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BCTYN

OnepauinHe YMCreHHA BUKOPUCTOBYETBLCA MNMPU BUMBYEHHI TEOPETUYHUX
OCHOB  €rleKTPOTEXHIKW Ta  pafiOTEXHIKA,  €eNeKTPOHikM Ta  Teopil
aBTOMATMYHOIO perysritoBaHHs, [HWKWX cneuianbHUX AUCUUniH ManbyTHIX
eneKkTpoMeXaHiKiB, a TakoX Npu AOCIIIKEHHAX B Pi3HUX iHXXEHEePHO-TEXHIYHNX
3agadax.

KoHCnekT HanuMcaHo Ha OCHOBI nekKuin, WO 4YuTanucs CcTyaeHTtam
enekTpoTexHiyHoro dakynbtety HIY. BiH MicTuTb BuKNageHHs Teopil
onepauinHOro YUCIIEHHSA, fKa CYNPOBOMKYETbCA [OCTATHBbOK  KifbKICTHO
pO3B’A3aHUX MpuUKNadiB i 3agad, a TakoXK BNpaB AN CaMOCTIMHOI poboTu.
KoHCnekT HanucaHuin OOCTYMHOK MO MOXIMBOCTI CTPOro MOBOM, LUO,
6e3yMOBHO, nonerwntb, O0cobnmMBo CTygeHTaM-3a0YyHMKaM, OBOJSOAITH
OCHOBaMW oriepauiHOro MeToay.

MeTa uiei po3pobku — ONOMOITU CTYAEHTY Yy BUNALKaX, KOMu BiH LWO-
Hebyab He BCTUI 3anucaTh Ha nekuii, geski nekuii nponyctus abo B SKOMyCb
Martepiani MoMy BaxXko (44 Hemae 4acy) posidbpatuca 30 iHWKUMK
nigpyyYHnkamu, abo neBHi NUTaAHHA «HaATO AOBri» B MOro KOHCMekTi, abo
GaraTto pakTMyHOro matepiany, sikum Tpeba BMBYMTU 3a 0OMEXEHUI Yac.

Nekuia 1. NTEPETBOPEHHA JIAMNJIACA

OnepadiiHe (CMMBOMIYHE) YMCNEHHS 3aCTOCOBYETLCA AN PO3B’A3KY
3BUYANHUX NIHINHUX OndepeHuianbHUX PIBHAHb | PIBHSAHb 3 YaCTUHHUMU
noxigHnmun, OudepeHuianbHO-PISHNLEBUX Ta iHTerpasnibHUX pPiBHAHb TuUMy
3ropTKK, A0 SKMUX 3BOAATLCA 3adadi rofIloBHUM YMHOM 3 MepexigHuMx npouecis
NIHINHUX  IBUYHUX  CUCTEM  EeNEeKTPOTEXHIKA, padioTexHIKW, iMNYynNbCHOI
TEXHiKM, Teopil aBTOMATUYHOrO perynioBaHHA Ta IiHWWX rany3en Hayku i
TEXHIKMW.

BuoatHnn papgsHcbkMid  BYeHMW Yy ranys3i  Teopii KonvBaHb Ta
aBTOMaTu4yHOro kepysaHHs A.A. AHOPOHOB Ka3as, WO onepauinHe YUCreHHS
€ a3byKkolo cy4yacHOT aBTOMaTUKM Ta TefieMexaHiku.

MeTog cuMBOMIYHOIO YnUcrneHHA 6a3yeTbca Ha TOMy, WO Haj

onepaTopom audepeHuitoBaHHSA j:p Ta [OeskuMn  (PYHKUISMU  LbOoro
t

orepatopa BWKOHYETbCA MeBHa cuctema pgdiM. B uim cuctemi fgid
AndoepeHuitoBaHHA  dyHKUIT x:x(t) pPO3rNgfaeTbCa HAK  MHOXXEHHS

onepaTtopa p Ha yHkuito X = X (p) uporo oneparopa:

dx d’x 5 d"x
— > pX(p), — —=>pX(p), ..., ——=>p"X(p),
P (p) Lz P () P (r)



a iHTerpyBaHHs — 8K AiNneHHA Ha onepaTop P yHKUIT uboro onepartopa

jdt—) (p) ,
30Kpema,
t t t 2 n
RN di=t, %—)jdtjdtzt—,..., 1n—>t—.
IS p 50 2! p n!

3a [JonomMorow  onepauivHoro Metoda B OCHOBHOMY  MiHIWHI
andbepeHLianbHi PIBHAHHA 3i cTannMu KoedilieHTaMu wykaHoi dyHKuii x(7)
3BOAATLCA A0 anreGpaiyHnX piBHSAHb BiAHOCHO oyHKLiT X (p).

[ToyaToK pO3BUTKY oOMepauinHOro 4ucneHHa 6yB yxe B poboTtax
INNenbHnuysn, Ennepa, JlarpaHxa, Jllannaca, ®yp’e, Kowwi. AHrMINCLKNIA iHXeHep
enekTpuk OniBep Xeicang BBOAUTb Y CUMBOJIMHE YMCIIEHHS Npasuna gin 3

onepaTopom j:p | pyHKUiaMn uUboro onepatopa. BukopucToByoun
t

ornepauiHe 4YuUCNeHHs Ana po3B’si3aHHs AndoepeHuianbHUX pPiBHSAHb, BiH
OTpUMaB pAL BaXMBUX pesynbTaTiB BiAHOCHO CKMagHux npobrnem Teopil
enekTpoOMarHiTHMX KonueaHb y nNposogax. [NpoTe onepauinHe YNCIEHHS, siKe
LUMPOKO  3acTocoByBaB  XeBicang, He  OTpuMMmano  mMarteMaTU4HOro
0brpyHTyBaHHs. CTpore obrpyHTyBaHHS Ta pPO3BUTOK onepauinHe YNCNeHHS
3000yni0 Ha OCHOBI iHTerpanbHUX NEepeTBOpPeHb, onmcaHmx B poboTax vy
. KapcoHa, bpomeuya, Jlesi, BaH gep Nons Ta iH. [epeTBOpeHHSA

F(p)=[ f(Ok(t, p)dt,

ne k(t,p) - iHTerpanbHe sOpO NEpPeTBOPEHHS. Tun nepeTBOPEHHs Ta
XapakTep 3aaad, 0 SKUX Oro 3acTOCOBYIOTb, 3aneXxuTb Bia BUOOpY sapa Ta
—pt

rpaHUUb iHTEerpyBaHHsl, 3okpema, skwo k(t,p)=e ", a=—-w0, b=w, 10
b

aicTaHeMo nepeTBOpeHHs Jlannaca F(p):jf(t)e_ptdt, sIke NepeTBOpPE
a

NeBHUN Krnac dyHKUin-opuriHanis f(t) OINCHOro 3MIHHOrO ¢y QoyHKUIl-

300paxeHHs  F(p)  KomnnekcHoro  3MmiHHOro  p.  [lepeTBOpeHHs

F(p)= If(t)e_p’dt Bneplwe 6yno eeeaeHe J1. Einepom. Mannacom 6ynu

a
3’acoBaHi BNaCTMBOCTI LbOro NepeTBOPEHHA, a TaKoX BBeAEHi HECKiHYEHHI
rpaHuLi iHTErpyBaHHS, LLO 3p06UN0 MOXITMBMM BUKOPUCTAHHS NEPETBOPEHHS
Ennepa-JlarpaHxa B npuknagaHHAX.



OGepHeHy 3anexHicTb Mk opuriHanom f(¢) i oro 306pakeHHsIM
F(p) otpumaB aHrnificbkuit Matematuk BpomBud y BUrnsai iHTerpana

1 S+io0 F
f=—= [er TPy,
2721 §—100 P

B KOMMMEKCHIN obnacTi p =s+10, Ae iHTerpyBaHHA BeAeTbCa No Oyab-skin
NpsiMin, AKa pos3TalloBaHa napanesibHO YsABHIM OCi npaBopyd Big YCiX

Fp)

p

AH MuKyCUMHCbKMI OaB OBr'pyHTYBaHHS OnepauiHOro YMCIEHHA Ha
onepaTopHin ocHoBi 6e3 3B’A3Ky 3 Teopieto nepeTBopeHHs Jlannaca i Biaroai
3'dBuriaca MOXINUBICTb 3aCTOCOBYBATWU OrepalinHe YMUCHEeHHS | 0O doyHKUin
HernepeTBoploBaHUX 3a Jlannacom. NpoTe 3acTtocyBaHHSA iHTerpana Jlannaca
CNpoLLye OTpUMaHHA ornepauinHux @opMysi Ta nonerwye BUBYEHHS
CTPYKTYpU nons onepaTtopiB NofgaHHAd3 MOoro qyHKUIAMM  KOMIMIEKCHOro
3MIHHOrO.

Y cyyacHin  TexHiYHin  niTepaTypi  LWKMPOKO  BMKOPUCTOBYHKTH
nepeTBOpPeHHA Jlannaca, TOMy WO ChiNbHICTE nNepeTBopeHb Pyp'e Ta
JTannaca 3B’A3y0Tb onepauinHe YUCIIEHHA 3 rapMOHIMHMM aHari3oM i Takum
YNHOM BHOCATb PISUYHUIN 3MICT Y NOHATTS 306paXKeHHs.

HaBegemo HeoOXxigHi BigomMocCTi 3 nepeTBopeHHs Jlannaca.

OpwvriHan Ta 306paxeHHA 3a Jlannacom. OyHKUIA OINCHOI 3MiHHOT [

S (@) =u(t) +iv(r), (1)

ne u(t), v(t) — miicHa Ta yaBHa YacTMHM (PYHKLUT BianosigHo, a i — ysABHa
OAVHNLS, HA3MBAETLCA KOMIMT/IEKCHOI (OYyHKU i€ OiliICHOI 3MIHHOIJ.

®yHKuUis (1) Ha3MBaeTbCS opu2iHaIoOM, SKLWO 3a40BOSIbHAE YMOBW:

1) f(¢) Bu3HauyeHa i HenepepBHa Ha (—o0;+o0), KPIM KIHLEBOI KiNbKOCTI
TOYOK PO3PUBY MEPLLOrO Poay;

2) f(t)=0 npn t<0;

3) icHyloTb Taki gBa umcna M >0 i s>0, wo ana Becix >0
BUKOHYETHCSA HEPIBHICTb ‘f(t)‘ < Me* .

0COBNNBUX TOYOK QOYHKLLT

BUAY

Yuncno S HasnBaloTb MOKa3HUKOM 3pocmaHHs (oyHKuii ().

Hexan f(¢f) — opuriHan, p =a +iff — KOMNIEKCHW A napameTp, ToA
+00
iHTerpan Jf(t)e_p’dt aBNse cobol PyHKLUito NnapameTpa p:
0

F(p)= [ £()e "dr. @
0
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AKWwo HeBnacTMBuiA iHTerpan (2) 36iraeTbes, To yHKUiA F(p) mae HasBy

306paxeHHs1 ¢pyHkuii f(t), a onepauis nepexopy Bin f () mo F(p)
Ha3WBa€ETbCs iHMezpanbHUM nepemeopeHHsaM Jlannaca.
BignosigHicTb Mix opuriHanom f(¢) Ta ioro 3o6paxeHHsm F(p)

CMMBOJIIYHO 3aMM1CyIOTb Tak:
f(O)=F(p) abo f(t)*= F(p),wn L{f(0)}=F(p).

306paxeHHs1 BU3HAYeHO B YCiX TOYKax KOMMMEKCHOI MOWWHN, WO nexaTtb
npaBopyd Big npsamoil « =s, TobTo iHTerpan Jlannaca 36ikHWUM npu BCiX
3HaYeHHsIX p, ana akmx Rep=a >s.

CnpaBgi, ouiH4YK nigiHTerpanbHy (OyHKUi0, MaeMO:

o i

f(e”

_ ‘f(t)e—(a-i-iﬁ)t

= £ @)™

[MpoTe
‘e"ﬂf‘ =|cos Bt —isin Be|=1, |f(t)|< Me".

Topi ‘f(t)e_pt‘ < Me (@791,

+00
Ockinbkn npun o > s iHTerpan Ie_(“_s)tdt 3biraeTbcs, TO iHTerpan (2)
0
Tex 3biraeTbCcsa npn o > s.
+00

Ie‘f” F()dt

0

<

OTtxe, | 3BigCK BUNNMBAE PiBHICTb

a—s
lim F(p) =0. (3)
p—>©0

PiBHicTb (3) — Le HeobxigHa i 4OCTaTHS YMOBA iCHYBaHHS 306paXkeHHs.

Cnig 3asHauuTn, WO Oyab-AKoOMy opwuriHany BignoBigae eauHe
306paXkeHHs | HaBnaku.

OauHnyHa hyHKuUia XeBicanaa. PyHKUis-opuriHan

1, ¢>0,
AN(Y n(t)={0 <0 (4)
1 [r— (n(0) :E, lim 77(¢) =1) HasuBaeTbCS
2 t—>+0
‘y * OAVHNYHOK doyHKLUiet (puc. 1).
2 PosrnaHemo dyHkuito 1 (¢), sika

» 3300BOMbHAE MNeplly Ta TPETIo YMOBM
t  opwuriHana, ane He 3a40BONbHSAE OPYTY.
Puc. 1 Momuoxumo f'(¢) Ha n(t), pictaHemo




: 0,
ron -/

Otxe, f(¢)n(f) - opurivan. Hanpuknag, dyHkuis f(¢) = ¢° — HenepepsHa
Ha iHTepBani (—o0,0), npu ¢ >0 maemo t? < Me* (noknaswn M =1, s=1,

2 t . t
oTpUMaeMo t° <e', TOMy WO MpU f—> o0 MOKasHWKoBa CYHKUIA e -

HEeCKIHYeHHO Benunka BenuymHa OGinbll BMCOKOro MNOPSAKY, HiXK CTeneHesa
2

.t
pyHKUia 2 lim—=0), ane npn ¢<0, f(t):tz;tO, TOMY (OYHKLIS

t—ow e

f(t)ztz 3al0BOJIbHAE nNepwy Ta TpeTio YMOBU opmriHana Ta He

3ag0BornbHAE Aapyry. Toai

t2, t>0

f(f)ﬂ(t)={o’ <0

€ OpuUriHanom.
Ons ckopoueHHs 3anucy nuwyTb f(¢) 3amictb f(¢)77(¢), ymoBuBLMCS,

WO BCi (PYyHKUil, WO 3a00BONMbHAKTL MNepuly i TPeT YMOBU opuriHana,
nopisHolTb Hymto npu ¢ < 0. Lle o6ymoBnioeTbes isnyHMM 3MicTOM 3adad,
O NPMBOOATL A0 AndpepeHLuianbHUX PiBHAHL 3 NMOYATKOBUMW YMOBaMW, AKi
3BMYalHO 3apatoTbca B MoMeHT ¢ =0; oTxe, npouec AOCMiOXYETbCA Ha
npomixxky 0 <7 < oo, TOMy He Mae 3HaAYeHHs!, AKMIN Pi3NYHMIA NpoLec onuncye
LyKaHa yHKLUis 4O noYaTkoBOro MoMeHTy npu ¢ <0,
Mpuknap 1. 3HanTh 306paxkeHHss OANHUYHOT OYHKLUIT (4).
Pose’sa3aHHs. laHa pyHKUia € opuriHanoM. 3a dopmynoto (2) maemo
o0 b
_pt i _pt .1 1
F(p)zjn(z)e dt = lim je dt =—lim =e 7| ==
b—o b—w p 0 p
0 0

1 .
Takum unHom, F'(p) =—, abo, B CUMBOSIYHOMY 3anucy,

n6) =1, abo 1= 1. 5)

p P
Mpuknag 2. 3HanTn 306paxeHHs yHKuii f(¢) = e’ pe A — 6yab-sike
4yucro.
Po3se’sa3aHHsA. [laHa oyHKUis € opuriHanom. BukopuctoBytoun popmyny
(2), maemo
b

F(p)= je’“ e Pldt=lim [ e P P'dr = lim Le—(p—/l)t
0 b—)ooo b—)oop—/'i

b1
0_p—l’

akwo Re(p—A) > 0. Omxe,



e“.—'i, (Re p>Re). (6)

= =
Mpwuknag 3. 3HanTn 306paxeHHsa yHkuii 1 () =1.
Pose’sizaHHs. ®yHkuia f(t) =t n(t) € opurinanom, Tomy

0 b
- ' - - - 1 _ . 1
F(p)=jte Prdt = lim Ite Pt = ||m(_ie p_ Lot
2 2
0 b—>°00 b—w D D 0 p
oTKe, ¢ = iz 7)
p

Nekuia 2 - 3. OCHOBHI BJIACTUBOCTI
NMEPETBOPEHHA NATMJNACA

3HaxoauTn 300pakeHHs, KOPUCTYHOUYUCH TiSTbKM MOro O3HAYEHHAM, He
3aBXgu nerko Ta 3pydHo. BriactuBOCTi nepeTBOpeHHs Jlannaca cyTTeBO
NoserwyrTb 3agady 3HaXO4KEHHS 300paxeHb Ans 6inbLluol KiflbKOCTi Pi3HMUX
GOYHKLUiN, @ TaKOX 3aady 3HaXOKEHHS opuriHana 3a ixX 306paxeHHsMu.
1°. NininKHicTb. NiHilRIN KOMGiHaUiT opuriHanie BignoBigae Taka cama
niHinHa koMbiHauis 306paxeHb, To6To sikwo f; (1) =F;(p), (i =1,n), Toai
n n _
ZCifi(t) — ZC,.FI-(p) (C; =const, i=1,n). (8)
i=1

i=1
Lla BnactusicTb BMMNNMBaE 3 BNACTUBOCTI MiHIMHOCTI BWU3HAYE€HOro
iHTerpana.
Mpuknag 4. 3HaiTK 306paxeHHsa QYHKLiN: SiNt, COSt, ¢ = const, cht,
sht, sht Ccost .

Pose’sizaHHs. KOpUCTytoumncb BNACTUBICTIO NiHIMHOCTI (8) Ta dhopmyrioto
(2), oictaHemo

el—e™ 1, 1 1 1

sint = . — 4. . . 2
21 2i p—i p+i° p°+1

sint - (9)

p2+1.
AHanoriyHo Maemo
it | it
+ .11 1
cost=""" E ()=~
2 p—-i p+i~ p°+1
cost =—F—. (10)

p-+1



lani C=C-p()=C1=ct ¢ =%
p p

t —t

Hapewri cht =< e =E 1 n 1, 2p :
2 2 p-1 p+1" p°-1
cht = (1)
p- -1
AHanoriyHo gictaHemo hopmyny
sht = 21 : (12)
p- -1
e —e el e 1 , . , ,
Sht COSt = = —[e(1+l)t + e(l_l)t - e_(l_l)t — e_(1+l)t] ._:'
2 2 4
.11 1 1 1 2_2
- _[ + ]_ p

T 4'p-1-i p-l+i p+l-i p+l+i ptid
BnpaBu ans caMmocTinHOI po6oTU

3HanTN 306paxeHHA PYHKLIN.

1. %(cht+cost). 2, %(sht+sint).

3. %(sht—sint). 4. %(cht—cost).
2°. Nogi6HicTb. Axwo f(t) =F(p), a>0, 70

1
flaty==F(%). (13)
a a
CnpaBgai, 3acTocyemo nepeTBopeHHs Jlannaca o opurivana f(at):

400 1 +00 —Eat 1 p
flaty = [e" flatydi==[ e @ f(at)d(at)==F ().
0 a 0 a a
Takum YNHOM, MHOXEHHA aprymeHTy opmriHana Ha gogatHe 4Ucrio a
NPUBOAUTL A0 AiNeHHSA 3006paXeHHSA Ta NOro apryMeHTy Ha Le Y1chno.

Mpuknag 5. BukopucToByouM BRacTMBICTb MOAIGHOCTI, 3HaAWUTU
306paxeHHs dyHKUin: Sinw?, shwt, CoSwt, chwt, COs> at, Sin atcospft,

shatcosft.
Po3se’sa3aHHsA. 3a dopmynamu (9) Ta (13) maemo
: 1 1 : .
SIN a)t.=° — = Slhwt +— -
@ (Py2 ,q pito
w



1 1
3a cdopmynamu (12) Ta (13) maemo shawt = @

w(£)2_1 p2 ~0°
@

Bpaxosytoun dpopmynum (10), (11) ta (13), gictaHemo

p p
1 1
coswt = ——L = 2p 51 chot = ——@—= 2p 5
Py, P @Py2_q p oo
@ @

2 2
coszat:£(1+c052at),=’E(£+%) - coslat =2 2+2a —.
2 2'p p +ila p(p°+4a”)

sinatcos St = %[sin(a — Pt +sin(a+ Pt] =

~ 1l a-p  a+p  alpira’-pY)

C 2 p0+(@-B)" pr+(a+p)? (PP +at+p)-4a’pt

shatcos [t :}_Sin(iat) Cos ft =%[sin(ia —P)t+sin(ia + p)t] =
1 l

_i[ io— .\ io+ B a(p?—a® - p?%)

T2 ptelia=p? pirliatf) (pP-a’+p0) +aal

BnpaBu ana camocTinHoi pob6oTu

3HanTn 306pakeHHsT PyHKUIN.

5. COSwt. 6. shwt. 7. shatshpt. 8. chat+cosat.
9. shat—sinat. 10.CcoSatCOSp¢t.

3°. 3miweHHs (3aracanns). Axwo f(f) =F(p) ta A — komnnekcHe
4mncno, To

e ft) = F(p+A). (14)
L[incHo,
e ()= [e e M ftyde= [ f()dt = F(p+2).
0 0

BnactuBicTb 3MilEHHA 3aCTOCOBYETLCA MNpPU  PO3rnNggaHHi  ABULL,
NOB’A3aHUX i3 3aracatymMmMm KOSIMBAHHAMMN.

Mpuknag 6. BuKoOpuUCTOBYOYM BIIACTMBICTL  3MILLEHHS, 3HaUTH
306paXkeHHs DyHKLUIN: e’ sinwt, e“'chot, shatcos® wt,
e“'sinatcos fBt.

10



: w
Pose’s3aHHsA. Bpaxosyouu, wo SN wt =ﬁ Ta dopmyny (14),
p +tw

at @
Maemo e SIn wt .:°

(p-a)* +w*
5 P >, oTpumaemo e”'chat= p—za 5.
p - (p-a) —o

shatcos? wt = Shatl-i-LZSZa)t: E[shat +shatCos2mt] =

3 Toro, wo chwt =

a(p? - a® —40?)

.—E[P —052 (pz—052+4a)2)2+160:2a)2
BpaxoBytouu, Lo Slnatcosﬁt——[ 5 a-p >+ — at+p
2 p+(a-p) p +(a+p)

71

3a BNacTUBICTIO 3MiLLLEHHS ,u,iCTaHeMO

. +
“'sinatcos Bt = [ a=p @t/ 51
2°(p-0)’ +(a-p) (p ®)° +(a+ )’
Mpuknag 7. 3HanTn opuriHan 3a Noro 306paxeHHsM
2p—5
F(p)=— :
p—6p+11
Pose’sazaHHs. [lepeTBopyMO fgaHuni Opib Tak, wob moxHa 6yno
BUKOpPUCTATK BNACTMBICTb 3MiLLLEHHS:

_ 2p-5  2(p-3)+1 (p—3)
F(p)_p2—6p+ll_ (p—3)2+2 =2 (p-3) +(f)

1 J2 e~ 3t L 3 _
+\/§(p_3)2+(\/§)2 = 2e cos\@+\/§e sin~/2t = £(z).

BnpaBu ansa camocTtinHoi po6oTu

3HanTn 306paxxeHHA PYHKLIN.
11. e ¥sin3tcos2s. 12. ¥ cos3tcosdr.  13. shtcos2tsin3t.

14. chtsin2tsin3t.  15. ch3tsin®t.  16. sh4tcos” 3t.
3HaTy opuriHanu dyHkuin F(p).

17. 1 18— P=2 e 23p+19 .
—-4p+20 p°—4p+13 2p°+8p+19
00 271 5 ptl

p°-1 p°+2p

11



4°. 3anisHioBanHa. Akwo (1) =F(p), b>0, 1o

f(t=b) =e ""F(p). (15)
[ns noBegeHHs 3Hangemo 306pakeHHss 4aHOro opuriHana:
+00 o0
f(t—b) .:’Ie_ptf(z‘ —b)dt = _[e_p(”b)f(r)dr =
0 -b
0 +o0
= PP Ie_prf(r)dr +e PP Ie_prf(r)dr =e PPF(p).
-b 0

Tyt Oyno BBedeHO 3aMiHy 3MiHHOI t—b=7 Ta BpaxoBaHO, LLIO

0
Ie""f(r)dr =0, tomy wo f(z)=0 gna scix <0,
~b

OTxe, 3ani3HOBaHHSA opuriHana Ha godaTHy BENUYMHY b npuBoauTb A0

MHOXEHHS 300pakeHHsa opuriHana 6e3 3ani3HiBaHHS Ha e PP
MosicHUMO TepMiH «3anisHioBaHHA». [padik dyHkuii f(z) (puc. 2, a) Ta

f(t—b) (pvc. 2, 6) MaloTb 0AHAKOBUI BUIMSAA, ane rpadik yHkuii /(¢ —b)
Mae 3cyB Ha b oguHuub npasopyd (puc. 2, 6). Omxe, dyHkuii f(¢) Ta
f(t —b) onucyoTb 0AUH i TOW e NpoLec, ane NPoLec, AKUIA ONUCye YHKLIS
f(t—b), nounHaeTbCA i3 3ani3HIOBaAHHAM Ha Yac b.

ft) f(t-b) f{t-b)
I :‘/4"—\ 1 { I
> - > L »
0' t o' b it 0 b t
a} G)
Puc. 2 Puc. 3

BrnactuBicTb  3ani3HiOBaHHA 3py4HO BUKOPUCTOBYBATM nNig 4ac
3HaXOMKEHHA 300paXXeHHS (YHKUIA, SKi Ha Ppi3HUX AiNgHKax 3agatTbCcd
PiSHUMU  aHanITUYHUMWN  BUpas3aMu; YHKUIW, WO ONUCYTb IMNYNbCHI
npoLecwu.

dyHKUiA
1 >05,

n@—b)={Q (<b

Ha3nBAETLCH Yy3araribHEHOK OAWHUYHOK OYHKUiE (puc. 3); 11 306paKeHHs
3rigHo 3 coopmynoto (15) 6byae
e 7
n(t-b) = —.
P

12



Mpuknag 8. 3HanTn 306paxxeHHs1 KyCKOBO-HENEPEPBHUX PYHKLIN:

t, O<t<a,

V=1 @ 0y =2a—1, a<i<2
a = =<2a—1t, a a,

0, <0, t>b;

0, 1>2a,t<0;

0, t<a, (0, <2, t>6

B) f(¢)=<t—a, a<t<b, N f(t)=3t-2, 2<t<4,
b—a, t>b; 61, 4<i<b.

Poseg’asaHHsi: a) dpyHkuito f(¢) (puc. 4) 3a gonoMorow ysaranbHeHO!
OAVHWNYHOI (PYHKLIT MOXXHa 3anucaTu y BUrnsai

(@) =) —n(-b)la.

pb
BHacnigok Toro, wo 77(¢) .:'E Tan(t—->b) = © , MGeMOo
P p
FO)== al> - Lo,
p p
f(t) (1)
a a

Puc. 4 Puc. 5

6) BUKOPWUCTOBYIOUM Yy3aranbHeHy oauHWYHy dyHKUito, opuriHan f(f)
(puc. 5) sanuwemo y Burnagi
f(@)=tn(t)—tn(t—a)+(2a—1)n(t —a) - (2a —1)n(t - 2a)
abo f@)=tn(t)-2(t—a)n(t—a)+(—2a)n(t—2a).
Topi srigHo i3 (7) Ta (15) 300paxeHHs gaHoro opwuriHana HabyBae
BUrNsay

- 1 1 -a 1 —2ap .
f(t).——Z—Z—Ze p+?€ p,

B) ans opurinana f'(¢) (pvc. 6) maemo
f@)=@-a)n(t—a)—(-a)n(t—b)+(b—a)n(t-b)
a6o f@)=@-a)n(t—-a)—(-b)n(t->b).
3o00paxeHHs Mae BUMsa

02 e Low

13



I
R o2 4 6 ¢

Puc. & Puec. 7

r) gaHy dyHkuito 1 (¢) (puc. 7) 3anmwemo opMyrnoto
J@)=@-2n(t-2)-(-2)n(t-4)—(—6)n(t—4)+ (- 6)n(-6)
abo  f(t)=(-2)n(t-2)-2(t—4n(t-4)+(—6)n(-6),
ToAi 306pakeHHa Mae BUrnaa;

f(@) ,:'ize_zl’ —2%8_41) +i2e_6p.
p P P

BnpaBu ans caMmocTiHOI po6oTu

3HanTN 300paXKeHHs KyCKOBO-HENepepBHUX GOYHKLIIN.

0, t<0,¢>4,
1l a<t<b,
22. (1) = 23. f(t)=4 1 0<r<2,
0, t<a, t>bh.
-1, 2<t<A4.
0, <0, 0, t<0,t>a+b,
24. f(t)=<t, 0<t<3, 25. f(t1)=1 1, O<t<a,
3 >3 —£t+1+2, a<t<a+bh.
. b b
3ayBaXXeHHs
1. 300pakeHHs nepiognyHoOro opuriHana 3 nepiogom 1° mae Burnsag
1 T
_ —pt
F(p)= 1_e_Tpgf(t)e dt. (16)

2. BnactusicTb BunepeoxenHss f(t+7) = e’ (F(p)- _[f(t)e_ptdt)
0

BUKOPUCTOBYETLCA PigKoO.

Mpuknag 9. Bukopucrtosytoun dopmyny (16), s3Hangemo 3o00pakeHHs
nepioanyYHUX PYHKLIN:
sint, 2nr<t<((2n+1r,

?) f(t):f(HZ”):{o, Qnidr<i<@nidm T OhEe

14



1, 2na <t <(2n+1a,

6) f(t):f(t+2a):{o’ (2n+Da<t<(2n+2)a,t <0,

1, 2nzr<t<(2n+1r,

B)f(1)=f(t+27n)=1-1, 2n+Drn<t<(2n+2)r, n=012,...

0, t <0,
Po3e’sizaHHsI: a) 306paxeHHst doyHkuii f(z) (puc. 8) Byae

2 Vs
— 1 —pt g. _ 1 AR —
F(p)—l_e—_zp”'([f(l‘)e dt_l_e——Zpﬂ.([e S|nfdt—

L e” (—psint—cost)[; = L L
1 ° 1

1—e 27" p? 4

i} 1 2m 3w (] a 2a 3a

6) 3HaxoaumMo 306paxkeHHs yHkuii 1 (¢) (puc. 9):

1 s 1 P
—2pa J.e ptdt: —2pa :
1-e “? l-e “? —p‘o

a

2a
F(p)= [r@ede=
0 0

1 e’ 1 1
+

1— e—Zpa

12 = p ; _p(1+e_pa)’

B) Nepexoasuun Ao 3o06paxeHHs dpyHkuii f(¢) (puc. 10), oTpumaemo

- 1 2z g 1 V4 o 2z o -
F(p)—l—gf(t)e dt-l_e—_zpﬂ[ge di— [ e 7dr] =

-2
_e 2o 4

T 27
1 e_pt‘ e_pt‘ 1 e PT 1 T b7
——1 + I=——1I- +—+ - 1=
1—e 77

pL+ e_p”).

15
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') I N I E—

Puc. 10

BnpaBu ans caMmocTinHOI po6oTu

3HanTn 306paXKeHHS NePIOaNYHUX GOYHKLIN.

1, 2na<t<(2n+1)a,
26. f(t)=f(t+2a)=<-1, (2n+Da<t<(2n+2)a, n=0,12,...

0, ¢<0,
2L on+1 " 1
27. f(6)= flt+7m) =1, ~ntD nz<t<+Dz,_qq5
0, <0,

t
28. f()= f(t+2a)=1 27 Zma<t<(@n+la. 45
0, (2n+la<t<(2n+2)a, t<0,

0, 2na<t<(2n+1a, <0,

29.f(t):f(t+2a):{l’ (2n+Da<t<(2n42)a, n=012,...

5°. MHOXeHHs opuriHana Ha 3MmiHHy . Skwo f(t) =F(p), 10

dF
FOER
dp
+00
Ockinbku iHTerpan F(p) = Ie_ptf(t)dt 36iraeTbcs PiBHOMIPHO, MOro
0

MOXXHa AndpepeHLitoBaTt 3a napameTpom. Tomy

dF(p) d T _, Ay _
4 ge P () dt = £ dp[e P f(6)de]=

+00

= [(0e” @t == [if e "dt =1 1)
0

0

16



BukoHy04M onepauito andpepeHuitoBaHHA 11 pasiB, MOXHa rnokasaTtiu

d"F a"F(p)
t"f(t)= (-D)"
dp”
OTxe, onepadii MHOXEHHA Ha 3MiHHY Yy Knaci opuriHanis Bignosigae
onepauia audepeHuitoBaHHSA Y knaci 306paxeHsb.

(17)

Mpuknag 10. 3Haintn 3o06paxenHa f (1) =t".

Pose’sizaHHsi. 3anucaBwmn opuriHan y Burnsaai f(1)=¢"-1 Ta
BpaxoBytouu popmynu (5) ta (17), maemo

a1l
oy
i1 .':. (_l) dpn = n+l"’

Mpuknag 11. 3HaitTn 306paxets f(f) =e 1"

Po3e’sa3aHHs. 306paxeHHs1 MOXXHa 3HaUTU CKOpUCTaBLINCL hopMynamm
(6) Ta (17)..

At n e n!
e = PN
(p+4)

Lli npuknagn BkasyloTb Ha Te, WO B OaraTboX BuNagkax 300pakeHHs
MOXXHa 3HaxXOAUTU TiNbKM 3aBOSKM BNAacTUBOCTSM NepeTBopeHHS Jlannaca.

6°. OudepeHuiloBaHHA opuriHana. SKLo f(t) mae HenepepsHy
noxigHy 1'(¢), sika € opurivanomi f(¢) =F(p), To

/' (=pF(p)-/(0). (18)

[ns noBedeHHsi ckopucTaemocs nepeTBopeHHsam Jlannaca ana f'(¢):
+00
S0 = e f@yt.
0
[HTEerpytoum uen iHTerpan 4yactmHamm, gictaHemo

+o
@O = f@)y" +p [ £ "dt==f(0)+ pF(p).
0
AHanoriyHo ansg noxigHol opyroro nopaaky

FO= [ 0= o]+ p [ o0
0 0

=—/"(0)+ p(pF (p) - f(0)) = p*F(p) - pf (0) - 1'(0).

17



MeTtogom MaTemMaTuyHOl  iHOYKUIIT MOXHa OoBecTu popmyny ang
NOXIiAHOI 71 -ro NopsiaKy

SOOF=p " F(p)-p" SO = p" 2SO~ = fUP(0).  (19)
Mpuknap 12. 3HanTn 300paxeHHs1 AudpepeHuianbHOro Bupasy
™ (£) =5x"(¢) — 4x"(¢) + 2x'(t) — x(¢) + 8 3a ymos, wo x(0) =5, x'(0)=0,
x"(0)=-1, x"(0) = 2.
Pose’szaHHs. [MosHaummo x(t) =X (p), Tomi 3a Teopemow Mpo
AndoepeHuitoBaHHS opuriHana (popmyna (19)) maemo

x'(t) = pX(p)-5,
x"(r) = p°X(p)-5p.
x"(r) 2= p°X (p)-5p° +1,
X (Oy= p*X(p)-5p°+p-2.
3Biacu 3a popmynoto (8) gictaHemo
x"V (£) =5x"(t) — 4x"(£) + 2x'(¢) — x(t) +8 =p* X (p) -5p° + p— 2

~5(p°X(p)-5p° +1) —4(p° X (p)-5p) + 2(pX (p) —5) - X (p) +% =

=(p*-5p°-4p? +2p-1)X(p)-5p° +25p° +21p—17+§.

p
BnpaBu ansa caMocTinHOI po6oTu

3HanTn 300paxkeHHs gudepeHuiansHNX BUpasiB.
30. x (1) +4x" (1) + 4x"(1), x(0)=1, x'(0)=2, x"(0)=-2, x"(0) =3.
31. 3x"(t) - 2x"(t) +5, x(0)=-1, x'(0) =2, x"(0) =-3.
32. 4x" (£) +3x"(¢) + x(¢), x(0)=0, x'(0)=3, x"(0)=0, x"(0) =-1.
33. x” (1) + 2x" (¢) + 4x(¢), x(0) = x'(0) = x"(0) =0, x"(0) =x"" (0) =—1.

7°. IuTerpyBaHHs opurinana. Akwo, (1) =F(p), Re(p) > s, 10

[ /@ F(p). Re(p)>s (20)
0

t
IHTerpan jf(r)dr — ue opwuriHar, TOMY Lo Ans HbOro BUKOHYIOTLCS BCi
0
TPV YMOBWU iCHyBaHHS opwuriHana. No3Ha4dnmmo 300paXKeHHs uboro iHTerpana

18



t

yepes D(p), TobTO jf(r)dr = @(p), Toai 306pakeHHsIM Bif, MOro noxigHoi
0

3rigHo i3 doopmyroto (18) byne

t 0
([ f(2)d7) =pO(p)-[ f(x)dz abo f(t) = pO(p),
0 0

ane /(1) ==F(p), Tomy F(p) = pd(p). 3sicm @(p)%F(p).

Omxe, onepauil iHTerpyBaHHsa B Kraci opuvriHanis Bignosigae onepauis
AiNeHHa Ha p B Kraci 300paxeHb.
8°. [lineHHs opwuriHana Ha 3miHny 7. Skwo /' (t) = F(p), Re(p) > s
+00
Ta iHTerpan JF(p)dp 36iraeTbca Ha nisnnowwHi Re(p) > s, 1o

p

S0 = [Fo)p @1
p

t -
SIN
Mpuknap 13. 3HanTn 306paxeHHsT PyHKUIT _[—Tdr.
T
0

: .1
Po3se’sa3aHHs. 3 Bupasy SINt — 2.1 Ta hopmynu (21) maemo

p +

sint _,T dp _ arctgp‘oo —z—arctgp =arcctg p
t '_pp2+1 b2 |

Omxe, 3a popmynoto (20) gictaHemo

j‘SinrdT:. . _arcigp _ arcctgp.

s T 2p p p
BnpaBu ansa camocTtinHoi po6oTu

3HanTn 300paXKeHHA PYHKLIN.
_at - - -
In sin7tsin3 COSDHI — COS
€SNt - gg SINTISINGE g5 sht 4o COSHI=COSaf

t t Tt t

34.

9°. MHOXeHHs 306paxeHb. Akwo f(1) = F(p), f>(t) =F,(p), 10

F(p) Fy(p)= [ /1(2) fo(t—7)dr. (22)
0

19



t
Mo)kHa nokasaTi, Lo jﬁ(r)fz (t—7)d7 € opuriHanom. Kopuctyrouncs
0

o0

BUpasoM (2), 3anuLiemo jﬁ(r)fz (t—7)dr = I (_[f1(7)f2 (t—7)dr)e Pdt =
0 0 0

_ Te—pfdf [FAGYAGEY 3
0 0

O6nactb iHTerpyBaHHa [) OTpuMaHOro ABOKpPATHOro iHTerpana
BU3Ha4aeTbcst ymoBamn 0<¢<oo, 0<7 <1 (puc. 11).
3MIHIOO4YM NOPSAOK IHTErpyBaHHSA Ta NOKNagaryu
T =t—r7, pictTaHemo ¥

[A@ G- =] f@)de[e [, -7)d =
0 0

T

f

:!ﬁ(r)e‘prdrz‘;fz(T)e_pTdT=Fl(l?) £(p). 0 Puc. 11

IHTerpan y goopmyni (22), Wwo cToiTb NpaBopyy, HAa3MBAETLCH 3rOPTKOHO
opuriHanie Ta nosHavaetbcsi cumBoriom f;(¢) * f,(¢), To6TO

A©O* 0= [ /@) fot-7)de.
0

Lisi OTpYMaHHS 3ropTKM HAa3WBAETHLCA 3rOPTAHHSAM.
OTxe, pobyTky 306paxeHb Fi(p) F,(p) Binnosinae aropTka opuriHanis

A% £0):
[@)* fo()=F(p) F2(p).
3anuwemo ocHoBHI BnactusocTi 3ropTku: f1(2)* f,(¢) = f5(t) * f,(2);
[(0)* o] f3(0) = 1) *[ /o) * ()]s () *[f2(0) + f3(0)] = fu2) *
* () + /(6 * £3(0); |1(0) * ()] < |A@) %[ £2(0)).

Mpuknag 14. 3HaiiTy sropTky dyHKUin f1(f) =1 Ta fo(t) =¢€'.
t t t
Pose’szaHHs: t * €' = jeT (t—7)dr = tjefdr —ITerT =(te' —t—te' +
0 0 0
+e —1)=¢ —t-1.

20



1

(pZ n 0)2)2 )
1 1
Pose’sizaHHs. Bpaxosytoun, wo F(p)= Ta

(p* +0°) (p° + %)

Mpwuknag 15. 3HaiiTy opuriHan dyHkuii F(p) =

t
# lSlna)t maemo F(p) = J‘ESIna)r—Slna)(t—z')dr—
2 2
(p+w ) 1) @

1 1,1 . ; t
— e !(COS (2t —t)—coswt)dr = 2—w2($8|n (27 _t)‘o —7CO0S a)t‘o) —

1 1 .
— (—sm wt—1Coswt) = —(Sinwi—wicoswi).
2(0 0] 20

Hacnipok. Axwo f,(¢) * £, (t) = F(p) F>5(p) i f{(t) Tex opurivan, To

PF(p) Fy(p) = f R@ e -dr+ 0 L0).  (@29)

d®opmyna (23) HasumBaeTbca opmynorw [Hrwamens. Lo dopmyny
MOXHa BWKOPUCTOBYBATWU [ONA 3HAXOMKEHHS opuriHanis 3a BigoOMUMMU

306paxeHHAMN.
2

2
Mpwuknag 16. 3HaiiT opuriHan ans so6paxeHHs F(p) = %
(p°+1)
2p° 1 1 .
Po38’a3aHHs. OcKinbku _r 2 P Ta —= sInt,

(pZ+1)2 pp2 +1p2+1 p2+1

2p — COS?, To 3a chopmynoto Jioamens (23) Maemo
p-+1
1 p
2p — chosmos(t—r)dr+0—tcosr+smt.
+1p +1°

BnpaBu ansi caMmocCTinHOI poboTu

3HaWTU 3ropTKy PYHKLIN.

38.sint*¢. 39. COS? *t. 40.sint*sht.  41. J1+1 =1,
42. ¢” x(L—ar1). 43. t* %13, 44. COS* t* 1+ *Sin° ¢ . 45. COS/ * COS? .
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3HaiiTy opurinanu ans dyHkuin F(p).

__p B 1
46. F(p)_(p2+a)2)2. 47. F(p)_(p+1)(p+2)2.
48. F(p) = »’ 49. F(p) = P

(P> +9)(p° +4) (p-1(p°+4)
1 1

50. F(p) = . 51. F =—,
) G 6p 13 —6p 10 D 0
1 p2
52. F(p) = : 53. F(p)=—>——.
(P-1*(p-2)° (p*+1)°
Kopuctytounce iHTerpanom [roamens, 3HanTn opuriHann ans yHKUin.
1 2p°
54. F(p)=—75—"5—". 55. F(p)=—77—.
TR )= vy
3HanTn 3006paxeHHA PYHKLIN.
t t
56. Iet‘fsin rdr. 57. IeZT cos(t—7)dr.
0 0
t t
58.j(t—r)zchrdr. 59.I(t—r)”f(r)dr.
0 0

10°. MHoxeHHs opurinanie. Akwo f,(1) =F(p), /() =F,(p), 10

. 1 y+oo
A0 05— [F@)fo(p-2)dz,
27 o
e wnax iHTeryBaHHFI — BepTUKalsibHa npama Rez = y>S.

Takum ymHom, [oBYTKY opuriHaniB BignoBigae 3ropTka 300paXxeHsb.

Han4acTiwe BUMKOPUCTOBYBaHI opuriHanu Ta ix 306paxxeHHs1 3BegemMo Y
Tabn. 1.
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Tabnuusa 1

OpwvriHan 306paxeHHs OpwuriHan 306paxeHHs
0] F(p) /(@) F(p)
1 _ 2pw
1 ; tSinwt (p2+a)2)2
n! 2 2
o 1 1COSwt p2 0)2 5
(p”+°)
1 1
e p+A te™ (p + A)?
: @ tn At n!
e "
SINwt p2+0)2 (p_/l)n+l
P n . d”
Cosw!? P "1 (1) (-1 0 F(p)
0, 2p@
shot Pp tshawt (p? — %)’
P >+ o
chwt 2 2 tchot p2 22
p o (p”—o°)
e Msinwt ¢ At o 20(p = %)
(p+2)° +0° e isinawt (p—A)° + %)
Y pt+A (p—A)°-0”
e COSwt At
(p+ )%+ e”'tcoswt (p=2)% +0?)?
4 @ _ @COSp* psSing
e Mshwt (p+ 1) — sin(wt £ @) P2+ 0
2 p+A PpPCOSOTF @wSin @
e Mechot (p+ 1) - cos(wt + @) D%+

Nekuisa 4. OBEPHEHE MNEPETBOPEHHA JIAMJIACA

3aranbHuin 3acid BM3HAYEHHSI opuriHana 3a gaHuMm 306paXXeHHAM Oa€e
obepHeHe nepeTBopeHHs Jlannaca (popmyna obepTtaHHa Pumana — MeniHa).
Akwo F(p) —ondepeHuiioBHa dyHkuis B obnacti Rep>s, ska

nparHe OO0 Hyns, KOnu ‘p‘—)oo Oyaob-aKMM WnsixoMm Yy Ui obnacti, Ta
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abconTHO iHTerpoBHa B3OOBX Oyab-sikoi npsmoi Rep=s, 10 F (p) €

300paXeHHAM PyHKU,T
l S+jOO
f6)=_— [F(p)e"dp. (24)
2 §—joo
dopmyna (24) ,,06epTtae” hopmyny (2), To6To Bupaxae dyHkuito f(¢) yepes
il 306paxeHHss F'(p). Yepes ue piBHICTb (24) YacTo Ha3nBaTb ¢hOPMYII0H0

obepHeHo20 nepemeopeHHs1 Jlannaca a6o ¢opmynoro PumaHa -—
Menina. CnmBOMiYHO BOHA 3anNuUCy€ETbCA Tak:

-1
L{F(p)}= /().
B OoKpeMnx BuUMNagkax And 3Haxoo>KeHHA opmriHana KOPUCTYHOTbCA
TeopeMaMin po3KnagaHHA.

Teopema po3sknagaHHsa 1. Akwo yHKUiA F(p) B OKOMi TOYKN p =0

Moxe OyTu nodaHa y Burnsgi psay NopaHa F(p) = Z C”+1, TO pyHKLUIS

t}’l
f(@t)= ch . 1> 0 € opuriHanom, sikuit Mmae 306paxeHHsa F(p), To6To
L

F(p)= Z et ZC —_—f(f)

Mpuknapg 17. 3Haty opuriHan f'(¢), AKwo

1 .1
a) F(p)=—sin=; 6) F(p)=—F
p P p 241
Po3e ’ﬂ3aHHﬂ a) maemo

1 1,1 11 1 1 1 1 1 1
Flp)="sin"=1(T-2 0 2l jo
p p pp 3p 5' p* ¥p 5'
OTXe, Ha OCHOBI BVILLI,eHaBe,EI,eHOI TeOpeMVI pO3KnagaHHs
12 17
f() _gg gg—..,t>0,
6) 3anuwemMo nopaHiBCbkuUi posknan yHkuii F(p) = 2p . B OKOI
p-+

TOYKUN p = 00:
_p _ _p 1 1
Fp)= 241 2 1, p 1,
p p 1+) 1-(-—,)
p p
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1 1 1 1 1 1
+ .

2
t
—|<1, 10610 |p|>1. Otxe, f(f)=t——+——... abo OCTATOHHO

Ae 21 4l

f(t)=cost, t>0.

B enekTpoTexHiui O0CUTb 4acTo 300paXeHHa CTpyMiB Ta Hanpyr
R(p)

o(p)

3Ha4YeHHs apryMeHTy p, siki 3agoBosbHATE ymoBy F(p) =0, HasvBaoTbes
Hynamu ¢yHkuii F'(p), a 3HauyeHHs aprymeHTy p, npu akux F(p)=o —
nosrocamu uiel yHkyii. Hyni Ta nonocn @YHKUiI MOXHa BigNoBIgHO
BU3HaA4UTU K kopeHi piBHsAHb R(p) =0 T1a O(p) =0. Tak, skwo

ABNATb CcoGol  ApoGoBo-pauioHanbHi  QyHkuii  Bugy F(p)=—=

o(p)=(p-p)" (p—p)"..(0—p,)"",

TO p; —NONKOC KPATHOCTI my; p, —MOMC KpaTHOCTI m, i T.A4. 30Kpema, 3a
ymoBu, Wo m, =1, nomoc p, HasMBawTb MPOCMUM. AHAMNOrYHO rOBOPSTb
NPO KpaTHi Ta NPOCTi HYJi.

3HaxoQKeHHs opuriHanis apoboBo-pauioHanbHNX OYHKUIN Ba3yeTbCs
Ha TeopeMi po3knagaHHs 2.

Teopema posknagaHHsa 2. Skwo 3o6paxeHHss F(p)— pauioHanbHa
YHKUiA, WO BUPaXa€e€TbCHA BiOHOWEHHAM [OBOX MHOroudsieHiB, TOOTO

R(p)

F(p)=—"=, ne creniHb MmHorouneHa Q(p) BuLWwMiA 3a cTeniHb MHOroYneHa

O(p)
R(p) i F(p) wmae nonwocu py, py,...,p, TNOPAOKIB My, My,...,m
BignosigHuii opurinan ana F(p) 6yae

my —1
f0=2 0 dmkl(( pyme R g ] @5)

TO

n?

=1 (my, —1)'1HP dp o(p)°
3ayBaxeHHsa Y sunagky, konu Bci nomocu F(p) npocrTi
(m =m, =...=m, =1), BignosigHo agictaemo
f() Z (pk) pkt. (26)
20" (pi)
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Ha npaktuui 3amicte opmyn (25) Tta (26) 4acto BMKOPUCTOBYHOTb
R(p)

Q(p)

TakoMy pasi 9K Cymy opwuriHanis BignoBigHWX 3400yTux gogaHkiB (NPOCTUX
apobiB). HaBegemo opuriHanu enemeHTapHux Apobis nepwmx TpbOX TUMIB,
AKI LUMPOKO 3aCTOCOBYHOTBLCA MpW IHTErpyBaHHi AndpepeHLuianbHUX piBHAHb B
eneKkTpoTEXHIU|
A .:.Aeal; A - .='A 1 tk—leat;
p-a (p—a) (k-1)!

b 2

-t

2Ap+B = e ? (ACOSqt+£Sinqt), ne q:‘/c—b_; C:B_A_b_
p +bp+c’ q 4 2

posknag F(p)= Ha CyMy MpPOCTUX APOGIB Ta 3HaAXOAATb OpwriHan y

Mpuknag 18. 3HanTn opuriHan 3a gaHNUM 300paXkeHHAM

__ =2p
o= -y

Po3g’saizaHHs. Bu3HavyaemMo KOpeHi 3HaMeHHMKa Ta IX KpaTHOCTI:
D= -2; m =1; p, =1, m, = 2. 3a bopmynoto (25) s3Haxoaumo opwuriHan

(7-2p)e” ]+
(p+2)(p-1)°

; lim ¢ [([9—1)2 (7-2p)e” Zj:
(2-Dlr-1dp (p+2)(p-1)

= lim [(7_2p)eptj+ lim ¢ ((7—2p)e"’j:

flo)= Iim2£(p+2)

=2\ (p-1)° r-ldp p+2

_ pt _ pt _ pt
:E'e2[+|im£ 2e” +(1-2p)e”™ (7 Zp)e2 Jz
p—1 p+2 (p+2)
11 _,, —2¢' 5t'  5é 11 _,, (St 11) ;
=—e " + + — =—e  +|———|e.
9 3 3 9 9 3 9
Mpuknag 19. 3HanTn BCiMa MOXNMBMUMKU criocobamu opwuriHasn, sIKWo
y 1
oro 306paxeHHs 3agaHo sk F(p) =———.
r(p-1)
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Posg’szanns. Tyt R(p)=1, O(p)=p*(p-1), O'(p)=4p°-3p?,
p; =1 — npoctuin kopiHb 3HameHHWKa, p, =0 — 3-kpaTHUI KOpiHb (m = 3).
BukopucrtoBytoun popmynu (25), (26), maemo

0 =—1_¢ 1Imd2( e (p_o)ff):

+— i 5| —3
4—3 2|p—>0dp p (p—l)
pt " 2 2
=et+élim € =...=€t—t——t—1,T06TO f(t)=et—t——t—1.
2p—0| (p-1) 2 2
HaBegemo iHwwni meTon o6GuucneHHs f(¢). Posknagemo [api6
: 1 1 1
—5, .~ Ha cymy enemeHTapHux apobis: F(p)=———=-—-— -
p (p-1 p(p-2) p p
1 1 2
——+——.0mxe, f()=¢ L
p -1 2
PosrnaHemo e oauH cnocib BusHadveHHs f(z). 3anvwemo F(p) sk
no6yTok _t 1 BPaXOBYIOUM, LLO Lo f 1 —=¢' 71a
p’(p-1) p°’p-1 ’ p> T 2" p-1"

KOPUCTYIOUYNCH BNACTUBICTIO MHOXEHHSA 300paxeHb, AicTaHeEMO

‘ { u=r> du=22'dr}__let, 5
2

1 2 t-1
F(p)= |=t%" "dr=
) '([2 dv=eTdr v=-€""

y = du=d
+I ' Tdr ={ y t_TT N trr} =—£t2 +O+(—Tet_r)‘g —
i dv=e 'dr v=-—e 2

2

t_t_t____
, =€ 5 t—=1=f(1).

BnpaBu ans caMmocTinHOI po6oTU
3a [JOrMOMOrod TeopeM po3KnafjaHHsa opuriHanu, Lo

t—7

3HanTH
BiANOBIAAOTb AaHMM 300paXXEHHSIM.
+1 241
60. F(p)=—5 L . 61. F(p) = P |
p(p-D(p+2) rlp+D(p+2)(p+3)
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1

5p+3
62. F = . 63' F = .
(p) (p+1)2(p +3) (p) (p-1)(p?+2p+5)
64. F(p) = - 88 Fp)=—5
D= a2 rap ey ey
2
66. F(p)=_ P —P+2 67. F(p) = : -

OpwvriHanu ana gesikux Apo6oBo-palioHanbHUX 306paXeHb 3B8e4emMo Y

Tabn. 2.

Tabnuuga 2
3o06pakeHHs Opwvrrinan
F(p) ()

1 2
1
eat
p—a
1 _t
1+ ap ;e
1 1, .,
s = (e -1)
p(p—a) a
1 t at
e
(p—a)’
1 eat _ebt
(p—a)(p—b) a—b
p(p—a) a a
p (L+ at)e™)
(p-a)’
p ae® —be”
(p—a)(p-b) a—b
b+cp b .
5 > cCOSat +—SIn at
p +a a
b2+ P 5 cchat + éShaz‘
p°—a a
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MpoaoBXeHHs Tabn. 2

1 2
1
p2+ap+b
a’ 1 -« i
A=b-—>0 e 2sinyAt
4 Ja°©
A=p-9 <0 1 -5
e “sh—At
4 J-A
A=b-L =0 -
4 te
V4
p2+ap+b
2 at
a — a .
A=b-—>0 2 (cos~/At ———sin /At
: ¢ 20a YA
a at
A=b-—-<0 2 (eh At - —L 5= At
4 ¢l PN
2 at
a Y at
A=b——=0. 2(1-22
4 e “( 2)
T 1 iz(e‘”—l—at)
p (p-a)
1 e — 1+ (a-Db)t)e”
(p—a)(p—b)° (a—b)?
1 eat ebt ect
+ +
(p—a)(p-b)(p-c) | (b-a)ic—a) (a—-b)c—-b) (a—c)(b-c)
1 ’ EtZeat
(p—a) 2
p ae” —(a+b(a—-Db)i)e”
(p-a)(p-b)° (a—b)?
p ae e ce”

(p—a)(p-b)(p-c)

+ +
(b-a)c—a) (a=b)(c=b) (a—c)(b-c)
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MNpoposxeHHa Tabn. 2

1 2
P - (t+1at2)eat
(p-a) 2
1 1
R ) a—z(l—cos at)
1 1
—(chat -1
p(p®-a®) 2" )
12 . 21 2(e‘bt—cosm+ésinat)
(p+b)(p°+a“) a”+b a
2 2 2 42
(p+0) b LA =D st + 2bsinat
p(p® +a°) a®  a’

: 1 . 31 (ch at sin at o at cos at)
i S22 2T e
p4 ia4 Z—iﬁ(Shat —sin at)

p 1 at . at
sh sin
p4-|—a4 a> N2 N2

417 ; Ziz(chat—cosm)
p —a a

1 i(sinat—atcosat)
(p” +a”)’ 24
ﬁ Z—J'Z(atchat—shat)
p°—a a
1 1 (sinbt_sinat)
(p +a*)(p* +b?) a’~b*" b a
1 1 shat shbt
(pz_az)(pz_bz) aZ_bz( a b )
1 1 shat sinbt
2 2Ny 2 2 2 2( B )
(p® —a®)(p* +b?) a’+b" a b
» r.
I —SInat
(p® +a*)? 2d
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3akiHyeHHs Tabn. 2

1 2
p t
Y —shat
(pZ_aZ)Z 2a
1 t at .
1) a—4(1—c03at—53|nat)
1 t at
S ) a—4(1—chat+EShat)
1 1 N (COSat cosbt)
p(p* +a®)(p* +b°) a’h’ a —bz > b
1 1 N 1 (chat_chbt)
p(p”—a’)(p’ -b’) a2b2 el S
W;az)s ” 5((3 a’t?)sin at —3at cos at)
1 2,2
(192——512)3 g((3+a t“)shat — 3atchat)
ﬁ é (sinat — at cos at)
([?2_#2)3 é (at chat —shat)

Nekuia 5. PO3B’A3AHHA OU®EPEHUIANIbHUX PIBHAHDb
TA CUCTEM 3A IONOMOIoro
OMNEPAUINHOIO YACJIEHHA

NMiHinHI gndoepeHuianbHi PIBHAHHA i3 cTanMMn KoedilieHTaMn MOXYTb
OyTn iHTerpoBaHi onepaTopHuM MeTodoM. Llen meTon Aae 3mory 3BeCTu
iHTerpyBaHHA andoepeHLuianbHUX PiBHAHb 40 BUKOHAHHA CyTO anrebpaivyHmx
onepawuin.

Hexan maemo niHinHe [gudepeHuianbHe pPiBHAHHA i3 cTanMmum
KoediuieHTamu

X+ ax" V@) + . +a, 5 () +a,x(@) = f(£), t>0, a,eR,
i noyaTkoBi ymoBu npu ¢t =0
x(0)=x,, x(0)=%y, ..., x" D) =x"".
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MosHaunmo [ (t) = F(p) — 306paxeHHA NpaBoi YaCTUHU PIBHSHHS,
x(t) =X (p)— 300paxeHHs LWykaHOro po3B’A3Ky. Topi, BUKOPUCTOBYHOYM
BJ1IACTMBICTb ANdpepeHLitoBaHHS opuriHany, nocnigoBHO 3HaxXo4uMOo

a, x()=X(p),
a, 1 | x()= pX(p)—xo,

a, o | (1) = PZX(P) — pXp — Xp,

@ X"V = p" X (p) - p"xg - p" kg - — x0T,
1| <) =p"X(p) - p" txp - p" Py — = px{P =Y.

TakuMm YNHOM, Ha MHOXWHI 306paXkeHb AiCTaHEMO PIBHSAHHS BUraaay
(p" + alp"_l +...+a,)X(p)=F(p)+ xo(p”_l + azlpn_2 +...+

+a, ) +i (P P ap"C +a, )+ xg D (pra) + g,
abo
O(p)X(p)=F(p)+P(p), (27)
ne O(p)=p" +ap"  +a,p" % +...+a, — XapaKTEPUCTUYHMI MHOTOUMEH

NiHINHOrO ogHOpPIgHOrO pPIBHAHHA. PiBHAHHA (27) HasuBalTb OOMOMIXHUM
abo onepamopHuUM piBHAHHAM ona 3agadi Kowi. 3 piBHAHHA (27) maemo

_ 1 P(p)
XY= 50T o)

Axwo x,(7), x,(¢) — opuriHanu cyHKUiN
1P
o(p) o(p)

(iX MOXXHa 3HaNUTM po3KnagaHHAM Ha enieMeHTapHi 4pobun), To Ans WyKaHoro
po3B’a3ky x(f) 3rigHO 3 BNacTMBICTIO NPO 3ropTKy AicTaeMo dhopmyny

x(t) = If(t —7)x (7)d T+ x,(2). (28)
0

MoTpebu sHaxogut F(p) nNpu LbOMY He BUHWKAE.

AHanNoriyHoO LWyKalTb PO3B'A30K CUCTEMU MiHIMHUX OndepeHuianbHUX
PIBHSIHb i3 cTanummn KoediuieHTamun. AKWo € cuctema

( xl + allxl +...+ alnxn = fl(t)’

) x2 +a21x1 +...+a2nxn = f2(t),




0
3 nouatkosumu ymoamu x;(0) =x, ..., x,(0)=x2, To nepeTBOpPEHHSIM

Jlannaca BoHa nepeBOAUTBLCSA B CUCTEMY n MiHIMHUX anrebpaiyHnx piBHSAHb
BiJHOCHO 7 LykaHux 306paxeHb X;(p), ... X, (p):

(p + an) X1(p) + apX,(p) + ...+ a, X, (p) = B (p) + x;
) anX1(p)+(p+ay)X,(p)+...+ a, X, (p)=F,(p)+ xg;

Kaanl(p) +an2X2(p) +...+ (p+ann)Xn(p) = Fn(p) +X2.

3a poss’siskamu uiei cuctemn X;(p),...,X,(p) 3Haxooumo po3B’s30K
x(t),...,x,(t) 3apaHoi cuctemu.

Mpuknag 20. 3HaiTn po3s’'Asok piBHAHHS  X(¢) + 2x(¢) = f(¢),
2
x(0)=1, ge f(©)=2[A+1)e" +(1+20)].
Po3e’sa3aHHs. 3acTocyeMo nepeTBopeHHs Jlannaca. Maemo

| pX(p)-1+2X(p)=LLf ()]
3BigKu

1 1
X(p)=p+2+p+2L[f(t)]-

Bukopuctaswum tabn. 1 i gpopmyny (28), gictaHemo

t
x(t) = e +2[e 2D+ 7)e” +(L+20)]d.
0

2
O6uncnuBeLLK iHTerpan, oTpuMaemo po3s’'a3ok x (1) = e +2t.
Mpuknaa 21. 3HanTn po3B’sA30K 3agadi Kouwi

X+4x=sin3¢, x(0)=0, x(0)=0.
Po3e’sa3aHHs. CknagemMo 306paXkeHHs1 4aHOoro pPiBHSHHA Ta pPO3B’SXKEMO
voro BigHocHo X (p), aicTaHemo

2 3 B 3
P D= g = T g0y

Po3knagemo oTpumaHuin BUpa3 Ha enemMeHTapHi pauioHanbHi gpobu:

1 3 3 2

X(p)=—= +— :
=5 29710 7 4

3Hangemo BianoBiaHoO 4o Tabn. 1 WwyKaHU po3B’sa30K:
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x@):jiﬁnZt—lsm3L
10 5

(¢

> O0<t<?2,
Mpuknap 22. 3HanTn po3B’s30K PiBHAHHA X +4x={3—¢, 2<t<3.

0, t<0,¢>3,

akwo x(0)=0, x(0)=0.

Po3e’sa3aHHs. 3a [ONOMOrol OAMHUYHOT OYHKLUIT NpaBy YaCcTUHY OaHOro
AudpepeHuianbHOro  pPiBHAHHA  MOXHa 3anucatyM  OAHUM  aHaniTUYHUM
BUPa30oM:

%tn(t)—%tn(t—2)+(3—t)77(t—2)—(3—t)77(t—3)=
1
+(t—3)77(t—3)=§tf7(t)—g(t—2) (E-2)+ (-3 -3).

Takum YymHom, X + 4x :%tn(t) —%(r —-2)n(t—2)+ (¢ -3)n(-3).

OnepaTopHe piBHFlHHFl 3a HYJIbOBUX NMNO4YaTKOBUX YMOB Ma€ BUINALO

2 ) 1 -3
pX+A4X == ——Ze P+ e,
pz 2p2 p2
3Biacu
X(p)ZE 2 12 = 2 12 e+ 12 e P,
2p°(p°+4) 2p°(p°+4) p (p°+4)
Ockinbkun
1 1,1 1 1,1 1 2 1 1 .
= ()= ()= (t—Zsin2),
p(p+4) 4 p° p+4 4 2 p2 42 4% 2

TO 3a BACTMBICTIO 3ani3HEHHA 3HaNOEeMO

x(1) = %(t —%sin 21) —g(z 2 —%sin 2t—2)n(t—2) +

+%Q_3—%sm2@—3»ﬂﬁ—3)

Mpuknap 23. Po3e’azaTtn cuctemy

iti+y-y=e, x(0)=y(0)=y(0)=0,
X+2x—yp+y=e’, x(0) =1.

34



Posze’sizaHHs. Hexan x(t) =X (p), y(t)= Y(p). 3anuwemo cucremy
onepaTopHUX PiBHAHb

(p2+p)X +(p2 -y =—"L—,
p-1

1

(p+2)X+(-p+)Y =—.
\ p+1
3 uiei cuctemm sHaigemo X (p) Ta Y(p) i pesynbTatm posknagemo Ha

enemeHTapHi opobu
X—l 1 3 1 3p

=— +— , Y(p)=—7FT—.
4 p2-1 4(p+1)° () 2(p® -1)°
Ockinbku
AN e,
dp\ p+1 (p+1)
4 21 = —% = L{-t sht},
ap\p°-1) (p°-1)
TO OCTaTOYHO
x(t) = 1Sht + §te_t,
4 4
(¢) —§tsht
Y 4 -
Mpuknap 24. Po3s’azaTtu cuctemy
X=y-—z,
Y(p)=3y=x+y, x(0)=1, y(0)=2, z(0)=3.
zZ=Xx+2z,

Pose’szanHsa. Hexain x(t) =X (p), y(t) = Y(p), z(t) = Z(p), Toqi
x=pX-1, y=pY-2, z=pZ(p)-3.

Cuctema onepaTtopHux piBHAHb HabyBae BUrnagy

PX-Y+Z=1
X-(p-1)Y=-2
X-(p-1)Z=-3.

PosB’asytoun cuctemy anrebpaiyHmx piBHSAHb, OiCTAHEMO
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X(p)=_P72%
2 p(p-1)

2p>—p-2
Y(p)=L—L<
p(p-1)
3p?-2p-2
p(p-1)°

KoxeH pauioHanbHUn Apib po3knagemMo Ha enemeHTapHi, nepengemo
[0 opwuriHanis, OTPUMAEMO LIYKaHU PO3B’A30K.

Z(p) =

p=2 _2p-p-2_2 1 ., ,_ ,

r(p-1) p(p-) p p-1°
2p2—p—22:_2+ 4 1 2,:'—2+4et—tet,
r(p-1) p p-1 (p-))
3p2—2p—2=_3+ > 1 = —2+5e —te'.

pip-9*> p p-1 (p-1°"
Omxe, x(t)=2—¢€', y(t)=—2+4e' —te', z(t) =—2+5€" —te' .

BnpaBu ansa caMmocTinHOI po6oTu

PosBs’azaTtu andpepeHuianbHi piBHAHHA NpU AaHMX NOYATKOBUX YMOBaX.

68. ¥ +3%¥+3x+x=te’. x(0)=0, x(0)=0, x¥(0)=0.

69. ¥ +3x+2x=¢, x(0)=0, x(0)=0.
70. X —x =3(2—1%), x(0) = x(0) = ¥(0) =1.
71.%-%=¢" x(0)=1, x(0)=0, #(0)=0.
72. X +4x=sin3t, x(0)=0, =x(0)=0.
73. ¥ +2x-3x=¢ %, x(0)=0, %(0)=0, i(0)=3.
74. X + x =1C0S2t, x(0)=0, x(0)=0.
75. X —6x+11x —6x =1, x(0)=0, x(0)=0, x(0)=0.
76.b’c’+x=%tzet, x(0)=0, (0)=0. ¥(0)=0.
77. ¥ —3x+2x =8te”’, x(0)=0, x(0)=0, ¥(0)=1.
78. X+ 2%+ x+2¢ % =0, x(0)=2, x(0)=1, x(0)=1.
79. x" +2x"+x =0, x(0)=%(0)=#(0)=0, ¥(0)=1.
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80. X —X+4x—4x=5e"sint, x(0)=0, x(0)=1  x(0)=1.
1, O<r<l],
81. x+x=< -1 1l<¢t<2, x(0)=0, x(0)=0.
0, t<0,t>2,
2t, 0O0<r<],
82. i +4x=9-2t+2, l<t<2, x(0)=0, x(0)=0.
0, t<0,¢>2,

PosB'azatn 3agaydy Kowi gna cuctem gudpepeHuianbHUX PiBHSHb.

83 x=x+2y+9, x(0)=-2, 84 Xx+2x+y=sint, x(0)=0,
| y=4x-y, y(0)=4 | y—4x—2y=cost, y(0)=1.

t

.. . vl
85.{’“”” Y=€r 0)=y(0) = #(0)=0, #0)=1.
x+2x—y+y=e

g [2E—i+9x—§-9=3y=0  x(0)=i(0)=1,
2%+ %+7x—¥+y-5y=0,  »(0)=y(0)=0.

[ {L 0<zt<l,
X+ y=

0, 1t>1], B B
87. L 0<r<2, x(0)=y(0)=0.
X+y=
| 0, t>2,

Nekuia 6. PO3PAXYHOK ENEKTPUYHUX NTAHLUIOIB
OMNEPATOPHUM METOAOM

OnepauinHuin meton 6yno BBeOEHO B ENEKTPOTEXHIKY aHrincbKum
iHkeHepom Xesicangom (1850 — 1925 pp.). Metoa ICTOTHO cnpollye
PO3paxyHKM MepexigHMX MpoLeciB. Moro 3HaYeHHs MOPIBHIOETLCSA  3i
3HaYEeHHAM KOMMJIEKCHOro MeToda B Teopil 3MIHHUX rapMOHIMHUX CTPYMIB.
BeeneHunn Xesicangom onepatop p 6GaraTo B YoMy Haragye ornepartop j@

KOMMJIEKCHOro MeToa Teopil 3MIHHMX CTPYMIB.

CyTb ornepaTopHOro mMeToda nonsdrae B anrebpusauii
AndpepeHuianbHOro  piBHAHHA, ANa  peanisauii  akol  noTpibHO  3HanNTH
3006paxeHHs1 BCiX QOYHKUiN, WO BXOAATb OO0 AudbepeHuianbHOro pPiBHSHHS.
Ona anrebpusauii gudepeHuianbHNX piBHAHb, 3a OOMNOMOIOK  SIKUX
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PO3PaxoBYIOTb €MEeKTPUYHI MaHLIOM, BU3HAaYMMO 3006PaKEHHS eNEMEHTIB, Lo
. . ~ . [ ] di
MicTATbCS Y piBHSHHSX. Hexan i(t) = [(p), BpaxoByloun, Wo u; =L;,
4
aictaHeMo 306paxeHHs1 Hanpyau Ha iHOYKmueHocmi, CKOpPUCTaBLUWCH
dopmyroto (18)

di .
u, :L;;F LpI(p) - Li(0), (29)

ae i(0) — 3HayeHHs cTtpymy i npu £ =0.
Axkwo i(0)=0, 10

u;=Lpl(p). : (30)

BpaxoBytoun, WO Ha MOMEHT 4Yacy ¢ Hanpyra Ha KoHAeHcaTopi
BU3HAYaETLCA He TiflbKM CTPYMOM, SIKMA MPOMLLOB 4epe3 KOHOeHcaTop 3a

iHTepsan yacy Big 0 po ¢, a i Hanpyroto u-(0), sika Ha HboMy Gyna npw
t =0, 3anuwemo

t
C'0

1°¢ i
BignosigHo po dopmynn (20) maemo —Iidt .:ﬂ, a 3a
Ch Cp
. _— . uC(O)
BNacTUBICTIO MiHiMHOCTI Ta Tabn. 1 — u, =———. OTxe, 306paxeHHs
P
Hanpyau Ha KOHOeHcamopi Mae BUrNsag
I
Cp p

3akoH Oma B onepaTtopHin copmi. Ha puc. 12 3obpaxeHa 4yactmHa
CKNagHOro posararny>KeHoro ernekTpuyHoro nadutora. Mix Byanamu a Ta b
3HaxXoamMTbCA Tinka, wo mictute R, L, C Ta pxepeno EPC e(t). Ctpym, wo

NPOXOAUTb MO TinbLii, NTO3HAa4YMMO Yepes i .

R L

i

eft)
Pwc. 12

3aMKHEHHA KNYa npuBOAUTL OO0 MNepexigHoro npouecy, SKUK
OMUCYETLCHA PIBHAHHAM
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, di 1t
“ab:lR:LE"‘”C(O)"'E!;ldt_e(’)- (32)

3actocyBaBwn o (32) nepetBopeHHs Jlannaca, pgictaHemo
anrebpaiyHe piBHSHHSA
uc(0)

Uab(p)=1<p)(R+pL+$)—Lz‘<0>+ _E(p),  (33)

AKe 3B'A3ye 306paxeHHa ctpymy [(p) i3 306paxeHHamm EPC E(p) Ta
nanpymm U, (p). 3 (33) Bunnueae, wo

U, (p)+ Li(0) "< | £(p)

I(p) = 70 P , (34)

1
ne Z(p)=R+ pL+ P aBnse cobol onepamopHuli onip OiNAHKKU

naHutora Mixk Todkamn a Ta b.

PiBHaHHA (34) Ha3uearomb 3akoHoM OMa 8 ornepamopHiu opmi
onsi OinsitHKU naHyrea, wo micmumb EPC. BoHo 3anucaHo npwu
HEHYITbOBMX NOYaTKOBUX YMOBaX.

Y Bunagky, konv Ha ainadHui  ab siocytHa EPC e(r) ta i(0)=0,

Uc (0) =0, TOo6TO MaeMo HynbOBi MOYaTKOBI YMOBW, MaTeMaTU4HWIA 3anuc
3akoHy Oma B onepaTtopHin popMi oNa OiNSHKK naduora mae Burnsg

Uab (p) .
Z(p)

Mepwun 3akoH Kipxrocha B onepatopHin copmi. 3a nepimm
3akoHoM Kipxrodga, anrebpaiyHa cyma MUTTEBUX 3HA4YEHb CTPYMIB, SKi
30iraloTbcsa y 6yab-aKkoMy BY3ni cxeMu, OOpPIBHIOE Hyrto. Tak, Ansa By3na a
cxemu puc. 12 maemo

1(p) = (39)

3acTocyBaBLUM NepeTBOpeHHs Jlannaca o piBHAHHSA (36), AicTaHeMo
n
L(p)+1,(p)+13(p)=0 abo 3 I,(p)=0. (37)
k=1

PisBHaHHa (37) 4aBnae cobow nepwul 3akoH Kipxzogha e
orepamopHit ¢hopmi.

AOpyrun 3akoH Kipxrocga B onepaTtopHin copmi. 3a gpyrum 3akOHOM
Kipxrodha sanuwemo piBHAHHA Ana KOHTypy puc. 13, akunm obxoaumo 3a

4acoBo CTpinkow. [lpn uUbOMy Bpaxyemo, LWo iHAyKTMBHOCTI L; Ta L,
noB’A3aHi MarHiTHo. [logaTHi HanpsMmy obupanucs Tak, Wwob And cTpymis i; Ta
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i, Mk L; Ta L, mano wmicue ysrogxeHe
BMUKaHHA. Cnag Hanpyru Ha L, 6yne
di di
[1 1 +M 2;
dt dt

Ha L, —
di, Y diy |
dt dt

[MoyaTkoBa  Hanpyra Ha  KOHAeHcaTopi
[OPIBHIOE 1~ (O) BOHa fi€e 3rigHo i3 CTpPyMOM

L,

I,. lNo4aTKoBi 3Ha4eHHA CTpPyMmiB ilzil(O),

Puc. 13 i, =1i,(0). OTxe,
diy di, 1. , di, diy
—+M—=+u-(0)+—\|izdt —i,R, — L —M —=e¢/(t) —e5(2).
let r c(0) C'c[s 2=t r 1 (1) —e3(7)

3aMiHUBLLUM KOXHUW 0L4AHOK ornepaTopHMM 306paXeHHsM, AicTaHeMO
1,(p)Z(p) +1,(p)Z,(p) + 15(p)Z3(p) =

= E,(p)—E5(p) + E,,(p). (38)

Tyt Zi(p)=p(Li—-M); Z,(p)=pM —L,)—Ry; Zs(l?):i?

CP
B, (p) = (L~ M)iy(0) + (M — Ly)i (0) — ”Cljo) .

Y 6inbLw 3aranbHOMy BUMSAi piBHSAHHSA (38) MOXHa nepenucaTu Tak:

S 1(9)Z(p) =3 Ee(p). (39)
k=1 k=1

PiBHaHHA (39) aBnsie coboto MaTeMaTUYHUI 3annc Opy2020 3aKOHY
Kipxzogha e onepamopwiii ¢popmi. Y cknag E, (p) y 3aranbHoMy Bunagky

BXOOATb i BHYTpiwHi EPC.

Memoduka po3paxyHKy enleKmpu4yHuUX JlaHUro2ie oriepamopHUM
MemoOoOM 3BOAUTbLCA O0:

a) cknagaHHsa piBHAHb Kipxroda abo BignoBigHMX M piBHAHbL 3a Oyab-
AKMM pPO3pPaxyHKOBMM MeEeTOOOM B oOnepatopHin opMi 3 ypaxyBaHHAM
no4yaTkoBMX yMOB, TOBTO nepexif Bif peanbHUX PyHKUIWM Yacy (opwuriHasniB) oo
IX onepaTopHMX 300paxeHb 3a JOMNOMOror NpPsiMoro nepeTBopeHHs Jlannaca
f () =F(p);

6) po3B’A3aHHA CKNageHWX PiBHAHb BiOHOCHO 3006pakeHHs LyKaHUX
3HavyeHb F(p) —> @(p);
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B) 3HAXOKEHHA opuriHana 3a 3000yTuM 306paxeHHAM, TOOTO nepexia
Bif pe3ynbTaTy B onepaTtopHin popmi 40 peanbHOl oyHKLUiT Yacy
D(p)= ¢(1).

Takum YNHOM, yci po3paxyHKV| BVIKOHyI-OTbCFI 3a yMOBHO}O cXemMor
f@O)= F(p) = W(P) > D(pF= o(1),

ne W(P) - nepepatouyHa yHKLis, Sika XapakTepusye NnaHutor, npuyomy

D(p)=F(p)-W(p).

i 3anexHo Big Tuny [l Ta
Xapakrepy BENMUYNHW, fKa
BM3HaA4YaETbCH, nepenaToyvHa
dyHKUis Moxe 4aBnaTM  coboto

onepaTopHui onip Z(p),
onepaTopHy nposigHicte Y (p)

abo OyTK BENTUYMHOLO
6e3po3MipHOL0.

Baxxnueun MOMEHT
PO3paxyHKy - nobynosa

oriepamopHOI cxeMu 3aMilWeHHs
eJIeKmpUYHO20 JlaHYyro2a nicns
komyTauil. B uin cxemi, no-nepuue,
BCi 3MiHHI BENUYMHMN 3aMIHIOOTbLCA
iX onepaTtopHUMK 306paKeHHSIMU

i(t) wa I(p), u(®) Ta e(r)
BignosigHo Ha U(p) ta E(p)).

MNo- re, IHOYKTUBHOCTI L
3aMiHIOKTbCA NnocniaoBHUMU
cxXxemamum, Lo MICTATb

onepatopHun onip pL i gxepeno
nanpyrm  EPC  Li(0.), nme

i(0_) —noyvaTkoBe 3HaYeHHs
CTPyMYy B iHOYKTUBHOCTI. [1Oo-TpeTe,
€MHOCTI C 3aMiHIOITbCH
NoCniZOBHUMM cxemawwl, L0
CKnagarTbCcs onepaTtopHOro

ono Ta xepena
v Y0 mrep
Hanpyru 3 EPC Ue (O% . je

u-(0_) —nouyaTkoBe 3Ha4YeHHs1 Hanpyrn Ha emHocTi. Hanpsm EPC Li(0 )
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3biraeTbea i3 ctpymom i(z), a EPC e (O% HanpsMIeHa NpoTX Hanpyryu Ha

emMHocTi. [Ona Bu3HayeHHA BkasaHux EPC posrnagaloTb ctanui pexmnm
enekTpuyHoro nadutora oo komytauii (#=0_) Ta oBumcniolTb CTpymMu B

ingyktmeHocTax i, (0_) i wHanpyrm Ha emHocTax u-(0_). [MoTim,

BMKOPUCTOBYIOYM MpaBuna KomyTauil, 3anucyioTb BHyTpiwHi EPC B
onepaTtopHin cxemMi 3aMilweHHsl. BusHadeHHa onepaTopHOro 3obpaXkeHHs
nepexigHol BenMYMHU 3a OrnepaTopHOK CXEMOK 3aMilLleHHS BUKOHYETbCS
Oyab-9KMM METOO0M PO3pPaxyHKy CTanunx peXnMiB B €NEKTPUYHUX SaHLorax.

Mpuknap 25. Cknactu onepaTtopHy CXemMy 3aMilleHHA Ta BU3HA4YUTU
onepaTopHi 306paxeHHs1 CTPyMiB N9 eNeKTPUYHOro faHura, cxema sikoro
00 KoMyTauil nogaeTbcda Ha puc. 14, a.

Pose’sa3aHHs. Ha puc. 14, 6 306paxeHo onepaTopHy CXeMY 3aMilLleHHS
Ansl 4aHOro eneKkTpUYHOro naHutora.

[MepexigHnin Npouec BUHUKAE AK pe3ynbTaT 3MiHM NapaMeTpiB faHLutora.

Micna samkHeHHs kniova "KJI" B naHutory BiACYTHIM omip 7. JlaHutor
XapaKkTepU3yeTbCA HEHYNbOBUMWU HE3aneXXHUMM NoYaTKoOBUMW YMOBaMWU, SiKi
BpaxyeMOo B OonepaTopHin cxemi 3aMilleHHS:

1) B naHutory oo KomyTauil BU3HAYMMO CTPYMU B iHOYKTMBHOCTSAX Ta
Hanpyrn Ha EMHOCTI

) E i . 1z
5(0.)=———, 3(0)=54(0_), uc(O)=FE—>=—;
Ktry+ry Ktry+ry

2) 3anuwemo Bupasn ana BHyTpiwHiXx EPC onepaTopHOl cxemu
3aMilleHHsl, BpaxoBykouu, wo 3a npasunom komytauii 7 (0,)=17(0_),

i3(0.)=43(0,), uc(0_)=uc(0,),

: E . EL u-(0) Er.
Li©=—"1 L=t O By
n+r+r n+r+r p p(rn+r+r)
CknaBLUM OMepaTopHy CXemy 3aMilLeHHsl, ornepaTopHe 306paxeHHs

nepexigHMx CTPyMiB MOXHa BU3HA4YMTW, Hanpuknag, MeToLOM KOHTYPHUX
CTpyMiB

_A(p). _A(p)

(p) = Al(p) ’ Iy (p)= A(p)
ae A(p) _ le(p) ZlZ(p) .
Zu(p) Zun(p)

Zu(p) En(p)
Zn(p) Ezz(P).

E(p) Zi2(p) _

A = ;
() Ey(p) Z(p)

Ay(p) =
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EnemMeHTn BM3HAYHUKIB 3HAXOAMMO, BpPaxOBYHOYM BBEOEHI B CXEMY
3aMilLeHHs BHYTpiwHi EPC:

1 1
Zy(p)=n+pli+r+—; Zy(p)=1,+pLy +r3+—;
pC pC

uc(0)

Z17(p)=2Z(p)=—(r, + i) i Ey(p)= £ + 1,5 (0) -
pC p

Ey(p)= uC}EO) + L,i3(0).

Tenep 3HangemMo 306paxkeHHs nepexigHuX CTPyMIB:

L(p)=1,(p); I,(p) = 11(p)— 15 (p); I3(p) =13(p).

Hani HaBoOOATbCA nNpPUKNagn po3paxyHKiB  nepexigHMx npouecis
onepaTopHUM METOAOM.
iy
r, L
—h

@)

Pwe. 15

Mpuknag 26. BusHauntn cTpym B iHOYKTMBHOCTI (puc. 15, a) nicns
3amvikaHHs kmtova, sikwo U =200B; u-(0) =100B; 1 =300m; r, =100m;

L=01r; C=10"0.
Po3se’s3aHHs. CknagemMo onepaTopHy Cxemy 3aMmilleHHs (puc. 15, 0),
e BpaxyeMO HEeHyNbOBI NOYaTKOBi yMOBU BBegeHHAM EPC

Li(0) Ta uC—(O)
pP

3a MeToAoOM KOHTYpHMX CTPYMiB BU3HauMmo 3o6paxeHHst [;(P), sike
36iraeTbes 3 BenuuuHoto 14 (P):
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E(p) Zip
Eyx(p) Za

L(p)=1(p)= ﬁ =

A | Zu(p) Zip(p)|
Zu(p) Zyn(p)
e 211=4O+0,1p; 2212212:—10; 222—10 1000
p
Ey :@ +0,5; Es —@
p p
OTxe,
20% +05  —10
100 100
o) - A 10+ / 300
2P 0+ 01y 0 \pt 7 va00p+4010° )
-10
OpwvriHan nepworo aogaHka — = 5. KopeHi 3HameHHMKa aOpyroro
p
AofaHka kpaTHi py = p, = p =—200, Tomy Leln foAaHOK MOXHa 3anucatu y
. 1500 . . . . 1500
Bumaal —— —— i 3a Tabn. 1 pictatm Moro opuriHan —
(p+200) (p+200)

1500-7-¢ 2%
OcTaTO4yHO Anga nepexigHoro CTpyMmy oTpuMaemo

i, (1) =5+1500te %% A.

Mpuknag 27. BusHaunt cTpym I, nicna komyTauil (puc. 16, a), aKwwo
paHo E=60B; C :10_6d>; n=r,=1r=r,=100m.

Po3e’a3aHHsa. Bu3HaunMmMo noyaTkoBi He3arnexHi yMOBW 3a 3akoHaMu
KOMYyTaLil Ta cknagemo ornepaTopHy cxemy 3amileHHsa (puc. 16, 6)

Elrs 1) = 40B, To6TO —C © = 4—0
BTty ’ p D

3a MeTO4OM KOHTYPHUX CTPYMIB MAeEMO

uc(0-) =uc(0)=
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L(p)=1,(p)= Al

[na 3HaxoMKEeHHs1 OopuriHana po3Knagemo ogepxaHun Aapié Ha

B 6
60— 40 —g—lO
P P .
W 10 .
Ay p | _ 3+40-107°p
N 6 6] 10-6 .\
20+£ —10—£ p(1+15-107" p)
s ¢
~10-1 20410
p P

eneMeHTapHi:
3+40-10°p 4 B
p(1+15-10°p) p 1+15.10°p
3+40-10°p = 4(1+15-10"% p) + Bp;
10° 1
npu p=0 wmaemo A=3; npm p:—E oTPUMAaemMo Bzg.
-6
OTxe, 3+40-10 6]? :§+ L 5 i 3a Tabn. 1
p(1+15-107p) p 3(1+15-107°p)
108
-t
§+ 1 e 3—1e 15 OcratouHo
p 3(1+15-107p) 3

>

8)



Mpuknag 28. BusHauntn Hanpyry Ha iHOYKTUBHOCTI (puc. 17, a) nicns
3aMKHeHHs1  kntova, skwo 7 =r,=100m; L=015I; C= 25-10_26D;

u =150sin(314 + 60°) B.

ﬂ"‘ nadl ca
lu
r!
yz
P’
é)
Puc. 17 )

Posg’a3aHHsi. 3ob6paxeHHs ctpymy [;(p) 3Hapgemo 3a MeTodoMm
aKTUBHOTO ABOMOSIIOCHMKA. [N LbOro CKMagemMo OonepaTopHy CXemy

3aMmileHHs naHutora (puc.17, 6) Ta BU3Ha4YMMO po3paxyHKOBi BHYTpiwHI EPC.
PospaxoBytoun ctanuin pexum 4o KomyTalii, Maemo

= 4,2sin(314¢ —13°45")A;  u,,, =53,5sin(314¢ —103"45') B.

llnp c

omxe, iy(0) =iy, (0) = 4,25in(~13°45") = ~1A; u,(0) = u,,, (0) = -52,1B.

3a MeTo0M aKTUBHOIo ABOMOSMKOCHMKA

U,(p)
L(p)=—"——,
Z+Z,

’70 37,5-107° p* +0,175p + 20

pe Z+Zy=n+pl+——Lm == 2 po—t =P

o+ %) c 510 p+1
BuaHauumo Hanpyry U, (p) 3a BUMKHEHOIO FinKoto 3 iHAYKTUBHICTIO
—u(0) 013

Up(p)=1(p)-1, = ry

p(r, +%9C) 25-10*p+1

~37,5-107° p* +0,3p* +152p + 21650
(25-107* p +1)(p* +314%) '

Hanpyra Ha pyBunbHuKy:
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CTpyMm y rinui 3 iHOYKTUBHICTHO:

— p®+815p° +405-10° p +578-10°

I = :
2 (p? +314%)(p? + 467 p +534-10%)
OCKiflbkM Ha MOMEHT KomyTauil B iHOYKTMBHOCTI OyB Yy HaABHOCTI
eNeKTPUYHUIA CTPYM, 3006pakeHHs HanpyrM Ha iHAYKTUBHOCTI Mae 6yTu
pi3HMLIEO 300paxeHb NoTeHuianiB To4ok d Ta c.

Ur(p)=o0.(p)=1,- pL, — Li;(0) =

- 192,2p° +836-10° p* +155-10° p + 7910’
(p? +314%)(p® + 467p +534-10%)

BpaxoBytoun, Wo AiNCHI kopeHi 3HameHHwuka p; =-267; p, =-200,
pO3KNnagemo oTpMMaHumn Apid Ha enemMeHTapHi:
192,2p° +836-10° p* +155-10° p+79-10"  R(p)
(p% +314%)(p® + 467 p +534-10%) o(p)
Opurinan u, (t) 3Hagemo 3a Teopemow posknagaHHs. KopeHi
sHameHHuka  QO(p) ppoby p, =-267; p,=-200, p3,=%314;.

3ayBaxvmMo, L0 3a HaABHOCTI KOMMMEKCHO-CMPSXEHUX KOPEHIB  ps 4

3HaMeHHVKa BignoBigHa 1M Cyma Oo4aHKiB Yy npasin YacTuHi popmynu (16)
AOPIBHIOE NMOABOEHOMY 3HAYEHHK AOINCHOI YacTuHK, 3006yTol Ang ogHOro 3
KOpeHiB ( p; abo p,). OTxe,

A(py) oIk ~1,05-10° o267 _ 5,03-10° o200

u; ¢ =
1) = ZB(pk) ~1135-10° 93-10°

+ 2Rl (£0.749-1,06,) .10° L3t
(92 - 28,3/)-10°

abo
u, (£) =157sin(314¢ +81°) + 92,6¢ " —54,23¢ 2
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BIAMOBIAI 4O BIMNPAB

3 2 1

p p p p @
1. . 2. . 3. . 4. . 5. . 6. .
Pt -1 Pt -1 P41 Pt -1 D%+ 0 .
2a3p 2p° 2a°
7. . s . 8. ] —
[p° = (a+p) 1P —(a-B)] p-a pt-a
2 2 2
10. — p(pzajﬁ) 2.11.E25 +21 1.
[p”+(a+B)1lp° +(a-p)] 2" p°+8p+4 p+8p+1T7
12. p_23 + p_f 113 P 5p2 .
2 (p 3)°+49 (p-3)°+1 p " +4 p"+48p°+676
14. —[ p° p°+24p 5, Lp P
2'p*+4 p*+48p°+676 2 p*-9 p*-10p® +169

2 2p* —104
2 +t 2
-16 p +40p + 2704

t
19. cos\/7t 2tsin\/zzlt. 20. get+§e2(3\f35in§t—

\F

—Zcos7t 21. e 'cht. 22. (t—a)—n(t—b).='£(e_at—e_bp).23. n(t) -
p

16. |

1 :
1. 17. Ze2tsm4t. 18. ¢* cos3t.

S2p(-2)+ (-4 = (-2 24, ()~ (-3 -3) = (1
p p

_e ) 28, n(t)-l(t—a)n(t—a)+1(t—a—b)n(r—a—b),=°1—
b b p

—ap _ ,pa —
_le ~(L-e). 26 e ™ o (2+”p)e 2+p”
b p p+e ) zp*(e?" =)
_ —pa
0g. 1=U+ap)e 29 1 30. (p*+4p°+4p)X(p)-p° -

apz(l—e_zm) ' . p(l+epa).

—6p°-10p—3. 31. (3p3—2p2)X(p)+3p2—8p+13+§.32. (4p* +
p

+3p2 +DX(p)-12p>-5. 33. (p°+2p*+4)X(p)+p+3. 34. %—
2 2 2

—arctg(p+a). 35. Elnp2+100. 36. | p+1. 37. EIanjLaz.
4  p°+16 2 p-1 2 p°+b
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38. —sins+7. 39. —cosz+¢. 40. %(sht—sint). M, %(w/(lw 2_-1). 42. ¢.
¢ ¢

43. — 44. — 45, l(tc:ost+sinz). 46. itsin wt. 47. e —(L+1)e %,
60 2 2 20

48. %(SSinSt—ZsinZt). 49. %(23in21—0082t+et). 50. %e3t(23int—.

—sin2t). 51. €' —t—1. 52. e*(t—2)+é'(t+2). 53. %(tcost+sint).

2

54. t—+cost—1. 55. Esin2t+tc032t. 56. 1 5 .
2 2 (p-D(p°+1)

|
57. P ss % 59. ”'st). 60. S L, %,

(p—2)(p°+1) p (p°-1) p" 4 2 3

+ie_2t. 61. 1—e_t+§e_2t—§e_3t. 62. l[(2t—1)e_t+e_3t]. 63. ¢ —

12 6 2 3 4

—e_[(COSZt—gsin 21). 64. e* +2¢% COSZt—%e_ZtSin 2¢.65. t° +5(+8+

t
+(3t—8)e’.  66. %(c032t+sin 2t —C0oSt+sint).  67. —%(12+1)+
+1€2t +i(cost—3sint). 68. it‘le_t. 69. Eet +Ee_t —ge_ZI. 70. ¢’ +¢°

5 20 24 6 2 3
2, 3 - 11

71. t+3+t' —2e'. 72. —lsin31+isin2t. 73. —e¢'— Ze 2cos——1—
5 10 3 5

t
—Ee 2singt—i 214, ——Sint+—Sin2t+%(sin2t—2t0082t)
t
75 —E+Eet—lem+163t. 76. E(t2—3t+§)et—ie_t—lez(cosﬁt—

—+/3sin ?t) 77. 2t +te' —¢' +e 2. 78. 4-3e " + 7. 79. %(Sint—
—1C0st). 80. Esin 2t—EC052Z+et(§—COSt—ESint).81. 2[sin2£77(t)—
20 5 5 2 2
—23in2t—gln(t—1)+sin2%n(t—2)].82. %(z—%sin 20m(6) ~[(t ~1) -
—%sin 2(t—1)]77(t—1)+%[(t—2)—%Sin 2t—2(t—2).83. x(t) =1+
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+26¥ =37 y(t) =—4+2e> +6¢.84. x(t)=2sint—3¢, y(t)=6¢+3—

—2cost—3sint. 85. x(¢) =%Sht+%te_t, () =%tsht. 86. x(1) =%(et +

+2C0s2t+5sin 2t), y(t) = %(Zet —2c0s2t—sin2t). 87.x(t) = (L—e n(t) +

—e —sh(t =Dt —1) +[—e"sh(t —1) + ch(t — 2)]n(t - 2), y(£) = (L—
—e () + [—e +ch(t =Dt —1) + [—e ' ch(t —1) — sh(t — 2)]n(t - 2).
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