Keywords. nonlinear dynamics of systems, variable parameters, analytical solution.
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